Page 248 Number 20
Linear Algebra J

Page 248 Number 20. Find the area of the parallelogram with vertex at
the origin and with vectors —7 + 47 and 27 + 37 (in standard position) as
edges.

Chapter 4: Determinants
Section 4.1. Areas, Volumes, and Cross Products—Proofs of Theorems

Solution. We have —i + 47 = [-1,4] = [a1, a2] and
21 4 37 = [2, 3] = [b1, b2] so the area of the parallelogram is |det(A)|

where A = 21 Zz = _; 3 } . Hence the area is
1 b2
-1 4
el =| | 7 5 ||~ 106 - @) =[]
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Page 249 Number 26 Page 249 Number 26 (continued)

Page 249 Number 26. Find the area of the triangle with vertices Page 249 Number 26. Find the area of the triangle with vertices
(3,—4), (1,1), and (5,7). (3,-4), (1,1), and (5,7).
Solution. First notice that: Solution (continued). We can then find the Y

y area of the parallelogram determined by 3

and b using the determinant; but this must be
halved to find the area of the desired triangle:

So the area of the triangle is %|det(A)| where

|a a | |2 -5 .
A—[bl bg}_[ﬂf 6].Thenthearea|5

Jlaeal = 3| | 3 5 || = 31000 - o)1= 132 ~[16]

So we introduce vector & from (1,1) to (3, —4) and vector b from (1,1) to

(5,7), so that & = [a1, 2] = [(3) — (1), (—4) — (1)] = [2, -5] and

b = [b1, bo] = [(5) — (1),(7) — (1) = [4.6]. 0
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Page 248 Number 16

Page 248 Number 16. Let 3=17— j+ k and b = 37 — 2j+ 7k. Find
axb.

Solution. We have 3 = [a1, 2, a3] = [1, —1,1] and

b = [b1, by, b3] = [3,—2,7]. Then by definition,

11|, |1 1], |1 -1],
- ‘—2 7 ""“3 7 -”‘3 2 |k
= (=17 - @)(=2))7i - ((1)(7) - (1)(3)) ]
+((1)(-2) — (-1)(3)) k
= |-51—4)+ k =[5, —4,1].
O
I — Lives Algera

Theorem 4.1.A. Area of a Parallelogram

Theorem 4.1.A (continued)

Theore_lfn 4.1.A. The area of the parallelogram determined by b and € in
R3is ||b x €.

Proof (continued). ...

A% = (bycz — b3c2)? + (bics — b3c1)? + (b1ca — bocy)?

2 2 2
— b2 b3 b]_ b3 + bl b2
C» (3 1 C3 1 ©C2
bs |. b N b A -
— ‘ b> 3 |~ _ 1 b3 7+ 1 b kll = ”b % C||2‘
G a1 C3 a ©

Taking square roots we see that the claim is verified.
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oo o/t Lines Alebr

Theorem 4.1.A. Area

Theorem 4.1.A

Theorem 4.1.A. The area of the parallelogram determined by b and Ein
R3 is ||b x €.

Proof. We kngw from tile first note of this section that the area squared
is A2 = ||||||b||> — (¢ b)?. In terms of components we have
A% = (i + 3 +3) (b} + b3 + b3) — (cLby + caby + c3b3)°.
Multiplying out we have
A% = c}b} + b3 + cfb + Eb2 + b3 + c2b3 + c3 b3 + 3 b3 + 3 b3
—(c?b? + Eb3 + 2b3 + 2c1bycoby + 2¢1 byczbs + 2¢ by 3 bs)
= (c2b% — 2cobyc3bs + c2b3) + (b2 — 2c1byc3bs + c2b3)
+(C22b% —2c1bicobo + cfb%)
= (bacs — b3cz)* + (b1c3 — bsc1)? + (bica — bycy)?
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Theorem 4.1.B. Volume of a Box

Theorem 4.1.B

Theorem 4.1.B. The volume of a box determined by vecto b,¢ € R3

rs a, ce
isV = |31(b2|‘.‘3 — b3C2) - 32(b1€3 - b3C1) + a3{b1r:2 — b251)| = b

|3- X

o

Proof. Consider the box determined by a, b,¢ € R3:

bxe

i 4

Qr_'.

Figure 4.5, Page 244.

The volume of the box is the height times the area of the base.
0 |
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Theorem 4.1.B (continued)

Theorem 4.1.B. The volume of a box determined by vector
is V = |81(b263 — b3C2) - az(b163 - b3C1) + 33(b1(:2 - bzcl)

X
Proof (continued). The area of the base is ||b x &|| by Theorem 4.1.A.
Now the height is

s3.b.¢
|=1a-

[[6 x €fll[al[l cos 0]

_I(bx¢)-3|
I x €]

h = ||| cos b = Bxcl

(Notice that if b x Zis in the opposite direction as given in the illustration
above, then 6 would be greater than 7/2 and cos 6 would be negative.
Therefore the absolute value is necessary.) Therefore

. Bx2)-3 -
V = (Area of base)(height) = || x au% —|(bx&)-3l.
X C

O
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Linear Algebra

Page 249 Number 50

Page 249 Number 50. Use a determinant to ascertain whether the
points (0,0,0), (2,1,1), (3,-2,1), (—=1,2,3) lie in a plane in R3.

Solution. We introduce three vectors determining a box. If the volume of
the box is 0 then the points are in the same plane and if the volume is
positive then the points are not coplanar. So we take vectors from (0, 0, 0)
to the other three points:

a = [a1,a2,a3] = [(2) - (0), (1) = (0),(

b = [br, ba, ba] = [(3) — (0). (~2) — (0), (1) — (0)] = [3.—-2.1]

¢ =la,,a]=[(-1)—(0),(2) — (0),(3) — (0)] = [-1,2,3]. Then with

ay a as 2 11
= [ by b b3 ] = [ 3 -2 1 ] , the volume of the box is
a ¢ G -1 2 3

|det(A)|:

1
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Page 249 Number 38

Page 249 Number 38. Find the volume of the box having the vectors (in
standard position) 27 + j — 4k, 37 — 7+ 2k, i + 37 — 8k as adjacent edges.

Solution. Let 3 = [a1,a,a3] =271+ 7— 4k = [2,1,—4],

b = [by, by, b3] = 31 — j+ 2k = [3,-1,2], and

¢=la,0,a]l=1+37— 8k = [1,3,—8]. Then by the previous Note, the
volume of the box is |det(A)| where

ay a as 2 1 -4
{ by bb b3 | = [ 3 -1 2 :| So the volume is
aq & a 1 3 -8
2 1
3 ~-1
3 -1 (2) (1) (—4)
12| (=[ef T gl-of] flvea)d ]
= 2((=1)(-8) — (2)(3)) — ((3)(—8) — (2)(1)) — 4 ((3)(3) — (—1)(1)) |

= |2(2) - (~26) - 4(10)| = o
0 |
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249 Number 50

Page 249 Number 50 (continued)
Page 249 Number 50. Use a determinant to ascertain whether the
points (0,0,0), (2,1,1), (3,-2,1), (=1,2,3) lie in a plane in R3.

Solution (continued). ...the volume of the box is |det(A)]:

2

11
21 31 3 -2
3 2 1|[=[() —(1) + (1)
gz je) sl g sle] 3
=12((=2)(3) - (1)(2)) = ((3)(3) = (1)(=1)) + ((3)(2) — (-=2)(-1))|

= [2(—8) — (10) + (4)| = 22.

Since the volume is not 0, then | the points do not lie in a plane in R3. [0
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Theorem 4

Theorem 4.1

Theorem 4.1. Properties of Cross Product.

Let 3, b, € R3.

(1) Anticommutivity: bx &= —& x b

(3) Distributive Properties: 3 x (b + &) = (3 x b) + (3 x &)

Proof. (1) Page 247 Example 8. We have

bxe = |2 gt by b kg

G 3 aq G a @

= (bacs — b3c2)i — (bics — bzc1)j + (bica — bac )k

= - ((bsf-‘z — by3)i — (bacy — bic3)j+ (bocy — b162)f<)

G . G C3 | . G @ |4

— 7— + k
( by by by by |77 | b by )

— _Zxb
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Theorem 4.1 (continued 2)

Proof (continued). ...

= ((a2)(bs + c3) — (a3)(b2 + 2)) 2 — ((a1) (b3 + c3) — (a3)(by + 1)) ]
+((a1)(b2 + c2) — (a2)(by + 1)) k

= (a2b3 + axc3 — asby — a3¢2)1 — (a1b3 + a1¢c3 — ashy — a3¢1))
+(a1b2 + a1co — azb; — azcl)f}

= ((a2bs — azby) + (az2c3 — a3zc2)) @ — ((a1b3 — asby) + (a1c3 — a3c1)) ]
+ ((alb2 — azbl) + (311‘.‘2 — 3261));\\’

ax as ay as ~ a1 as + a a3 ~
= - J
by b3 ¢ C3 by b3 1 C3
a1 a2 da) a2 -
+ + k
b1 b a @
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Theorem 4.1 (continued 1)

Theorem 4.1. Properties of Cross Product.
et 3 h.EER. . .
(3) Distributive Properties: 3 x (b+¢) = (3 x b) + (3 x ©)

Proof (continued). (3) Page 249 Number 58. We have

a x (B + E) = [ala az, 33] X ([bl: b2: b3] + [Cla 2, C3])

7 3 k
=la, a2, 3] X [bh + a1, bo+ o, b3+ 3] = a an as
bi+ca b+ b3+ c
. as as a a as ~ ai az k
bo+c b3+ bi+ca bi3+c bi+ca b+
0] Linear Algebra July1,2018 15 /18
Theorem 4.1 (continued 3)
Proof (continued). ...
_ ‘82 a3l |2 |, |a &l _|a &l
b b3 2 €3 by b3 o G
a a | a azx |z
k k
by b * @
a as |. a a3 |. ap a |4
= - - k
( by by b b3 |77 b b )
a as |. apy as | . ap a |+
+ ( 2 & |5 | A1 3|, a1 & k)
G G G C3 1 Co
= (3xb)+(3x ).
]
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Page 249 Number 56

Page 249 Number 56. Let 3, b. € be vectors in £R3. Simplify the
expression 3 x (b x €) + b x (¢ x d)+ ¢ x (3 x b).

Solution. By Theorem 4.1(7), “Properties of Cross Products,”
x (bx¢c)=(3-c)b—(a-b)c andso bx (¢ x3d)=(b-3)c—(b-C)a,
cx(@axb)=(c-b)a—(c-a)b. Hence
3x (bx &) +bx(Zx3)+&x(3xb)
= (G- &b (3 E)e) + ((5 55— (b- c)a) ( )5)
= (3.¢-¢-3b+(b-3—3-b)¢+(¢-b—b-7)3
= 0b+ 0Z + 03 since dot product is commutative by
Theorem 1.3(D1), "Properties of Dot Products”

Il
=

I Liner Algers iy 12008 18/18



