Linear Algebra

Chapter 1. Vectors, Matrices, and Linear Systems
Section 1.2. The Norm and Dot Product—Proofs of Theorems

LINEAR
ALOERRE.

O RD EDITION

FRALEIGH
BEAUREGARD

Linear Algebra July 19, 2018

1/15



R —
Table of contents

© Page 31 Number 8

© Page 31 Number 12

© Page 33 Number 42(b)

@ Page 31 Number 14

© Page 31 Number 16

@ Page 26 Example 7, Parallelogram Law
e Theorem 1.4, Schwarz's Inequality

© Page 31 Number 36

Linear Algebra July 19,2018 2/ 15



Page 31 Number 8

Page 31 Number 8. Find the unit vector parallel to w = [-2, -1, 3]
which has the opposite direction.
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Page 31 Number 8

Page 31 Number 8. Find the unit vector parallel to w = [-2, -1, 3]
which has the opposite direction.

Solution. If we divide w by the scalar ||w| > 0, we get a vector of length
1 (i.e., a unit vector; this process is called normalizing a vector). Such a
vector is in the same direction as w (by Definition 1.2 of “parallel and
same direction” ).
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Page 31 Number 8

Page 31 Number 8. Find the unit vector parallel to w = [-2, -1, 3]
which has the opposite direction.

Solution. If we divide w by the scalar ||w| > 0, we get a vector of length
1 (i.e., a unit vector; this process is called normalizing a vector). Such a
vector is in the same direction as w (by Definition 1.2 of “parallel and
same direction”). By Definition 1.5, “Vector Norm,” we have
@] = \/(—2)2 +(-1)2+ (B2 =V4+1+9=114, s0

w 2 1

Tl f” b3l = [rrr

direction as w.

] is a unit vector in the same

Linear Algebra July 19,2018 3/ 15



Page 31 Number 8

Page 31 Number 8. Find the unit vector parallel to w = [-2, -1, 3]
which has the opposite direction.

Solution. If we divide w by the scalar ||w| > 0, we get a vector of length
1 (i.e., a unit vector; this process is called normalizing a vector). Such a
vector is in the same direction as w (by Definition 1.2 of “parallel and
same direction”). By Definition 1.5, “Vector Norm,” we have
@] = \/(—2)2 +(-1)2+ 32 =Vv4+1 +9 = /14, so

WL 3= [ —=
] f N TT
direction as w. To get a unit vector in the opposite direction, by
Definition 1.2, we simply multiply by —1 and take —w/||w|| as the desired

] is a unit vector in the same

vector'—‘/_‘}——{2 -1 3}—[2 L 3] O
Tl T Vi Vi v T | lvis Vs via)
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Page 31 Number 12

Page 31 Number 12. Find the angle between 4 = [—1,3,4] and
v=[21,-1].

Linear Algebra July 19,2018 4 /15



Page 31 Number 12

Page 31 Number 12

Page 31 Number 12. Find the angle between 4 = [—1,3,4] and
v=[21,-1].

<y
<{

Solution. We have by definition that the desired angle is cos™?

cl
<{
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Page 31 Number 12

Page 31 Number 12. Find the angle between 4 = [—1,3,4] and
v=[21,-1].

<y
<{

1

Solution. We have by definition that the desired angle is cos™

i
<i

Now by Definition 1.5, “Vector Norm,”

il = v/(=1)2+ (32 + (4> = vV1+ 9+ 16 = V26 and

[Vl = V/(2)2 + (1)2 + (-1)2 = V4 + 1+ 1 = /6. Also, by Definition
1.6, “Dot Product,”

i-v=1[-1,3,4][2,1,-1] = (-1)(2)+(3)(1)+(4)(-1) = —2+3—4 = 3.
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Page 31 Number 12

Page 31 Number 12. Find the angle between 4 = [—1,3,4] and
v=[21,-1].

<y
<{

1

Solution. We have by definition that the desired angle is cos™

cl
<{

Now by Definition 1.5, “Vector Norm,”

il = v/(=1)2+ (32 + (4> = vV1+ 9+ 16 = V26 and

[Vl = V/(2)2 + (1)2 + (-1)2 = V4 + 1+ 1 = /6. Also, by Definition
1.6, “Dot Product,”

i-v=1[-1,3,4][2,1,-1] = (-1)(2)+(3)(1)+(4)(-1) = —2+3—4 = 3.

i-v -3
So the angle between i and V is cos ! ——— = cos! =
[alIv]] V2616
1 3
cos T ——

V156
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Page 31 Number 12

Page 31 Number 12. Find the angle between 4 = [—1,3,4] and
v=[21,-1].

<y
<{

1

Solution. We have by definition that the desired angle is cos™

cl
<{

Now by Definition 1.5, “Vector Norm,”

1] = /(=12 + (3)2 + (42 = VI + 9+ 16 = /26 and

V]| = \/(2)2 + (1) +(-1)? = VA+1+1=+6. Also, by Definition
1.6, “Dot Product,”

u-v=1[-1,3,4]-[2,1,-1] = (-1)(2)+(3)(1)+(4)(-1) = —2+3—-4 = 3.
i-v —
So the angle between i and V is cos ! ——— = cos! =
1@l V] V261/6
cos* =3 We can use a calculator to approximate the true answer to
V156

find that the angle is roughly 103.90°.
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Page 33 Number 42(b)

Page 33 Number 42(b)

Page 33 Number 42(b) Let 4,

—

v,w € R"
u-(Vv+w)=d-v+ia-
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Page 33 Number 42(b)

Page 33 Number 42(b)

—

Page 33 Number 42(b). Let 4, vV, w € R". Prove the Distributive Law:
i-(V4+w)=d-v+id-w.

Proof. Since i, V,w € R", then by our first definition in Section 1.1, we
have that 4 = [u1, Uz, ..., up|, V=[v1,v2,...,v,], and
w = [w1, wa, ..., w,] where all uj, v;, w; are real numbers.
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Page 33 Number 42(b)

Page 33 Number 42(b)

Page 33 Number 42(b). Let 4, vV, w € R". Prove the Distributive Law:

—

i-(V4+w)=d-v+id-w.
Proof. Since i, V,w € R", then by our first definition in Section 1.1, we

have that 4 = [u1, Uz, ..., up|, V=[v1,v2,...,v,], and

w = [wi, wa, ..., w,] where all uj, v;, w; are real numbers. Then

i-(V4+w) = [ui,uz,...,un] - ([vi,va,...,va] + [wi,wo,. .., wy])

= [ur,uz, ... up|-[vi+wa,va+wa,...,vy+ wy)
by Definition 1.1.(1), “Vector Addition”
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Page 33 Number 42(b)

Page 33 Number 42(b)

Page 33 Number 42(b). Let 4, vV, w € R". Prove the Distributive Law:
i-(V4+w)=d-v+id-w.

Proof. Since i, V,w € R", then by our first definition in Section 1.1, we

have that 4 = [u1, Uz, ..., up|, V=[v1,v2,...,v,], and

w = [wi, wa, ..., w,] where all uj, v;, w; are real numbers. Then

u-(V+w) = [ug,uz,...,up]-([vi,vo,...,vp] + [wi, wo, ..., wp])
= [ur,uz, ... up|-[vi+wa,va+wa,...,vy+ wy)

by Definition 1.1.(1), “Vector Addition”
= u(vi+wr)+ u(vo+wp)+ -+ up(vs + wp)

by Definition 1.6, “Dot Product”
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Page 33 Number 42(b)

Page 33 Number 42(b)

Page 33 Number 42(b). Let 4, vV, w € R". Prove the Distributive Law:

i-(V4+w)=d-v+id-w.

Proof. Since i, V,w € R", then by our first definition in Section 1.1, we

have that 4 = [u1, Uz, ..., up|, V=[v1,v2,...,v,], and
w = [wi, wa, ..., w,] where all uj, v;, w; are real numbers. Then
i-(V4+w) = [ui,uz,...,un] - ([vi,va,...,va] + [wi,wo,. .., wy])
= [ur,uz, ... up|-[vi+wa,va+wa,...,vy+ wy)

by Definition 1.1.(1), “Vector Addition”

= u(vi +wr) 4+ w(va + wo) + - 4 up(vin + wp)
by Definition 1.6, “Dot Product”

= WNvi+uwi+ UuVve+ upwy + -+ UpVy + UpWp

since multiplication distributes over addition in R
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Page 33 Number 42(b)

Page 33 Number 42(b) (continued)

Page 33 Number 42(b). Let 4,v,w € R". Prove the Distributive Law:
i-(v+w)=d-v+ia-w.
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Page 33 Number 42(b)

Page 33 Number 42(b) (continued)

Page 33 Number 42(b). Let 4,v,w € R". Prove the Distributive Law:
i-(v+w)=d-v+ia-w.

Proof (continued). ...

i-(V+w) = wmwvi+uiwy + uava+ towo + -+ + Upvy + Uupw,
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Page 33 Number 42(b)

Page 33 Number 42(b) (continued)

Page 33 Number 42(b). Let 4,v,w € R". Prove the Distributive Law:
i-(v+w)=d-v+ia-w.

Proof (continued). ...

u-(Vv+w) uivi + uiwy + Ve + UaWo + - - - + UpVy + UpWy
(nvi + wovo + -+ upvi) + (urwy + town + - - - + upwp)

since addition is commutative and associative in R
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Page 33 Number 42(b)

Page 33 Number 42(b) (continued)

Page 33 Number 42(b). Let 4,v,w € R". Prove the Distributive Law:
i-(v+w)=d-v+ia-w.

Proof (continued). ...

i-(V+w) = wmwvi+uiwy + uava+ towo + -+ + Upvy + Uupw,
= (nvi+upva+ -+ upvn) + (s + tewz + -+ + Upwy)
since addition is commutative and associative in R
= [ui,uz,...,un] - [va,va,. .., vn
+lut, ug, ..oy up] - Wi, wo, . Wy
by Definition 1.6, “Dot Product”

= d-v+i-w.
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Page 31 Number 14

Page 31 Number 14. Find the value of x such that [x, —3,5] is
perpendicular to 7 = [—1, 3, 4].
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Page 31 Number 14

Page 31 Number 14. Find the value of x such that [x, —3,5] is
perpendicular to 7 = [—1, 3, 4].

Solution. By the definition of perpendicular (see page 4 of the class
notes) we want x such that [x,—3,5] - [-1,3,4] = 0.

Linear Algebra July 19,2018 7 /15



Page 31 Number 14

Page 31 Number 14. Find the value of x such that [x, —3,5] is
perpendicular to 7 = [—1, 3, 4].

Solution. By the definition of perpendicular (see page 4 of the class
notes) we want x such that [x,—3,5] - [-1,3,4] = 0. Now

[x,3,5]-[1,3,4] = (x)(—1)+(=3)(3)+(5)(4) = —x—9+20 = —x+11.

So to get a dot product of 0 we must have O

Linear Algebra July 19,2018 7 /15



Page 31 Number 16

Page 31 Number 16. Find a nonzero vector in R which is perpendicular
to both 4 =[-1,3,4] and v = [2,1, —1].
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Page 31 Number 16

Page 31 Number 16

Page 31 Number 16. Find a nonzero vector in R which is perpendicular
to both 4 =[-1,3,4] and v = [2,1, —1].

Solution. Let the desired vector be w = [w1, wa, w3]. By the definition of

perpendicular (see page 4 of the class notes) we need w - 4 = 0 and
w-v=0.
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Page 31 Number 16

Page 31 Number 16

Page 31 Number 16. Find a nonzero vector in R which is perpendicular
to both 4 =[-1,3,4] and v = [2,1, —1].

Solution. Let the desired vector be w = [w1, wa, w3]. By the definition of

perpendicular (see page 4 of the class notes) we need w - 4 = 0 and
w -V = 0. This gives
w- i = [wi,wy, ws] - [—1,3,4]
= (w1)(=1) + (w2)(3) + (w3)(4) = —w1 + 3wz + 4wz = 0
and
WV = [wi,wa,ws]-[2,1, 1]

= (w1)(2) + (w2)(1) + (w3)(—~1) = 2w1 + w2 — w3 = 0.
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Page 31 Number 16

Page 31 Number 16. Find a nonzero vector in R which is perpendicular
to both 4 =[-1,3,4] and v = [2,1, —1].

Solution. Let the desired vector be w = [w1, wa, w3]. By the definition of
perpendicular (see page 4 of the class notes) we need w - 4 = 0 and
w -V = 0. This gives

—

w- i = [wi,wy, ws] - [—1,3,4]
(

= (Wl)(—]_) + W2)( ) (W3)(4) =—w;+3wr +4w3 =0
and
VT/ . \7 = [Wl7 wo, W3] . [2, ]_, —1]
= (w1)(2) + (n2)(1) + (w3)(—1) = 2w + w2 — w3 = 0.
So we need wy, wa, ws € R that satisfy both:
—W1—|—3W2—|—4W3 = 0 (1)
2wy + wo — ws = 0. (2)
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Page 31 Number 16 (continued)

—w1+3wmr+4wz = 0 (1)

Solution (continued). ... QWi - W — w 0 (2)
1 2— W3 = U

Linear Algebra July 19,2018 9/ 15



Page 31 Number 16

Page 31 Number 16 (continued)

Solution (continued). ... Tt 3w tdus =0 (1)

2wy + wo — wg = 0. (2)
Adding 2 times equation (1) to equation (2) gives Ow; + 7wy + 7wz = 0.
So we can take wp =1 and w3 = —1. Plugging these values into equation

(1) gives —wq +3(1)+4(—1)=0andso —wy —1=0o0r wy = —1.
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Page 31 Number 16 (continued)

Solution (continued). ... Tt 3w tdus =0 (1)

2wy + wo — wg = 0. (2)
Adding 2 times equation (1) to equation (2) gives Ow; + 7wy + 7wz = 0.
So we can take wp =1 and w3 = —1. Plugging these values into equation
(1) gives —wq +3(1) +4(—1)=0andso —w; —1=00r wy = —1. So a
choice for wi, wo, w3 is w;y = —1, wp, = 1, and w3 = —1. That is, we can

choose ’ w = [wy, wa, w3] = [-1,1, —1]. ‘ (In fact, any nonzero multiple of

this choice of w is also correct.)
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Page 31 Number 16 (continued)

Solution (continued). ... Tt 3w tdus =0 (1)

2wy + wo — wg = 0. (2)
Adding 2 times equation (1) to equation (2) gives Ow; + 7wy + 7wz = 0.
So we can take wp =1 and w3 = —1. Plugging these values into equation
(1) gives —wq +3(1) +4(—1)=0andso —w; —1=00r wy = —1. So a
choice for wi, wo, w3 is w;y = —1, wp, = 1, and w3 = —1. That is, we can

choose ’ w = [wy, wa, w3] = [-1,1, —1]. ‘ (In fact, any nonzero multiple of

this choice of w is also correct.)

Let's check the orthogonality:

w-i=[-1,1,-1]-[-1,3,4] = (-1)(-1)+(1)(3)+(-1)(4) =14+3-4=0
and

w-v =[-1,1,-1]-[2,1,-1] = (-1)(2)+(1)(1)+(-1)(-1) = —2+1+1 = 0.

So, by the definition of perpendicular, w is perpendicular to both & and v,
as required. [
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Page 26 Example 7, Parallelogram Law

Page 26 Example 7

Page 26 Example 7. Prove that the sum of the squares of the lengths of
the diagonals of a parallelogram in R" is equal to the sum of the squares

of the lengths of the sides. This is the parallelogram relation or the
parallelogram law.

Linear Algebra
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Page 26 Example 7, Parallelogram Law

Page 26 Example 7

Page 26 Example 7. Prove that the sum of the squares of the lengths of
the diagonals of a parallelogram in R" is equal to the sum of the squares

of the lengths of the sides. This is the parallelogram relation or the
parallelogram law.

Proof. Let two of the sides of the parallelogram be determined by vectors
v and w in standard position:

Linear Algebra
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Page 26 Example 7, Parallelogram Law

Page 26 Example 7

Page 26 Example 7. Prove that the sum of the squares of the lengths of
the diagonals of a parallelogram in R" is equal to the sum of the squares

of the lengths of the sides. This is the parallelogram relation or the
parallelogram law.

Proof. Let two of the sides of the parallelogram be determined by vectors
v and w in standard position:

0

Then the lengths of the sides of the parallelogram are ||V||, ||V|], ||w/||, and
|lw]|; the lengths of the diagonals are |V + w|| and ||V — w||.
Linear Algebra

July 19, 2018 10 / 15



Page 26 Example 7, Parallelogram Law

Page 26 Example 7 (continued)

Proof (continued). Expressing the squares of norms using dot products
as in Note 1.2.A:

G+ w2+ ([V-—w|? = (V+w) - (V+wW)+(V—w) (V—w)
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Page 26 Example 7 (continued)

Proof (continued). Expressing the squares of norms using dot products
as in Note 1.2.A:

1+ W)+ [V = w[* = (V+ W)
v

by Theorem 1.3(D1) and (D2),
“Commutivity and Distribution of Dot Product”
= 20-V+2w-w=2|V|?+2||w|>
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Page 26 Example 7, Parallelogram Law

Page 26 Example 7 (continued)

Proof (continued). Expressing the squares of norms using dot products
as in Note 1.2.A:

1+ W)+ [V = w[* = (V+ W)
v

by Theorem 1.3(D1) and (D2),
“Commutivity and Distribution of Dot Product”
= 20-V+2w-w=2|V|?+2||w|>

So the sum of the squares of the lengths of the diagonals,

|V + w||? + ||V — w||?, equals the sum of the squares of the lengths of the
sides, [|[V[|* + [|VI|* + [|w]|* + [|w]|> = 2/|V]|* + 2[|w]]?. O

Linear Algebra July 19, 2018 11 /15



Theorem 1.4

Theorem 1.4. Schwarz’s Inequality.
Let V,w € R". Then

v - wl < [V][[[w]].

Linear Algebra
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Theorem 1.4, Schwarz’s Inequality

Theorem 1.4

Theorem 1.4. Schwarz’s Inequality.
Let V,w € R". Then

v - wl < [V][[[w]].

Proof. Let V,w € R” and let r and s be any scalars in R. Then
|Irv + sw|| > 0 by Theorem 1.2(1), “Positivity of the Norm,” and so
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Theorem 1.4, Schwarz’s Inequality

Theorem 1.4

Theorem 1.4. Schwarz’s Inequality.
Let V,w € R". Then

v - wl < [V][[[w]].

Proof. Let V,w € R” and let r and s be any scalars in R. Then
|Irv + sw|| > 0 by Theorem 1.2(1), “Positivity of the Norm,” and so

0 < |[ré+sw|?>=(rv+sw)-(rv+ sw) by Note 1.2.A
= (rv)-(rv) +2(rv) - (sw) + (sw) - (sw)
by Theorem 1.3(D1) and (D2), “Commutivity and
Distribution of Dot Products”

Linear Algebra July 19, 2018

12 /15



Theorem 1.4

Theorem 1.4. Schwarz’s Inequality.
Let V,w € R". Then
V- w| < [[v][[[w]|.

Proof. Let V,w € R” and let r and s be any scalars in R. Then
|Irv + sw|| > 0 by Theorem 1.2(1), “Positivity of the Norm,” and so

0 < |[ré+sw|?>=(rv+sw)-(rv+ sw) by Note 1.2.A
= (rv)-(rv) +2(rv) - (sw) + (sw) - (sw)
by Theorem 1.3(D1) and (D2), “Commutivity and
Distribution of Dot Products”
= rPV-V+2rsV- W+ W w
by Theorem 1.3(D3), “Homogeneity of Dot Products”
= r?||V|? +2rsv - w + s%||w||? by Note 1.2.A.
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Theorem 1.4 (continued)

Theorem 1.4. Schwarz’s Inequality.
Let V,w € R". Then |V - w| < ||V||||w]].
Proof (continued). Since this holds for all scalars r,s € R, we can let

r=|w||?> and s = —vV - w and hence

0

IN

2|\ V|2 + 2rsv - W + 3|2
w1712 = 20wV - w)? + (v - w)?|[w>
1w I*I71? — w7 - w)?

1wl (w2177 = (7 - w)?). (%)

Linear Algebra July 19, 2018
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Theorem 1.4 (continued)

Theorem 1.4. Schwarz’s Inequality.

Let v,w € R". Then |V - w| < ||V||||w]].

Proof (continued). Since this holds for all scalars r,s € R, we can let
r=|w||?> and s = —vV - w and hence

0

IN

r2||V]|? + 2rsv - w + s2||w||?
1w I*IV? = 2| Wl[*(V - w)? + (V- w)?|| w2
1w I*I71? — w7 - w)?
IwlP(w]P VI = (7 - w)?). (%)
If ||| = 0 then w = 0 by Theorem 1.3(D4), "Positivity of the Dot
Product,” and then v-w = v -0 =0 so that
0=1|v-w| <|V|]|w] = ||V|][0 = 0 and Schwarz's Inequality holds.

I
N—r

S

~—
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Theorem 1.4 (continued)

Theorem 1.4. Schwarz’s Inequality.

Let v,w € R". Then |V - w| < ||V||||w]].

Proof (continued). Since this holds for all scalars r,s € R, we can let
r=|w||?> and s = —vV - w and hence

0

IN

r2||V]|? + 2rsv - w + s2||w||?
1w I*IV? = 2| Wl[*(V - w)? + (V- w)?|| w2
1w I*I71? — w7 - w)?

IwlP(w]P VI = (7 - w)?). (%)
If |W|| = 0 then w = O by Theorem 1.3(D4), “Positivity of the Dot
Product,” and then v-w = v -0 = 0 so that
0=1|v-w| <||V|||w] = |[V|]/0 = 0 and Schwarz's Inequality holds. If
|W|| # 0 then from (), dividing both sides by ||w||?, we have that
IR ~ (7 @) > 0. That is, (7 )* < 72|} and so
V)2 < /[[VIPIW]2 or |- w| < ||V]|||w]], as claimed. O

Linear Algebra July 19, 2018 13 /15
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Page 31 Number 36

Page 31 Number 36

Page 31 Number 36. The captain of a barge wishes to get to a point
directly across a straight river that runs north to south. If the current

flows directly downstream at 5 knots and the barge steams at 13 knots, in
what direction should the captain steer the barge?
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Page 31 Number 36

Page 31 Number 36

Page 31 Number 36. The captain of a barge wishes to get to a point
directly across a straight river that runs north to south. If the current
flows directly downstream at 5 knots and the barge steams at 13 knots, in
what direction should the captain steer the barge?

Solution. Consider the diagram:

W+E
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Page 31 Number 36

Page 31 Number 36

Page 31 Number 36. The captain of a barge wishes to get to a point
directly across a straight river that runs north to south. If the current
flows directly downstream at 5 knots and the barge steams at 13 knots, in
what direction should the captain steer the barge?

Solution. Consider the diagram:

W+E

S

We need the barge to have a velocity v such that v 4+ w results in a vector
i that runs east-west.

Linear Algebra July 19, 2018 14 /15



Page 31 Number 36

Page 31 Number 36 (continued)

Solution (continued). By the parallelogram property of the addition of
vectors (see Figure 1.1.5, page 5) we have:

w
‘ IR
=
u

where w = [0, —5] knots and 4 = [u1, u2] = [u1, 0] knots.
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Page 31 Number 36

Page 31 Number 36 (continued)

Solution (continued). By the parallelogram property of the addition of
vectors (see Figure 1.1.5, page 5) we have:

w
‘ IR
=
u

where w = [0, —5] knots and 4 = [u1, u2] = [u1, 0] knots. So with
vV = [v1, v2], we have v+ w = i or [vi, vp| + [0, —5] = [u1, 0] or
[vi,v2 — 5] = [u1,0]. Hence v» =5 knots.

Linear Algebra
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Page 31 Number 36

Page 31 Number 36 (continued)

Solution (continued). By the parallelogram property of the addition of
vectors (see Figure 1.1.5, page 5) we have:

w
‘ IR
=
u

where w = [0, —5] knots and 4 = [u1, u2] = [u1, 0] knots. So with
vV = [v1, v2], we have v+ w = i or [vi, vp| + [0, —5] = [u1, 0] or
[vi,v2 — 5] = [u1,0]. Hence v» =5 knots. Since

V| = \/V12 +vi= \/V12 + (5)2 = 13 knots then {/vZ + 25 = 13 and
v + 25 =169 or vZ = 144 (knots?) or v; = 12 knots. Then u; = vy = 12
knots and so & = [12,0] knots.
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Page 31 Number 36

Page 31 Number 36 (continued)

Solution (continued). By the parallelogram property of the addition of
vectors (see Figure 1.1.5, page 5) we have:

w
‘ IR
=
u

where w = [0, —5] knots and 4 = [u1, u2] = [u1, 0] knots. So with
vV = [v1, v2], we have v+ w = i or [vi, vp| + [0, —5] = [u1, 0] or
[vi,v2 — 5] = [u1,0]. Hence v» =5 knots. Since

V| = \/V12 +vi= \/V12 + (5)2 = 13 knots then {/vZ + 25 = 13 and

v + 25 =169 or vZ = 144 (knots?) or v; = 12 knots. Then u; = vy = 12
knots and so 4 = [12,0] knots. Notice from the right triangle determined
by d, w, and vV we have cosd = ||dl|/||V|]| = 12/13 and so

0 = cos~1(12/13). So

the captain should steer the barge § = cos~%(12/13) upstream. | O
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