Linear Algebra

Chapter 1. Vectors, Matrices, and Linear Systems
Section 1.6. Homogeneous Systems, Subspaces, and Bases—Proofs of
Theorems
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Page 99 Number 8 (continued)

Page 99 Number 8. Determine whether the set
W = {[2x,x 4+ y,y] | x,y € R} is a subspace of R3.

Solution (continued). For scalar multiplication, let r € R and consider

—

rin = r[2x,x1 + y1,y] = [r(2x), r(xa + y1), r(y)]
[2(rx1), (Pxa) + (1), ()]
= [2x,x+y,y] where x = rx; and y = ry;.

So rv; € W and W is closed under scalar multiplication. Therefore, W is
a subspace of R3. O
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Page 99 Number 8

Page 99 Number 8. Determine whether the set
W = {[2x,x+ y,y] | x,y € R} is a subspace of R3.

Solution. By Definition 1.16, we need to see if W is closed under vector
addition and scalar multiplication. Let Vi, v, € W. Then

Vi = [2x1,x1 + y1, 1] and Vo = [2x2, x2 + 2, y2] for some

X1, X2, Y1, y2» € R. For vector addition,

i+va = [2x,x +y1, 1]+ [2x0, %2 + 2, yo]
= [2x1 4+ 2x2, (x1 + y1) + (x2 + y2), y1 + y2]
= [20a +x),(a +x) + (11 +y2), (1 + y2)]
= [2x,x+y,y] where x =x1 + x2 and y = y1 + y».

So vi + vo € W and W is closed under vector addition.
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Theorem 1.14

Theorem 1.14. Subspace Property of a Span

Let W = sp(wh, wa, . .., wk) be the span of k > 0 vectors in R" Then W
is a subspace of R". (The vectors wiy, Wb, ..., w, are said to span or
generate the subspace.)

Proof. We use Definition 1.16, “Closure and Subspace.” Let

i,V € sp(wy, Wa,...,w) and let ¢ be a scalar. Then

Ud=nwy+ mnws+ -+ rnwg and V= 51wy + 5o + -+ - + s, wy for some
scalars r; and s;. Then

i+v = (r1V_I71 + Wy + -+ rva/k) + (slvT/l +sowo + -+ SkV_I7k)
= (r1 + Sl)W/l + (r2 —i—Sg)VT/z +--+ (rk + Sk)Wk by S1 and S2
€ Sp(V_l}l,V_l}g,...,VT/k)

and so sp(wy, Wa, ..., W) is closed under vector addition.
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Theorem 1.14. Subspace Property of a Span Page 100 Number 18

Theorem 1.14 (continued) Page 100 Number 18
Page 100 Number 18. Find a generating set for the solution set of the
Theorem 1.14. Subspace Property of a Span homogeneous linear system:
Let W = sp(wh, wh, ..., wk) be the span of k > 0 vectors in R” Then W X1 — X2 4+ x3 — x4 = 0
is a subspace of R". (The vectors wi, wa, ..., W, are said to span or X2 + x3 - 0
generate the subspace.) x1 + 2% — x3 + 3x = 0.

Proof (continued). Next,
Solution. We apply Gauss-Jordan elimination to the augmented matrix:

ci = c(nwr+ nwy+ -+ rwg)
= (Crl_),v_i}lj_ (Cr2)il}2 + -+ (Crk)W/k by S1 and S3 (::I') _i 1 _(::I') 8 R3:&:Rl g') _i :]I: _g') 8
€ sp(wi, Wz, W) 1 2 -1 3]0 0 3 -2 4]0
aDn(:_ S-O-SP(;V1176W27 oo vzk) is clcised. underbscalar mfu]lélnphcatlon. So by - RRiL Ry 10 2 —1|07] rerys[1 02 —1 |0
efinition 1.16 sp(w1, wa, ..., wy) is a subspace o . /R s |01 1 00 — 01 1 0o lo
00 -5 4|0 0 01 —4/5]0
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Page 100 Number 18 (continued 1) Page 100 Number 18 (continued 2)
Solution (continued). ...
102 -1 1|0] Remi—2r [ 1 0 0 3/5 1|0 Solution (continued). So a generating set for the system is
011 0 |0|rRoR-R|0 10 4/5|0
001 —4/5|0 001 —4/5|0 —3/5
. . —4/5
Returning to a system of equations, 4/5
x1+(3/5)xa=0 or x3=—(3/5)xa 1
x2+ (4/5)xa =0 xo = —(4/5)xa
x3 — (4/5)x4 =0 x3 = (4/5)x Note: We could have let s = x4 /5 be a free variable in which case a
X4 = Xa. -3
Solet r = x4 be a free3>/ariable and we have that the general solution is of generating set is given by the simpler _i O
—-3/5
_ —4/5 5
the form X € ¢ r 4/5 reR .
1



Theorem 1.15. Unique Linear Combinations

Theorem 1.15

Theorem 1.15. Unique Linear Combinations.

The set {wi, wh, ..., wi} is a basis for W = sp(wi, wh, ..., wk) if and only
if
nwy+ nwy + -+ nwi =0
implies
n=rn=--=r=020.
Proof. Suppose {wy, Wy, ..., Wy} is a basis for W = sp(wq, wa, ..., wg).

Then by Definition 1.17, “Basis for a Subspace,” every vector in W can be
expressed uniquely as a linear combination of the w;. In particular,

nwy+ w4+ -+ nw, = 0 is satisfied for 1 =, = --- = r, = 0 and the
uniqueness condition implies that we must have n = =--- =r, = 0.
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Page 100 Number 22(a)

Page 100 Number 22(a)

Page 100 Number 22(a). Use Theorem 1.15 to determine whether the
set {[-1,1],[1,2]} is a basis for the subspace of R? that it spans.

Solution. Based on Theorem 1.15, we consider scalars ri, » € R such
that n[—1,1] 4+ r[1,2] = [0,0]. This implies [—r1, r1] + [r2,2r2] = [0, 0] or
[+ 2,1 +2r] =[0,0]. So we need

—rn+mrn=0 (1)
rn+2rn=0. (2)

From (1) we see that r; = r» and so from (2) we need r; +2(r1) =0 or
3rn=0o0r rp =0. Since n = r» we also need rn» = 0. Hence we must have
rn=ry,=0andso {[-1,1],[1,2]} | is a basis for its span | by Theorem
1.15. O
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Theorem 1.15. Unique Linear Combinations

Theorem 1.15 (continued)

Theorem 1.15. Unique Linear Combinations.
The set {wi, wh, ..., wj} is a basis for W = sp(wy, wh, . ..
if

, W) if and only

nwy+nw + -+ nwe =0

implies
n=rn=---=r=020.

Proof (continued). Now suppose that rnwy + rnws + -+ + rewy = 0
implies that 1 = =---=r, =0. Let w € W and suppose
W=cwi+ W+ -+ cwy =diwi +down + -+ dwy. Then
O=w—w=(c1—d))Wi + (c2 — do)Wa + - - + (ck — di)Wx (by S1 and
S2). By hypothesis for this case, we must have

ci—di=c—dr=---=ck—d,=0. That is, we must have ¢c; = di,

o =dy, ..., ¢k = dg. Hence every vector of W is a unique linear

combination of the w;, as claimed. O
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Page 100 Number 22(b)

Page 100 Number 22(b)

Page 100 Number 22(b). Use Theorem 1.16 to determine whether the
set {[-1,1],[1,2]} is a basis for the subspace of R? that it spans.

Solution. We define matrix A which has as its columns the vectors in the

-1 1
set: A= 1 9

form a basis for R? if and only if A is row equivalent to Z. So we row
reduce A:

. 11 Ri—Rs 1 2 R2:_@Rl 1 2
o 1 2 -1 1 0 3

] . By Theorem 1.16, we see that the columns of A

RooRf3 Ty g1 RzRz2R 1y _
01 01| ™
So A ~ T and hence the columns of A form a basis for R?; that is, the set
{[-1,1],[1,2]} |is a basis for the subspace of R? that it spans. | (Since
there are two vectors, their span is all of R2.) [J
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Page 97 Example 6

Example. Page 97 Example 6. A basis of R” cannot contain more than n
vectors.

Proof. Suppose {Vi, Vo,...,V} is a basis for R” and ASSUME k > n.
Consider the system AX = 0 where the column vectors of A are

Vi, V2,...,Vk. Then A has n rows and k columns (corresponding to n
equations in k unknowns). With n < k, Corollary 2 implies there is a
nontrivial solution to AX = 0. But this corresponds to a linear combination
of the columns of A which equals O while not all the coefficients are 0.
This CONTRADICTS Theorem 1.15 (since we then have two different
linear combinations of Vi, s, ..., Vkx which equal 6) So the assumption
that k > n is false. Therefore, k < n. ]
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Theorem 1.18 (continued)

Theorem 1.18. Structure of the Solution Set of A% = b.

Let Ax = b be a linear system. If pis any particular solution of Ax —b
and A is a solution to Ax =0, then B+ hi is a solution of A% = b. In fact,
every solution of AX = b has the form p+ h and the general solution is
X=p+ h where Ah =0 (that is, his an arbitrary element of the nullspace
of A).

Proof (continued). Now suppose § is any solution to AX = b. With P as
a particular solution to AX = b we have

A(G—pP) = AqG— Ap by Theorem 1.2.A(10),
Distribution of Matrix Multiplication
= b-b=0.
So § — B is a solution of AX =0, say § — p = h. So G=p+ hand every
solution X of AX = b is of the form g+ h where g is a particular solution

of AR+ b and his any solution of AX = h. O

Linear Algebra

May 19, 2020 14 / 22

May 19, 2020 16 / 22

Theorem 1.18

Theorem 1.18. Structure of the Solution Set of A% = b.

Let AX = b be a linear system. If B is any particular solution of AX = b
and h is a solution to Ax =0, then p + hi is a solution of AX = b. In fact,
every solution of Ax = b has the form p+ h and the general solution is
X=p+ h where Ah =0 (that is, his an arbitrary element of the nullspace
of A).

Proof. Let p be a particular solution of AX =

so that AB = b). Let h
be a solution of the homogeneous system AX =

b (
0 (so that AR — 0). Then

A(B+h) = AP+ Ah by Theorem 1.2.A(10),
Distribution of Matrix Multiplication
= b+0=>h
So p+ h is a solution of AX = b.
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Page 100 Number 36

Page 100 Number 36. Solve the linear system

X1 — 2% + x3 + xx = 4
2x1 + x — 3x3 — x4 = 6
xg — Ix — 6x3 + 2x4 = 6

and express the solution set in a form that illustrates Theorem 1.18.

Solution. We apply Gauss-Jordan elimination to the augmented matrix:

1 -2 1

14 Ro—Ry—2Ry 1 -2 1 1 4 | Ry—R;+R,
2 1 -3 —-1|6 R3—> Rs—R | O 5 -5 —-3|-=-2
1 -7 —6 216 0 -5 -7 1 2

Ro—R»/5 1 -2 1 1 4
Rs—R3/(-12) | O 1 —1 -—-3/5|-2/5
0

0 1 1/6| 0
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Page 100 Number 36 (continued 2)

Page 100 Number 36 (continued 1)

Solution (continued). x 16/5
Ri—Ri+2R> 10 -1 -1/5)16/5 ] Solution (continued). ...p = X2 = ~2/5 . With A as the
01 -1 —3/5|-2/5 X3 0
00 1 1/6 | 0 | X4 o
i coefficient matrix, the homogeneous system AX = 0 reduces to a similar
R—Ri+Rs [ 1 0 0 —1/30 | 16/5 system of equations but with only 0's on the right hand side:
RR—R+Ry | 0 1 0 —13/30| —2/5
001 1/6 0 X1 — (1/30)x4 = 0 or x3=(1/30)x4
) - (1 = =(1
This corresponds to the system of equations: 2 P ((%2())))(;4 _ 8 Z _ (—(31//360));‘
X1 — (1/30)X4 = ].6/5 X4 = X4
X2 — (13/30)xs = -2/5 : : .
s 4+ (1/6)x = 0 So x4 acts as a free variable in the associated homogeneous system of

equations. To simplify the numbers, we set x4 = 30r where r € R (since r

For a particular solution 5 to the original system of equations we choose to is any element of R then 30r is any element of R, and conversely).

set x4 = 0 so that. ..
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Page 101 Number 43

Page 100 Number 36 (continued 3)

Solution (continued). This gives the solution to the homogeneous
x1 = (1/30)(30r) = r

Page 101 Number 43. Use Theorem 1.18 to prove why no system of
x> = (13/30)(30r) = 13r

linear equations can have exactly two solutions.

system as x3 = —(1/6)(30r) = —5r So the solution set to the )
x4 = 30r. Proof. ASSUME to the contrary that linear system AX = b does have
1 exactly two solutions, say p; and p, (where p; # p2). Then
_ R 13 o A(ﬁl—ﬁ2):Aﬁl—Aﬁ2:B—Bzﬁandsoﬁzﬁl—ﬁg#Oisasolution
homogeneous system of equations AX =bis ¢ r 5 ||r € R} (thisis to the homogeneous system AX = 0. Now
30 P+ h=p1+ (PL — P2) = 2P1 — P2 # P1 (since 2p; — p2 = p1 implies

the nullspace of A). Therefore, in the notation of Theorem 1.18, the
general solutions to the original (nonhomogeneous) system of equations is

16/5 1
%zﬁ—i—ﬁwhereﬁ: _%/5 and helr _1::: reR3 .| O
0 30
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P1 = P2, a contradiction) and By + h = p1 + (P1 — B2) = 2P1 — B2 # P2
(since 2Py — P = po implies p1 = pp, a contradiction). So by Theorem
1.18, p1 + h is a third solution to AX = b. This is a CONTRADICTION to
the hypotheses. So the assumption that AX = b has exactly two solutions
is false and the claim follows. O
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Page 101 Number 47

Page 101 Number 47. Let W; and W, be two subspaces of R”. Prove
that their intersection Wi N W, is also a subspace of R”.

Proof. We use Definition 1.16, “Closure and Subspace.” Let

i, ve Wy N W,. Since Wy is a subspace then it is closed under vector
addition (Definition 1.16) and so 4 + v € W;. Since W is a subspace
then it is closed under vector addition (Definition 1.16) and so

U+ v e W, Hence i+ Vis in both Wi and W5; that is,

d+veW nW, So WinN W is closed under vector addition.

Now let r be a scalar. Since W; is a subspace then it is closed under scalar
multiplication (Definition 1.16) and so rid € Wj. Since W, is a subspace
then it is closed under scalar multiplication (Definition 1.16) and so

rii € Wh. Hence rii is in both Wy and W5; that is, rid € Wy N Ws. So

Wi N W is closed under scalar multiplication. By Definition 1.16,

Wi N W is a subspace of R” O



