Section 6.5 :The R matrix method

This well-tested, frequently applied device for solving the multichannel scat-
tering problem has first proved itself as a powerful computational tool in the
context of nuclear reactions [7], and has later been adjusted to the treatment
of electron-atom interactions [8] and molecular scattering [9]. To give an im-
pression of this methodology, we present a condensed outline of the R matrix
propagation scheme as developed by J.C.Light and coworkers [9, 10]. The pro-
cedure has been specifically designed to deal with inelastic as well as reactive
scattering processes. The method is based on the diabatic ansatz

U(Q. ) = > 6u(Q)2(p). (1)

for the scattering solution, involving N channel functions ¢,, and a set of transla-
tional functions {®,,} which depend on the scattering coordinate p. The nature
of the channel coordinates may vary from case to case. Thus, they might be
chosen as purely electronic or they might involve further nuclear coordinates
orthogonal to p. By integration over the degrees of freedom associated with the
channel functions, one obtains a differential equation of second order which, in
its most compact form, may be written as
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with a symmetric coupling matrix W. Evidently, the system of equations (6.7)
is a special case of (2). In an initial step towards R matrix propagation, one
subdivides an interval [0, ppqz] into M segments with widths h; and center
locations p;, where ¢ = 1,--- , M. Subsequently, the coupling matrix is locally
diagonalized, i.e. the operation

THOW (p, )T = A2 (3)

is carried out at each p;. The matrix A2 g diagonal with elements )\?,EZ) =
6mn)\,2, @) As W is assumed to be symmetric, the transformation matrix T
is orthogonal, and TT() is its inverse, T~'()). The translational functions trans-
form according to

N
X (0) = T @ (p)- (4)

The channel functions obey the same transformation law. Negative coupling
matrix eigenvalues correspond to positive kinetic energy in the considered seg-
ment, and thus to open channels, while channels with positive eigenvalues are
closed. We construct a local R matrix R() that connects the sector functions

ng ) with their derivatives:



. N
xW =RW —gp (5)

with XE)i) as the vector of the solution function for the sector ¢, evaluated at the

right end of the interval: XS” =xD(p=pi+ %) At the core of the R-matrix
propagation method lies a prescription for determining R® recursively from
R~ The procedure is continued until the location p; reaches the asymptotic
regime of the studied collision problem. If K matrix boundary conditions have
been specified for the scattering situation, as was assumed in the preceding
section, relation (5) can be used to compute the K matrix elements.

The desired recursion formula is obtained by employing a relation between
the values adopted by x () at the boundaries of the segment i and the derivatives
of x( at these places. Specifically:
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with Xl(i) referring to the left limit of the interval. The R matrix connecting

the derivatives and the functions in Eq.(6) consists of four N x N submatrices.
Since the differential equation
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is valid in each sector ¢, relation (6) can be broken down into N pseudo -one
dimensional problems of the form
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Imposing suitable boundary conditions on the two linearly independent solutions
of Eq.(7) [10], one can indicate the elements rl(;), k =1 — 4, explicitly as (see
exercise 6.2)

(@) _ () AP~ Leoth| AP A i A2 >0
Ty =Ty = () -1 0 e \5 (9)
— A Leot| A | if A2 <0
and , 4
RO IAD | ~Lesch| A | if A2 >0 (10)
? ° — A |~ Lese| AD | if A2 <0

At this point, the fragment nature of the translational functions xg ) must be
emphasized. The original p-dependent functions ®,(p) are continuous across

the borderlines between neighboring segments 4, that is
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o) = ), (11)

which is equivalent to

T(i—l)j—w—l(i—l)q)(i—l) _ T(i)j—v—l(i)q)(i) (12a)
or, by Eq.(4) XY= QG- L. (12p)

The symbol Q(z —1,14) stands for the operator product Q(i—l i) = T-16=170)
which mediates between the basis states of adjacent sectors, and a corresponding
relation for the derivatives of an 1). The matrices r,(c), k=1-—4, as well as
Q(i — 1,1) are the ingredients of the R matrix recursion formula. As shown by

Zvijac and Light [11], R is related to R(O~Y by:

RO = () _ D7) (13a)
z" = (! + Q7' (i - LIRUTVQ(i - 1,0) 7. (13b)

These two statements comprise the rule for advancing the R matrix along the
scattering coordinate once an initial matrix R, referring to a location close to
the origin p = 0 has been determined. From exercise 6.2, it may be concluded
that the R matrix method does not require the eigenvalue array A2 @) of the
coupling matrix W to be constant across the interval 1.

Ezercise 6.2: Let X% and X,f) ' he two linearly independent solutions.

Solve equation (7) within the constraints

(i) I
XS)T -1 % =0,

) ap

) aX(v) II

(¢e) IT =0 nr =1
Xn'r ) 8p

Use the derived functions X T and ng) I as well as the fact that the Wronskian

formed from them does not depend on p to demonstrate the validity of the
expressions (9) and (11) for the pseudo—one-dimensional propagation matrix

elements rl(i). Discuss the cases (A£Z>)2 < 0 (open channels) and ()\( )2 >0

(closed channels). Do your arguments have to be modified if )\n depends on p?
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