
Modeling  School  Popula1ons




Dataset


•  From	
  the	
  Integrated	
  Postsecondary	
  Educa4on	
  Data	
  System	
  
• Can	
  divide	
  into	
  groups	
  by	
  number	
  of	
  years	
  in	
  school	
  
• Also	
  access	
  full-­‐4me	
  first-­‐4me	
  freshmen	
  



Dataset


• Divided	
  by	
  state	
  
• Considered	
  only	
  Title	
  IX	
  Compliant	
  public	
  schools	
  



Models  1  and  2




Models  3  and  4




Uncorrelated  Observa1on  Process


•  First	
  model:	
  Assume	
  uncorrelated,	
  independent	
  iden4cally	
  
distributed	
  errors,	
  denoted	
  ​𝜀↓𝑗 	
  for	
  4me	
  j.	
  f	
  is	
  a	
  func4on	
  of	
  4me	
  and	
  
the	
  parameters,	
  and	
  ​𝑦↓𝑗 	
  is	
  the	
  data	
  vector	
  at	
  4me	
  j.	
  
​𝑦↓𝑗 =𝑓(​𝑡↓𝑗 ;​𝜃↓0 )+ ​𝜀↓𝑗 	
  
	
  
	
  

	
  



Uncorrelated  Bootstrapping


•  Form	
  standardized	
  residuals.	
  Here	
  N	
  is	
  the	
  number	
  of	
  4me	
  points,	
  k	
  is	
  
the	
  number	
  of	
  parameters,	
  and	
  ​𝜃↑0 	
  is	
  the	
  parameter	
  es4mate.	
  

​𝑟↓𝑗 =√⁠​𝑁/𝑁−𝑘  ( ​𝑦↓𝑗 −𝑓( ​𝑡↓𝑗 , ​𝜃↑0 ))	
  
• Now,	
  for	
  each	
  of	
  M	
  bootstrapping	
  samples,	
  sample	
  N	
  values	
  { ​𝑟↓1↑𝑚 ,
…, ​𝑟↓𝑁↑𝑚 }	
  from	
  the	
   ​𝑟↓𝑗 	
  with	
  replacement	
  and	
  create	
  a	
  bootstrap	
  
sample	
  using	
  

​𝑦↓𝑗↑𝑚 =𝑓(​𝑡↓𝑗 , ​𝜃↑0 )+ ​𝑟↓𝑗↑𝑚 .	
  



Uncorrelated  Bootstrapping


•  From	
  these	
  samples,	
  we	
  fit	
  parameters	
  and	
  get	
  a	
  set	
  of	
  parameter	
  
vectors	
  { ​𝜃↑1 ,…, ​𝜃↑𝑀 }.	
  We	
  can	
  get	
  the	
  mean,	
  covariance	
  matrix,	
  and	
  
standard	
  errors	
  via	
  

​𝜃↓𝐵𝑂𝑂𝑇 = ​1/𝑀 ∑𝑚=1↑𝑀▒​𝜃↑𝑚  	
  
𝑉𝑎𝑟(​𝜃↓𝐵𝑂𝑂𝑇 )= ​1/𝑀−1 ∑𝑚=1↑𝑀▒​(​𝜃↑𝑚 − ​𝜃↓𝐵𝑂𝑂𝑇↑   )↑𝑇 ( ​𝜃↑𝑚 − ​

𝜃↓𝐵𝑂𝑂𝑇 ) 	
  
​𝑆𝐸↓𝑘 (​𝜃↓𝐵𝑂𝑂𝑇 )=√⁠𝑉𝑎𝑟​( ​𝜃↓𝐵𝑂𝑂𝑇 )↓𝑘𝑘  	
  



Durbin-­‐Watson  Test


•  Test	
  for	
  “autocorrela4on”	
  –	
  correla4on	
  between	
  consecu4ve	
  
residuals	
  
𝑑= ​∑𝑗=2↑𝑁▒​( ​𝑒↓𝑗↑   − ​𝑒↓𝑗−1↑   )↑2  /∑𝑗=1↑𝑁▒​𝑒↓𝑗↑2   	
  

•  The	
  e-­‐values	
  are	
  the	
  residuals	
  at	
  4me	
  j.	
  
•  If	
  d	
  is	
  below	
  a	
  threshold,	
  there	
  is	
  autocorrela4on.	
  
	
  
	
  



Durbin-­‐Watson  Test  Results


Student	
  Classifica/on	
   Autocorrelated	
  states	
  

First	
  year	
   All	
  states	
  but	
  Arkansas,	
  Hawaii,	
  Idaho,	
  Kansas,	
  
Minnesota,	
  Nevada,	
  New	
  Hampshire,	
  New	
  Jersey,	
  
Tennessee,	
  Texas,	
  Utah,	
  Vermont,	
  Virginia,	
  and	
  
Wyoming	
  

Second	
  year	
   All	
  states	
  but	
  Idaho	
  

Third	
  year	
   All	
  states	
  

Fourth	
  year	
   All	
  states	
  



Autocorrelated  Observa1on  Process


• As	
  we	
  have	
  detected	
  autocorrela4on,	
  we	
  use	
  a	
  sta4s4cal	
  model	
  that	
  
accounts	
  for	
  a	
  rela4onship	
  between	
  consecu4ve	
  values.	
  In	
  this	
  case,	
  
the	
  u	
  have	
  mean	
  0	
  and	
  are	
  independently	
  iden4cally	
  distributed	
  and	
  
assumed	
  to	
  be	
  normal.	
  

​𝑦↓𝑗 =𝑓(​𝑡↓𝑗 ;​𝜃↓0 )+ ​𝜀↓𝑗 	
  where	
   ​𝜀↓𝑗 =𝜌​𝜀↓𝑗−1 + ​𝑢↓𝑗 	
  	
  
• 𝜌	
  is	
  determined	
  from	
  the	
  following	
  formula:	
  

𝑝= ​∑𝑗=2↑𝑁▒​𝑟↓𝑗 ​𝑟↓𝑗−1  /∑𝑗=1↑𝑁▒​𝑟↓𝑗↑2   	
  



Autocorrelated  Bootstrapping


•  To	
  perform	
  autocorrelated	
  bootstrapping,	
  we	
  perform	
  analogous	
  
steps	
  to	
  the	
  uncorrelated	
  method.	
  

	
  -­‐	
  Sample	
  ​𝑢↓𝑗↑𝑚 	
  with	
  replacement	
  from	
  the	
  u	
  values	
  
	
  -­‐	
  Compute	
  M	
  new	
  4me	
  series	
  recursively	
  based	
  on	
  the	
  ​𝑢↓𝑗↑𝑚 	
  values	
  
and	
  the	
  defini4on	
  of	
  ​𝜀↓𝑗 ,	
  with	
  an	
   ​𝜀↓0↑𝑚 	
  sampled	
  uniformly	
  from	
  
within	
  the	
  interval	
  [−2|​𝜀↓0 |,  2|​𝜀↓0 |]	
  
	
  -­‐	
  Compute	
  ​𝜃↑𝑚 ,	
   ​𝜃↓𝐵𝑂𝑂𝑇 ,	
  𝑉𝐴𝑅( ​𝜃↓𝐵𝑂𝑂𝑇 ),	
  and	
   ​𝑆𝐸↓𝑘 ( ​𝜃↓𝐵𝑂𝑂𝑇 )	
  
using	
  the	
  same	
  formulae	
  as	
  in	
  the	
  uncorrelated	
  case.	
  



AIC  Scores


• Corrected	
  a	
  previous	
  mistake	
  in	
  AIC	
  scores	
  
• Now	
  Model	
  2	
  is	
  best	
  for	
  all	
  51	
  datasets	
  
• Model	
  2	
  has	
  by	
  far	
  the	
  best	
  average	
  
• AIC	
  file	
  is	
  called	
  AICComparison.xslx	
  

Model	
   Model	
  1	
   Model	
  2	
   Model	
  3	
   Model	
  4	
  

Average	
  AIC	
   349.1	
   290.9	
   341.7	
   354.6	
  



Fits  and  Residuals


• Plots	
  on	
  following	
  slides.	
  
•  Trends	
  in	
  residuals	
  indicate	
  that	
  observa4on	
  errors	
  may	
  have	
  
longitudinal	
  correla4ons.	
  

	
  
Note:	
  Residual	
  plots	
  for	
  all	
  four	
  models	
  are	
  available,	
  but	
  we	
  only	
  give	
  
those	
  for	
  Model	
  2	
  here	
  as	
  it	
  had	
  the	
  lowest	
  AIC	
  score.	
  
































































































































































































































































































































































































































































































































