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Datasets	  

• Datasets	  were	  retrieved	  from	  archives	  managed	  by:	  
– National	  Center	  for	  Education	  Statistics	  (https://nces.ed.gov).	  
– Integrated	  Postsecondary	  Education	  Data	  System	  (https://nces.ed.gov/ipeds/).	  

• Fall	  enrollments	  were	  used.	  	  	  
• Enrollment	  totals	  include:	  

– Undergraduate	  students	  of	  all	  ages.	  
– Full-‐time	  students.	  

• Years	  from	  1980	  to	  1998.	  
• Institutions:	  

– 	  Public	  universities	  participating	  in	  Title	  IV	  of	  the	  Higher	  Education	  
Act.	  

– Bachelor’s	  degree	  granting.

https://nces.ed.gov
https://nces.ed.gov
https://nces.ed.gov/ipeds/


Terminology	  of	  Matrix	  Population	  Models

• School	  departures	  (similar	  to	  death	  in	  demography)	  
– Retention	  rate:	  it	  measures	  the	  percentage	  of	  first-‐time	  students	  who	  are	  seeking	  bachelor’s	  

degree	  who	  return	  to	  the	  institution	  to	  continue	  their	  studies	  the	  following	  fall.	  Similar	  to	  
survival	  probability.	  

– Drop	  out	  rate:	  it	  can	  be	  approximated	  by	  scaling	  the	  graduation	  rates	  and	  retention	  rate.	  
– Graduation	  rate:	  	  it	  tracks	  the	  progress	  of	  students	  who	  began	  their	  studies	  as	  full-‐time,	  first-‐

time	  degree-‐seeking	  to	  see	  if	  they	  complete	  a	  degree	  or	  other	  award	  such	  as	  certificate	  within	  
150%	  of	  “normal	  time”	  for	  completing	  the	  program	  in	  which	  they	  are	  enrolled.	  

– Causes	  of	  departure:	  	  
• Student	  death	  
• Transferring	  out	  
• Leave	  of	  absence	  
• Graduation	  
• Dropout	  	  

• School	  arrivals	  
– Recruitment	  into	  postsecondary	  school.	  
– Similar	  to	  birth.	  
– Similar	  to	  immigration.



Matrix	  Population	  Models
• Classification	  

– Freshman	  
– Sophomore	  
– Junior	  
– Senior	  

• The	  state	  variable	  denotes	  the	  size	  of	  each	  student	  classification	  at	  a	  time	  
point.	  

• Specifically,	  
– 	  	  	  	  	  	  	  	  	  	  	  	  	  denotes	  the	  number	  of	  freshman	  at	  year	  n.	  
– 	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  denotes	  the	  number	  of	  sophomore	  at	  year	  n.	  
– 	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  denotes	  the	  number	  of	  junior	  at	  year	  n.	  
– 	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  denotes	  the	  number	  of	  senior	  at	  year	  n.	  

• The	  general	  form	  of	  a	  matrix	  model	  is	  
!

• The	  matrix	  A	  stores	  probabilities.	  
• The	  vector	  b	  is	  usually	  called	  an	  immigration	  or	  recruitment	  vector.	  

x1(n)x2 (n)x3(n)x4 (n)

x(n+1) = Ax(n)+b(n)



Matrix	  Population	  Models



Ordinary	  Least	  Squares	  with	  Uncorrelated	  
Observation	  Errors

• For	  each	  time	  series,	  we	  assume	  the	  observation	  is	  
the	  model	  output	  (evaluated	  at	  a	  true	  parameter)	  
plus	  random	  deviations.	  

• The	  measurement	  errors	  	  	  	  	  	  	  	  	  are	  assumed:	  
– To	  be	  independent	  and	  identically	  distributed.	  
– To	  have	  zero	  mean.	  
– To	  have	  constant	  variance.



Ordinary	  Least	  Squares	  (OLS)	  with	  
Uncorrelated	  Observation	  Errors

• Let	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  be	  a	  realization	  of	  the	  
observation	  process.	  

• The	  OLS	  estimate	  is	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  



Model	  Selection

• Akaike	  information	  criterion	  (AIC)	  is	  quantity	  used	  to	  rank	  
mathematical	  models,	  according	  to	  goodness	  of	  fit,	  number	  of	  
model	  parameters,	  and	  number	  of	  observations.	  

• Model	  2	  is	  best	  for	  each	  of	  51	  datasets.	  
• Model	  2	  has	  by	  far	  the	  best	  average.

Model Model	  1 Model	  2 Model	  3 Model	  4

Average	  AIC 349.1 290.9 341.7 354.6



Best	  Fit	  Plots	  and	  Residual	  Plots	  for	  Model	  2

For	  illustration	  purposes	  results	  for	  only	  five	  (out	  of	  fifty	  one)	  datasets	  are	  
displayed:	  

• Alabama	  
• Alaska	  
• Arizona	  
• California	  	  
• Colorado	  

	   	  



Alabama



Alaska



Arizona



California



Colorado



Durbin-‐Watson	  Test	  Results

Student	  classification Datasets	  with	  autocorrelated	  residuals

First	  year All	  states	  but	  Arkansas,	  Hawaii,	  Idaho,	  Kansas,	  Minnesota,	  Nevada,	  New	  
Hampshire,	  New	  Jersey,	  Tennessee,	  Texas,	  Utah,	  Vermont,	  Virginia,	  and	  
Wyoming	  !Second	  year All	  states	  but	  Idaho

Third	  year All	  states

Fourth	  year All	  states

• Durbin-‐Watson	  is	  a	  test	  statistic	  used	  to	  determine	  autocorrelation	  in	  
the	  residuals.	  

• This	  test	  can	  help	  identify	  when	  the	  i.i.d.	  assumption	  of	  the	  OLS	  
framework	  is	  not	  well-‐suited.



Ordinary	  Least	  Squares	  with	  Correlated	  
Observation	  Errors



Preliminary	  Results

For	  illustration	  purposes	  results	  for	  only	  five	  (out	  of	  fifty	  one)	  datasets	  are	  
displayed:	  

• Alabama	  
• Alaska	  
• Arizona	  
• California	  	  
• Colorado	  

	   	  



Alabama:	  Uncertainty	  Clouds	  from	  Bootstrap	  
Sampling	  



Alabama:	  Model	  2	  Parameter	  Estimates	  and	  
Standard	  Errors



Alabama:	  Longitudinal	  Forecast	  of	  Proportions



Alabama:	  Student	  Life	  Table



Alaska:	  Uncertainty	  Clouds	  from	  Bootstrap	  
Sampling	  



Alaska:	  Model	  2	  Parameter	  Estimates	  and	  
Standard	  Errors



Alaska:	  Longitudinal	  Forecast	  of	  Proportions



Alaska:	  Student	  Life	  Table



Arizona:	  Uncertainty	  Clouds	  from	  Bootstrap	  
Sampling	  



Arizona:	  Model	  2	  Parameter	  Estimates	  and	  
Standard	  Errors



Arizona:	  Longitudinal	  Forecast	  of	  Proportions



Arizona:	  Student	  Life	  Table



California:	  Uncertainty	  Clouds	  from	  Bootstrap	  
Sampling	  



California:	  Model	  2	  Parameter	  Estimates	  and	  
Standard	  Errors



California:	  Longitudinal	  Forecast	  of	  
Proportions



California:	  Student	  Life	  Table



Colorado:	  Uncertainty	  Clouds	  from	  Bootstrap	  
Sampling	  



Colorado:	  Model	  2	  Parameter	  Estimates	  and	  
Standard	  Errors



Colorado:	  Longitudinal	  Forecast	  of	  
Proportions



Colorado:	  Student	  Life	  Table


