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Page 248 Number 20

Page 248 Number 20

Page 248 Number 20. Find the area of the parallelogram with vertex at

the origin and with vectors —7 + 47 and 27 + 37 (in standard position) as
edges.
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Page 248 Number 20

Page 248 Number 20. Find the area of the parallelogram with vertex at
the origin and with vectors —7 + 47 and 27 + 37 (in standard position) as
edges.

Solution. We have —i 4 4j = [—1,4] = [a1, a2] and
21+ 37 =[2,3] = [b1, b2] so the area of the parallelogram is |det(A)]

o al ar . -1 4
whereA—[b1 bz]_[ 5 3]
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Page 248 Number 20

Page 248 Number 20. Find the area of the parallelogram with vertex at

the origin and with vectors —7 + 47 and 27 + 37 (in standard position) as
edges.

Solution. We have —i 4 4j = [—1,4] = [a1, a2] and
21+ 37 =[2,3] = [b1, b2] so the area of the parallelogram is |det(A)]

. al ar . -1 4 .
where A = [ by by ] = [ 5 3 } . Hence the area is

dex() =| | 5 3
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Page 249 Number 26

Page 249 Number 26. Find the area of the triangle with vertices
(3,—4), (1,1), and (5,7).

Linear Algebra July1,2018 4 /18



Page 249 Number 26

Page 249 Number 26

Page 249 Number 26. Find the area of the triangle with vertices
(3,—4), (1,1), and (5,7).

Solution. First notice that:
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Page 249 Number 26

Page 249 Number 26

Page 249 Number 26. Find the area of the triangle with vertices
(3,—4), (1,1), and (5,7).

Solution. First notice that:
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Page 249 Number 26

Page 249 Number 26

Page 249 Number 26. Find the area of the triangle with vertices
(3,—4), (1,1), and (5,7).

Solution. First notice that:

So we introduce vector 3 from (1,1) to (3, —4) and vector b from (1,1) to
(5,7), so that 3 = [a1, a2] = [(3) — (1), (—4) — (1)] = [2, —5] and
b = [b1, bo] = [(5) — (1), (7) — (1) = [4,6].
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Page 249 Number 26 (continued)

Page 249 Number 26. Find the area of the triangle with vertices
(3,—4), (1,1), and (5,7).

Linear Algebra July1,2018  5/18



Page 249 Number 26

Page 249 Number 26 (continued)

Page 249 Number 26. Find the area of the triangle with vertices
(3,—4), (1,1), and (5,7).

Solution (continued). We can then find the Y
area of the parallelogram determined by 3

and b using the determinant; but this must be
halved to find the area of the desired triangle:
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Page 249 Number 26

Page 249 Number 26 (continued)

Page 249 Number 26. Find the area of the triangle with vertices
(3,—4), (1,1), and (5,7).

Solution (continued). We can then find the Y
area of the parallelogram determined by 3

and b using the determinant; but this must be
halved to find the area of the desired triangle:
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Page 249 Number 26 (continued)

Page 249 Number 26. Find the area of the triangle with vertices
(3,—4), (1,1), and (5,7).

Solution (continued). We can then find the Y
area of the parallelogram determined by 3

and b using the determinant; but this must be
halved to find the area of the desired triangle:

So the area of the triangle is %|det(A)| where
A= [ a9 } = [2 _5].Thentheareais

by by 4 6

el = 3| |5 75 || = 31200 - (-5)@) = 5l =16
]
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Page 248 Number 16

Page 248 Number 16. Let =17 — j+ k and b = 37 — 2j + 7k. Find
ax b.
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Page 248 Number 16

Page 248 Number 16

Page 248 Number 16. Let =17 — j+ k and b = 37 — 2j + 7k. Find
ax b.

Solution. We have 3@ = [a1, ap,a3] = [1,—1,1] and
b = [b1, by, b3] = [3,—2,7].
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Page 248 Number 16

Page 248 Number 16. Let =17 — j+ k and b = 37 — 2j + 7k. Find

axb.

Solution. We have 3@ = [a1, ap,a3] = [1,—1,1] and
b = [b1, by, b3] = [3,—2,7]. Then by definition,

-7 d2 a3 | . ai
axb = 7—
‘ by b3 b
SR
— 27" |3
Linear Algebra
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Page 248 Number 16
Page 248 Number 16. Let =17 — j+ k and b = 37 — 2j + 7k. Find
ax b.

Solution. We have 3@ = [a1, ap,a3] = [1,—1,1] and
b = [b1, by, b3] = [3,—2,7]. Then by definition,

= - a a ~ a a N a a ~
e P L i EAs v L
“1 1|, |1 1], |1 —1];4
= ‘2 7 1_‘3 7 ]+‘3 2 |
= (=)@ - MW)(=2)) 2= ((1)(7) - (1)(3))]
+((1)(=2) = (-1)(3)) k
= |-50—4j+k =[-5,—4,1]
O
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Theorem 4.1.A

Theore_m 4.1.A. The area of the parallelogram determined by band Zin
R3 is ||b x &]|.

Linear Algebra July1,2018 7 /18



Theorem 4.1.A

Theore_m 4.1.A. The area of the parallelogram determined by band Zin
R3 is ||b x &]|.

Proof. We know from the first note of this section that the area squared
is A2 = ||€||?||b||?> — (€ - b)?. In terms of components we have

A? = (cf + ¢ + c3)(bf + b3 + b3) — (c1b1 + c2bo + c3b3)°.

Linear Algebra July1,2018 7 /18



Theorem 4.1.A

Theore_m 4.1.A. The area of the parallelogram determined by band Zin
R3 is ||b x &]|.

Proof. We know from the first note of this section that the area squared
is A2 = ||€||?||b||?> — (€ - b)?. In terms of components we have

A% = (cf + c5 + 3) (b3 + b5 + b3) — (c1by + cabs + c3b3)°.
Multiplying out we have
A% = c2b? + cfb5 + b3 + c3bT + c3b3 + cab3 + c3bT 4 c2b3 + c3b3
—(cl b2 + ¢ b2 +c3 b3 + 2c1bicoby + 2c1bic3bs + 2cobrc3bs3)
= (c2b3 — 2cobpcsbs 4 c2b3) + (c3b2 — 2c1bycsbs + c2b3)
+(Bb2 — 2c1b1caby + c2b3)
= (bacs — b3c2)? + (b1cs — bsc1)? + (bica — bacy)?
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Theorem 4.1.A (continued)

Theorem 4.1.A. The area of the parallelogram determined by b and € in
R3is ||b x €.
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Theorem 4.1.A (continued)

Theorem 4.1.A. The area of the parallelogram determined by b and € in
R3is ||b x €.

Proof (continued). ...

A2 = (b2C3 — b3C2)2 -+ (b1C3 — b3C1)2 + (b1C2 — b2C1)2

b b P by b3 P | by by |

N G C3 c1 C3 1 C

by bz |. by b3 |. b A 7o
:H 2 by |, | bbb bz’kH:HbXCHZ-

G G 1 a3 1 G

O

Taking square roots we see that the claim is verified.
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Theorem 4.1.B

Theorem 4.1.B. The volume of a box determined by vectors 3, ,?:’_)E R3
isV = |31(b2C3 — b3C2) — 32(b1C3 — b3C1) + a3(b1C2 — b2C1)| = |5 b x E‘
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Theorem 4.1.B

Theorem 4.1.B. The volume of a box determined by vectors 3, ,?:’_)6 R3
isV = |31(b2C3 — b3C2) — 32(b1C3 — b3C1) + 33(b1C2 — b2C1)| = |5 b x E‘

Proof. Consider the box determined by 3, B, ceR3:

b X c
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Theorem 4.1.B

Theorem 4.1.B. The volume of a box determined by vectors 3, ,?:’_)6 R3
isV = |31(b2C3 — b3C2) — 32(b1C3 — b3C1) + 33(b1C2 — b2C1)| = |5 b x E‘

Proof. Consider the box determined by 3, B, ceR3:

b X c

Figure 4.5, Page 244.

The volume of the box is the height times the area of the base.
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Theorem 4.1.B (continued)

Theorem 4.1.B. The volume of a box determined by vectors 3, b, C € R
is V = |a1(b2C3 — b3C2) — 82(b1C3 — b3C1) + a3(b1C2 — b2C1)| = ‘5 b ><

Proof (continued). The area of the base is ||b x &|| by Theorem 4.1.A.
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Theorem 4.1.B. Volume of a Box

Theorem 4.1.B (continued)

Theorem 4.1.B. The volume of a box determined by vectors 3, b, C € R
is V=

|a1(b2C3 — b3C2) — 82(b1C3 - b3C1) + a3(b1C2 - b2C1)| = ‘5 B X ¢

Proof (continued). The area of the base is ||b x &|| by Theorem 4.1.A.
Now the height is

E clllla 0 B
h = |13 cos o] = 10> Ellllcosb] _ |(bx &) 4
16> €] 1B x €|

(Notice that if b x €is in the opposite direction as given in the illustration

above, then 6 would be greater than 7/2 and cos @ would be negative
Therefore the absolute value is necessary.)
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Theorem 4.1.B. Volume of a Box

Theorem 4.1.B (continued)

Theorem 4.1.B. The volume of a box determined by vectors 3, b, C € R
is V=

|a1(b2C3 — b3C2) — 82(b1C3 - b3C1) + a3(b1C2 - b2C1)| = ‘5 B X ¢

Proof (continued). The area of the base is ||b x &|| by Theorem 4.1.A.
Now the height is

bxclll3 0 bx?@d) -3
b 3l cosp) = 1B x Elllall cosd] _ |(Bx @) -a]
b x €] [bx €]

(Notice that if b x €is in the opposite direction as given in the illustration
above, then 6 would be greater than 7/2 and cos @ would be negative
Therefore the absolute value is necessary.) Therefore

V = (Area of base)(height) = HB X EHM

Linear Algebra July1,2018 10/ 18



Page 249 Number 38

Page 249 Number 38. Find the volume of the box having the vectors (in
standard position) 27 + 7 — 4k, 37 — j+ 2k, 7+ 37 — 8k as adjacent edges.
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Page 249 Number 38

Page 249 Number 38. Find the volume of the box having the vectors (in
standard position) 27 + 7 — 4k, 37 — j+ 2k, 7+ 37 — 8k as adjacent edges.

Solution. Let & = [a1, a2, a3] =20+ ) — 4k = [2,1, 4],

b = [by, by, b3] = 30 — j+ 2k = [3, —1,2], and

c=la,m,a]l=1+37— 8k = [1,3,—8]. Then by the previous Note, the
volume of the box is |det(A)| where

a; a» as 2 1 4
A=| b b b3 | =113 -1 2
A & G 1 3 -8
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Page 249 Number 38

Page 249 Number 38. Find the volume of the box having the vectors (in
standard position) 27 + 7 — 4k, 37 — j+ 2k, 7+ 37 — 8k as adjacent edges.

Solution. Let & = [a1, a2, a3] =20+ ) — 4k = [2,1, 4],

b = [by, by, b3] = 30 — j+ 2k = [3, —1,2], and

c=la,m,a]l=1+37— 8k = [1,3,—8]. Then by the previous Note, the
volume of the box is |det(A)| where

a; a» as 2 1 4
A=\ b b b3 | =3 -1 2 |. So the volume is
A & G 1 3 -8
2 1 —4
-1 2 3 2 -1
3 -1 2= — (1) + (-4 3
1 3 _g 3 -8 1 -8 1 3
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Page 249 Number 38

Page 249 Number 38. Find the volume of the box having the vectors (in
standard position) 27 + 7 — 4k, 37 — j+ 2k, 7+ 37 — 8k as adjacent edges.

Solution. Let & = [a1, a2, a3] =20+ ) — 4k = [2,1, 4],

b = [by, by, b3] = 30 — j+ 2k = [3, —1,2], and

c=la,m,a]l=1+37— 8k = [1,3,—8]. Then by the previous Note, the
volume of the box is |det(A)| where

a; a» as 2 1 4
A=\ b b b3 | =3 -1 2 |. So the volume is
A & G 1 3 -8
2 1 —4
-1 2 2 -1
s 2=l gl-of] glrea|] ]
1 3 -8

3)) - (3)(~8) — (1) - 4((3)3) — (~1)(1)) |
2(2) - (~26) - 4(10) =[10.] O

Linear Algebra July1,2018 11 /18
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Page 249 Number 50

Page 249 Number 50. Use a determinant to ascertain whether the
points (0,0,0), (2,1,1), (3,-2,1), (—1,2,3) lie in a plane in R3.
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Page 249 Number 50

Page 249 Number 50. Use a determinant to ascertain whether the
points (0,0,0), (2,1,1), (3,-2,1), (—1,2,3) lie in a plane in R3.

Solution. We introduce three vectors determining a box. If the volume of
the box is 0 then the points are in the same plane and if the volume is

positive then the points are not coplanar.

12 /18
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Page 249 Number 50

Page 249 Number 50. Use a determinant to ascertain whether the
points (0,0,0), (2,1,1), (3,-2,1), (—1,2,3) lie in a plane in R3.

Solution. We introduce three vectors determining a box. If the volume of
the box is 0 then the points are in the same plane and if the volume is
positive then the points are not coplanar. So we take vectors from (0, 0, 0)
to the other three points:

d = [a1, a2, a3] = [(2) — (0),(1) — (0), (1) — (0)] = [2,1,1],

b = [by, b2, bs] = [(3) = (0), (=2) = (0), (1) = (0)] = [3, -2,1],

¢ =[a, e, ] =[(—1) —(0),(2) - (0),(3) — (0)] = [-1,2,3].

Linear Algebra July1,2018  12/18



Page 249 Number 50

Page 249 Number 50. Use a determinant to ascertain whether the
points (0,0,0), (2,1,1), (3,-2,1), (—1,2,3) lie in a plane in R3.

Solution. We introduce three vectors determining a box. If the volume of
the box is 0 then the points are in the same plane and if the volume is
positive then the points are not coplanar. So we take vectors from (0, 0, 0)
to the other three points:

d = [a1, a2, a3] = [(2) — (0), (1) — (0),(1) — (0)] = [2, 1, 1],

(1)
b = [b1, b2, b3] = [(3) = (0), (—=2) = (0), (1) — (0)] = [3,-2,1],
&= [c1, 2, ] = [(=1) = (0), (2) - (0), (3) — (0)] = [~1,2,3]. Then with
daly a2 as 2 11
A=1| b1 b b3 | = 3 —2 1 |, the volume of the box is
ci C C3 -1 2 3
|det(A)]:

Linear Algebra July1,2018  12/18



Page 249 Number 50

Page 249 Number 50 (continued)

Page 249 Number 50. Use a determinant to ascertain whether the
points (0,0,0), (2,1,1), (3,-2,1), (—1,2,3) lie in a plane in R3.

Solution (continued). ...the volume of the box is |det(A)|:

2 11

-2 1 31 3 -2
21| 2 w] 22l 2
-1 2 3

Linear Algebra July 1, 2018
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Page 249 Number 50

Page 249 Number 50 (continued)

Page 249 Number 50. Use a determinant to ascertain whether the
points (0,0,0), (2,1,1), (3,-2,1), (—1,2,3) lie in a plane in R3.

Solution (continued). ...the volume of the box is |det(A)|:

2 11

21 31 3 -2
22| lel s el s e
-1 23

Linear Algebra July 1, 2018 13 /18



Page 249 Number 50

Page 249 Number 50 (continued)

Page 249 Number 50. Use a determinant to ascertain whether the
points (0,0,0), (2,1,1), (3,-2,1), (—1,2,3) lie in a plane in R3.

Solution (continued). ...the volume of the box is |det(A)|:

2 11

21 31 3 -2
22| lel s el s e
-1 23

= |2(=8) — (10) + (4)] = 22.

Since the volume is not 0, then

the points do not lie in a plane in R3. |

Linear Algebra July1,2018 13 /18



Theorem 4.1. Properties of Cross Product

Theorem 4.1

Theorem 4.1. Properties of Cross Product.

Let 3, b, ¢ € R3. . .

(1) Anticommutivity: bx ¢ = - x b

(3) Distributive Properties: 3 x (b+¢) = (8 x b) + (8 x ©)
Proof. (1) Page 247 Example 8. We have

b b3
C C3

b1 b3
G G

bxcd = 2

b1 by
T @

A

7+
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Theorem 4.1

Theorem 4.1. Properties of Cross Product.

Let 3, b, € R3.

(1) Anticommutivity: bx ¢ = - x b

(3) Distributive Properties: 3 x (b+¢) = (8 x b) + (8 x ©)

Proof. (1) Page 247 Example 8. We have

b b3
C C3

~

by b3
1 G

b1 by
T @

bx¢ = 7+ k

~

= (b2C3 — b3C2),Z\ — (b1C3 — b3C1)j+ (b1C2 — b2C1)k
= - ((b3C2 — b2C3)@— (b3C1 — b1C3)j+ (b261 — b1C2)/A()

Linear Algebra July1,2018 14 /18



Theorem 4.1

Theorem 4.1. Properties of Cross Product.

Let 3, b, € R3.

(1) Anticommutivity: bx ¢ = - x b

(3) Distributive Properties: 3 x (b+¢) = (8 x b) + (8 x ©)

Proof. (1) Page 247 Example 8. We have

b b3
C C3

by b3
1 G

b1 by
T @

~
~

BXf: — j+

~

= (b2C3 — b3C2),Z\ — (b1C3 — b3C1)j+ (b1C2 — b2C1)k
= - ((b3C2 — b2C3)@— (b3C1 — b1C3)j+ (b261 — b1C2)/A()

_ ©Q G|, | a @ |, a @ |7
= <b2b3l b1b3j+b1b2k>
= —Zxb

Linear Algebra July1,2018 14 /18



Theorem 4.1. Properties of Cross Product

Theorem 4.1 (continued 1)

Theorem 4.1. Properties of Cross Product.
Let 3, b, € R3,

(3) Distributive Properties: 3 x (b+ &) = (3 x b) + (3 x ©)
Proof (continued). (3) Page 249 Number 58. We have

ax (E+ 8) = [aly a, 83] X ([bla b2a b3] + [Cla C2, C3])

? 3 k
= [a1,a2,a3] X [b1 + c1, b + 2, b3 + 3] = a a a3

bi+c by+c b3+c

Linear Algebra July 1, 2018 15 / 18



Theorem 4.1. Properties of Cross Product

Theorem 4.1 (continued 1)

Theorem 4.1. Properties of Cross Product.
Let 3, b, € R3,

(3) Distributive Properties: 3 x (b+ &) = (3 x b) + (3 x ©)
Proof (continued). (3) Page 249 Number 58. We have

ax (E+ 8) = [aly a, 83] X ([bla b2a b3] + [Cla C2, C3])

? 3 k
= [a1,a2,a3] X [b1 + c1, b + 2, b3 + 3] = a a a3
bi+c b+ b3+c
. a2 as
| b+ b3t

~ ai as
b1 +c1 b3+c3

x>

~ ai a2
bi+c b+

Linear Algebra
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Theorem 4.1 (continued 2)

Proof (continued). ...

= ((a2)(bs + c3) — (a3)(b2 + 2)) 1 —
+((a1)(b2 + @) — (a2) (b1 + a1)) k
= (agbg + arcy — azby — a3C2) (31b3 + aijc3 — azby — a3C1)j

((a1)(bs + c3) — (a3) (b1 + 1)) )

~

+(a1b2 + a1 — axby — azcy)k
= ((a2b3 — a3b2) + (a2c3 — a3¢2)) @ — ((a1bs — asb1) + (a1c3 — azc1)) j

7
+ ((arbo — axhy) + (a1c2 — apc1)) k

Linear Algebra July1,2018 16 /18



Theorem 4.1 (continued 2)

Proof (continued). ...

= ((a2)(b3 + c3) — (a3)(b2 + 2)) 7 —
+((a1)(b2 + @) — (a2) (b1 + a1)) k

= (a2b3 + axc3 — a3b2 — a3¢2)7 — (
+(arhy + a1cr — aoby — apcy )k

= ((a2bs — a3bp) + (a2c3 — a3¢2)) 7 —
+ ((a1b2 — a2b1) + (81C2 — aa )

_ dy as an A~
o b2 b3 Co '
dy ar
* ( by b * a @ )

Linear Algebra

((31b3 —asby) +

—(a3)(b1 + 1))
aibs + ajcz — azby — aza))

(a1c3 — azc1)) )

)i

July 1, 2018 16 / 18



Theorem 4.1 (continued 3)

Proof (continued). ...

dp as |. dy a3 |. a1p a3 | . ar a3z | .
= 2 _|_ _ _
by b3 o b1 b3 a
a a ~ a a ~
Ll 2|l a 2
b1 b a o

Linear Algebra July1,2018 17 /18



Theorem 4.1 (continued 3)

Proof (continued). ...

a as |, a a3 |. ar as | . ap asz |.
= i+ - J= J
b2 b3 G C3 b1 b3 Gl G
=] a ~ =] a ,\
+ 1 2 k + 1 2 k
by b a o
a a N a a N a a ~
_ 2 3 - 1 3 3 1 2 k
b2 b3 bl b3 b1 b2
a as |. a as | . a a |7
+ < 71— i+ k>
C C3 Cc1 C3 1
= (@xb)+(dxc

O

Linear Algebra July1,2018 17 /18



Page 249 Number 56

Page 249 Number 56. Let 3, B, ¢ be vectors in R3. Simplify the
expression d@ x (b x €)+ b x (¢ x d)+ ¢ x (3 x b).
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Page 249 Number 56

Page 249 Number 56

Page 249 Number 56. Let 3, B, ¢ be vectors in R3. Simplify the
expression d@ x (b x €)+ b x (¢ x d)+ ¢ x (3 x b).

Solutlon By Theorem 4.1( l ‘Propertief of Cross Prod_ycts,” .
x (b x ¢) = (3-3)b—(3-b)E and so b x (¢ x 3) = (b-3)¢— (b-3)3,

Ev
gx (3x b)=(¢-b)3— (- 3)b.

Linear Algebra July 1, 2018 18 / 18



Page 249 Number 56
Page 249 Number 56. Let 3, B, ¢ be vectors in R3. Simplify the
expression d@ x (b x €)+ b x (¢ x d)+ ¢ x (3 x b).

Solutlon By Theorem 4.1( l “Properties of Cross Products,”

x (bx &) =(3-€)b—(3-b)¢, and so b x (& x 3) = (b- a)c—(B-a)s,
cx(axb)_(a-B)z—(a 3)b. Hence

3x (bx2)

_l_
oy
X
—~
ol
X
QL
~
+
ol
X
—~~
QJl
G‘l
~—

= (@ E)B— (3- E)a) + ((E~ 5)¢ — (b ) ( )E)
— (3.¢—-¢-3)b+(b-3—3-b)¢+(¢-b—b-2)3
— 0b+ 0Z + 03 since dot product is commutative by

Theorem 1.3(D1), “Properties of Dot Products”

- 5]
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