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Chapter 8. Techniques of Integration

8.2 Trigonometric Integrals

Note. Since the derivative of sin x is cosx and the derivative of cosz is
—sin z, an integral of the form / sin™ x cos”" x dx can be evaluated if we
can eliminate all but one sinx or all but one cosx. This can frequently

be accomplished with identities.

Case 1. If m is odd, we write m = 2k + 1 and use the identity sin?z =

1 — cos? z to obtain

2k+1

sin™ ¢ = sin?* ™ 2 = (sin® z)"sinz = (1 — cos* )" sin .

Then we combine the single sinx with dz in the integral and set

sin x dz equal to —d|cos x].

Case 2. If m is even and n is odd in [ sin™ z cos” z dz, we write n as

2k + 1 and use the identity cos? x = 1 — sin® z to obtain

2k+1 2

r = (cos® 2)¥ cosx = (1 — sin?

k

cos" x = cos x)" cos .

We then combine the single cos z with dr and set cosz dx equal to

d[sin z].
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Case 3. If both m and n are even in [ sin™ x cos” x dx, we substitute

. 9 1 — cos2x 5 I + cos2x
SIN“g = ————, 05T =——F——

to reduce the integrand to one in lower powers of cos 2.

Example. Page 466 numbers 6, 12, and 8.

Note. The identities cos? z = (1 + cos2x)/2 and sin® x = (1 — cos 2x)/2

can be used to eliminate square roots.

Example. Page 466 number 24.

r — 1 and sec® x = tan” x + 1 (along

Note. The identities tan? z = scc
with the corresponding cofunction identities) can be used to integrate

powers of tan x or secx.

Example. Page 464 Example 5 and page 466 number 42.
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Note. We can also evaluate integrals of the forms
/ sin mx sin nx dx / sin mx cos nx dx / cos mx cos nx dx

using the following trig identities, which follow from the addition formulas

for sin and cos:

. . 1
sin max sin nx = §[Cos(m — n)x — cos(m + n)x]
. L. .
sin ma cos nr = §[sm(m —n)x + sin(m + n)x]
1

COS MT COSNT = §[Cos(m — n)x + cos(m + n)x].

Example. Page 467 numbers 56 and 70.



