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Theorem 5.2. Matrix Summary of Eigenvalues of A.
C_hapter 5: Eigenvalues and Eigenvectors Let A be an n x n matrix and let A1, Ao, ..., A, be (possibly complex)
Section 5.2. Diagonalization—Proofs of Theorems scalars and vi, v3, ..., v, be nonzero vectors in n-space. Let C be the

n X n matrix having v; as jth column vector and let

LINEAR A 0 0 - 0]

HLGEE:—RJ‘S& 0 X 0O -~ 0
= 3 D — 0 0 A3 0
000 0 - |

Then AC = CD if and only if A1, A2, ..., A, are eigenvalues of A and vj is

FRALEICH an eigenvector of A corresponding to \; for j =1,2,...,n.
BEALIREGARD
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Corollary 1. A Criterion for Diagonalization
Theorem 5.2 (continued) Corollary 1
Proof. We have ) )
_ AM 0 0 -0 0 Corollary 1. A Criterion for Diagonalization.
o : 0 A O -~ 0 An n x n matrix A is diagonalizable if and only if n-space has a basis
CD = Vi Vo v 0 0 A3 -~ O consisting of eigenvectors of A.
i : Proof. Suppose A is diagonalizable. Then by Definition 5.3,
| 00 0 A “Diagonalizable Matrix,” C~YAC = D for some invertible n x n matrix C.
[ Then C(C~*AC) = CD or AC = CD and so by Theorem 5.3, “Matrix
- S - Summary of Eigenvalues of A,” the jth column of C is an eigenvector of A
= AMVI Aovo - Apvp,

corresponding to eigenvalue A;, where the n (possibly complex)
eigenvalues of A are A1, Ao, ..., A,. Since C is invertible then by Theorem
1.12, “Conditions for A~ to Exist” (see part (v)) the span of the column
. : vectors of C span n-space (that is, span either R” as addressed in

Also, AC=A| vi Vv --- Vv, |. Therefore, AC = CD if and only if Theorem 1.12, or span C" if we use complex scalars; we need a result like
Theorem 1.12 valid in the complex setting, but such a result holds).

L]
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Corollary 1 (continued)

Proof (continued). Since n-space is dimension n and the column vectors
of C form a set of n vectors which span n-space then the vectors must be
linearly independent (by Theorem 2.3(3a), “Existence and Determination
of Bases”) and so are a basis for n-space by Definition 3.6, “Basis of a
Vector Space.”

Conversely, suppose n-space has a basis consisting of eigenvectors of A,
say vi, Vo, ..., V, where V; is an eigenvector corresponding to eigenvalue
Aj. Then by Definition 3.6, “Basis of a Vector Space,” the vectors are
linearly independent. So if we form matrix C where the jth column of C is
v; then C is invertible by Theorem 1.12, “Conditions for A1 to Exist.” By
Theorem 5.2, “Matrix Summary of Eigenvalues of A" with D as a
diagonal matrix with djj = )j, then AC = CD. Since C is invertible,

C1AC = CI1CD or C"YAC = D. So A is diagonalizable. O
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Example 5.2.A
. . 5 -3 K
Example 5.2.A. Diagonalize A = 6 o and calculate A*.

Solution. We have
5 -3 10 b—A =3
VA I I ) N LR

characteristic polynomial is

p(A) = det(A — \T) =

= (5-X)(2—\)—(=3)(=6) = 10-7A+1?—18 = \2—7A—8 = (A+1)(1—8).

So the eigenvalues of A are \; = —1 and A = 8. To find the eigenvectors
corresponding to each eigenvalue we consider the formula AV = \V or

(A= \I)vV =0.
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Corollary 2. Computation of A

Corollary 2

Corollary 2. Computation of AX.

Let an n x n matrix A have n eigenvectors and eigenvalues, giving rise to
the matrices C and D so that AC = CD, as described in Theorem 5.2. If
the eigenvectors are independent, then C is an invertible matrix and
C—1AC = D. Under these conditions, we have Ax = CDkKC—1.

Proof. By Corollary 1, if the eigenvectors of A are independent, then A is
diagonalizable and so C is invertible. Now consider

Ak = (cDCTY)(CDCTY) .- (CDCTY)

(.

k faZtors
= CD(Cctc)p(cte)p(c1cC)---(ctc)pct
= CDIDID---IDC™1
= CDDD-.-DC!'=cDkc™!

k factors
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Example 5.2.A (continued 1)

Solution (continued).

A1 = —1. With vj = [v1, v»] an eigenvector corresponding to the
eigenvalue A\; = —1 we need (A — (—=1)Z)#; = 0. So we consider the
augmented matrix

5—(-1) -3 |0] [ 6 -3|o]™=Rtfre —3]0
—6 2—(-1)j0| | -6 310 0 00|
So we need Ov1 — 3‘/(2) - 8 or 51 - (1/2)52 or, with r = v»/2 as
= 2 = 2
Vi =

r . .
. So the collection of all eigenvectors of

a free variable,
Vo = 2r

)\1=—1i5\71:r[;]whererE]R,r;éO.
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Example 5.2.A (continued 2)

Solution (continued).
A2 = 8. As above, we consider (A — 8Z)v> = 0 and consider the
augmented matrix

P 2wl elo)

R215/2‘2R1[—3 —30]"’1?'_?&&‘3)[1 10]

0 00 0 0|0
% vw = 0 Vi = —V .
So we need ! T or 1 2 or, with s = v» as a free
0 =0 Vo = Vo
) v —s ) ) )
variable, Vl - So the collection of all eigenvectors of A = 8 is
2 pum

Vg:s{_i}whereseR,s;«éO.
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Example 5.2.A (continued 4)
Solution (continued).
1 -1 1 07®PlBr1 11 o
0 3|-21 0 1]-2/3 1/3
RizRitke ry o 173 1/3
0 1{-2/3 1/3 |’
_ 1/3 1/3 11 —
1_ _1 _ 1
so C —{_2/3 1/3}—3[_2 1}.50‘A CDC where‘

1 -1] L [-10 o4 11
C—[2 1}7D—{ 08}7andC —3[_21].
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Example 5.2.A (continued 3)

Solution (continued). If we take r = s = 1 then we have the eigenvalues
A1 = —1 and \p = 8 with corresponding eigenvectors vj = { ; ] and

—

vy = { _1 ] respectively. So by Theorem 5.2, “Matrix Summary of

Eigenvalues of A" with C = | vy W | = [ 1 -1 } and

2 1
[aM 0] [-10
o= % 5| 0 s

1.5.A, “Computation of Inverses”):

we have AC = CD. We find C~* (by Note

1 —1|1 o] R=2R2Rr 1 4
[Cm_[z 110 1] {0 3

10
-2 1
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Example 5.2.A (continued 5)

Solution (continued). As in Corollary 2,

k~—~1_ | 1 -1 —
wer-[3 ]|

1

0
2 ][ ][]
ERRIIET

[a[ CoRaE) (i
a3 2 |

Ak —

Wl Wl

|
Wl
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Theorem 5.3

Theorem 5.3. Independence of Eigenvectors.
Let A be an n x n matrix. If vi, v,..., v, are eigenvectors of A
corresponding to distinct eigenvalues A1, Ao, . ..

{Vi, 3, ..., vp} is linearly independent and A is diagonalizable.

Proof. We prove this by contradiction. Suppose that the conclusion is
false and the hypotheses are true. That is, suppose the eigenvectors
Vi, V2, ..., Vp are linearly dependent. Then one of them is a linear

, An, respectively, the set

Theorem 5.3 (continued)

Theorem 5.3. Independence of Eigenvectors.

Let A be an n x n matrix. If vi, va, ..., v, are eigenvectors of A
corresponding to distinct eigenvalues A1, Ao, ..., Ay, respectively, the set
{Vi, V3, ..., v, } is linearly independent and A is diagonalizable.

Proof (continued). Also, multiplying (2) on the left by the matrix A
yields

AkVik = diAivi + doXovo + - - + di 1 Ak—1Vk—1

(4),

combination of its predecessors (see page 203 number 37). Let vi be the

first such vector, so that

since Av; = \;v;. Subtracting (4) from (3), we see that
0= d1(>\k — )\1)\/1 + dz()\k — )\2)\72 + -+ dk—l()\k — >\k—1)‘7k—1-

Vk = divi + dovo + -+ - + di—1Vik— 2
) t 22 ko1t ) But this equation is a dependence relation since not all d;'s are 0 and the
and {Vi,V5,...,Vk_1} is independent. Multiplying (2) by \x, we obtain A's are hypothesized to be different. This contradicts the linear
independence of the set {vi, v3,...,Vk_1}. This contradiction shows that
AMeVie = A + do A gvo + -+ 4+ di_ 1 A\ Vie—1. (3) {Vi,va,...,vp} is independent. From Corollary 1 of Theorem 5.2 we see
that A is diagonalizable. [
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Page 315 Number 6 Page 315 Number 6 (continued 1)
Page 315 Number 6. Find the eigenvalues \; and corresponding Solution (continued). So the characteristic polynomial is
-3 5 =20
eigenvectors v; of A = 2 0 8 |. Find an invertible matrix C and —3-A 5 —20
a diagonal matrix D such that D = CTAC. 2 1 7=A
-2 8 2 8 2 =
Solution. We show all computations and details, so this will take a =(=3-12) ‘ 1 7-2\ ‘ - (5)‘ 2 7T\ ‘ + (—20) ’ 27 1 ‘

while. . .

We have
-3 5 =20 1 00
A—- )\ = 2 0 8| —-A]0 10
2 1 7 0 01
-3-A 5 —20
= 2 0— A\ 8 )
2 1 )

Linear Algebra April 13, 2020

= (=3 =) ((=M)T =)= (8)(1)) =5((2)(7 — A) — (8)(2))
—20((2)(1) = (=A)(2)) = (=3—=A)(A2—7A—8) —5(—2\—2) —20(2\ +2)

=(-3-A)A=8)(A+1)+10(A+1)—40(N+1)
= (A1) ((=3 = A\)(X — 8) + 10 — 40) = (A+1)(—3A+24—X2+8)X+10—40)
= (A+1)(=A2451—6) = —(A+1)(A>=51+6) = —(A+1)(A—=2)(A—3).
16 / 34 April 13, 2020
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Page 315 Number 6 (continued

Solution (continued). Since p(\) =

—(A+1)(A = 2)(\ = 3), then the

Page 315 Number 6

2) Page 315 Number 6 (continued 3)

Solution (continued).

‘eigenvalue.s are A\ = —.1, A =2, A3 = 3: To find the eigeerectois 2 5 —20(0 1 ReoRi/e > 5 _2010
corresponding to each eigenvalue we consider the formula Av = AV or ol
(A—)\I)\?zﬁ 0 6 —12 0 01 -2|0
’ 0 0 0 0 0|0
A1 = —1. With vj = [v1, v2, v3] an eigenvector corresponding to eigenvalue
A1 = —1 we need (A — \Z)v; = 0. So we consider the augmented matrix R—Ri-5R, | =2 0 —1010 | R—Rry/(-2) | 1 0 5/0
01 —2 0 01 —-21|0
-3—(-1) 5 —20 0 -2 5 =2010 00 0 0 010
2 0—(-1) 8 0| = 2 1 810
2 1 7—(-1)]0 2 1 80 " oo =00 wvo= v .
So we need (%) 2vy = 0 or wvn = 2v3 or, with r = v3
Ri—Rs—R -2 5 =200 Re— R+ Ry -2 5 =200 0 =0 3= v3
21 8]0 06 —12]0 i = —5r
0 0 olo 00 olo as a free variable, v» = 2r
V3 = r
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Page 315 Number 6 (continued 4) Page 315 Number 6 (continued 5)
Solution (continued). So the collection of all eigenvectors of \; = —1 is Solution (continued).
-5
S 1 -1 4|0 | m->ry3 |1 -1 4]0
= 2 h R ) 3
i=r ; where r e R, r #0 0 0 olo 0 0 olo
0 3 =310 0 1 —-1|0
:\3 Tn;t':; :;\TI]);\:; we consider (A —2Z)v> = 0 and consider the mer [1 =1 4107 rorim [1 0 3]0
& 0 1 -1]0 01 -110
—3-(2) 5 —20 |0 —5 5 —20|0 0 0 0]0 00 0f0
2 0-(2) 8 0| = 2 -2 8|0 " + 33 = 0 i = —3us
2 1 ~(2)]0 2 1 5[0 So we need vw — w3 = 0 or »n vz or, with s = v3
0 = 0 vz = V3
Ri—Ri/(-5) | 1 1 4]0 Ry—Ry—R; 1 -1 410 " o= _3s
RR—Ry2 |1 =1 4|0 | RR—R-2R, | 0 0 010 ¢ bl v
> 1 50 0 3 -3l0 as a free variable, w s .
v = S
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Page 315 Number 6 (continued 6)

Solution (continued). So the collection of all eigenvectors of Ay = 2 is

Page 315 Number 6 (continued 7)

Solution (continued).

-3
Vh =5 1 | wherese R, s #0. g _Lll i 8 R;:f/R(;:) (2) 1 _L11 8
1
0 8 -8|0 01 —-110
A3 =3. As abow-e, we consider (A — 3Z)vz = 0 and consider the Rk, [2 0 5|07 rerp[1 0 5/2|0
augmented matrix Rs SRR, | 0 1 =110 01 —-11/0
—3-(3) 5 20 |0 6 5 —20|0 00 00 00 070
2 0—(3) 8 0| = 2 -3 810 Vi + (5/2vs = 0 vi = —(5/2)wvs
2 1 7—(3)|0 2 1 410 So we need Vo — v = 0 or vn = v3 or, with
0 =0 v3 = %
2 =3 810 | R—Rot3m | 0 —4 410 t = v3/2 as a free variable v; = 2t.
—6 5 —2010 0 8 -8|0 L ot
3 p—
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Page 315 Number 6 (continued 8)

Solution (continued). So the collection of all eigenvectors of A3 = 3 is

-5
V3 =t 2 | wheret e R, t#0.
2
If we take r = s = t = 1 then we have the eigenvalues A\; = —1, A\p = 2,
-5 -3
and A3 = 3 with corresponding eigenvalues v; = 2 |, = 1
1 1
-5
and v3 = 2 |, respectively. So by Theorem 5.2, “Matrix Summary of
2
R -5 -3 -5
Eigenvalues of A" with C = | vy v w3 | = 2 1 2 |,
1 1 2
Linear Algebra April 13, 2020
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Page 315 Number 6 (continued 9)

Page 315 Number 6. Find the eigenvalues \; and corresponding

-3 5 =20
eigenvectors V; of A = 2 0 8 |. Find an invertible matrix C and
2 1 7
a diagonal matrix D such that D = C71AC.
A0 0 -1 00
Solution (continued). ...and D= | 0 X 0 | = 0 20
0 0 A3 0 0 3

we have AC = CD. By Theorem 5.3, “Independence of Eigenvalues,” we
have that vi, v», v3 are linearly independent vectors and A is diagonalizable
(notice that C is invertible by Theorem 1.16, “The Square Case, m = n").
So D = C~'AC where

-5 -3 -5 -1 0 0
C= 2 1 2 |and D= 0 2 0. |0
1 1 2 0 0 3
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Page 315 Number 18

Page 315 Number 18. Prove that similar square matrices have the same
eigenvalues with the same algebraic multiplicities.

Proof. (This is repetitious with Exercise 5.1.38.) Notice that

C'AC-X = C'AC-AC'C
= C'AC - C}\C) by Theorem 1.3.A(7),
“Scalars Pull Through”
= C}AC — \C) by Theorem 1.3.A(10),
“Distribution Law of Matrix Multiplication”
= C'(A— \I)C by Theorem 1.3.A(10).
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Page 315 Number 10
310
Page 315 Number 10. Determine whether A= | 0 3 1 | is
0 0 3

diagonalizable.

Solution. First, we find the eigenvalues of A. Notice that

3—-X 1 0
A— )T = 0 3—-2A 1

0 0 3-2)

4.2.4, p(A\) =det(A— \I) = (3— \)3. So A = 3 is the only eigenvalue of
A and it is of algebraic multiplicity 3. With v = [v1, v, v3]T as an
eigenvector corresponding to eigenvalue A = 3, we need (A — \I)vV = 0.
So we consider the augmented matrix:

3-(3) 1 0
0 3-(3) 1
0 0 3-(3)

is upper triangular, so by Example

0
0| =
0

O O O
O O =
o = O
o O O
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Page 315 Number 10
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Page 315 Number 18

Page 315 Number 18 (continued)

Proof (continued). Recall that det(C~!) = 1/det(C) by Exercise 4.2.31.
So the characteristic polynomial for C"1AC is

det(C7'AC — \T) = det(C7Y(A— A\T)C) as just shown
= det(C 1)det(A — AT)det(C) by Theorem 4.4,
“The Multiplicative Property”
= (1/det(C))det(A — A\Z)det(C)
= det(A— \I).

Now det(A — AZ) is the characteristic polynomial of A, so A and C~1AC
have the same characteristic polynomials. So these polynomials have the
same roots with the same multiplicities (of course) and since the
eigenvalues of a matrix are the roots of the characteristic polynomial, then
A and C71AC have the same eigenvalues with the same algebraic
mulitplicities, as claimed. ]
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Page 315 Number 10 (continued)

310
Page 315 Number 10. Determine whether A = [ 0 3 11|is
0 0 3
diagonalizable. Vo = 0 vi = w»
Solution (continued). So we need vi = 0 or v, = 0 or,
0 =0 vi = 0
Vi = r
with r = v; as a free variable, v» = 0 . So the collection of all
v = 0
1
eigenvectors of A\=3isv=r | 0 | where r € R, r # 0. But then there

0
can be only one vector in a set of linearly independent eigenvectors. That
is, the dimension of E) is 1 and so A = 3 is of geometric multiplicity 1.
So, by Theorem 5.4, “A Criterion for Diagonalization,”
A is not diagonalizable. | [J
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Page 316 Number 22 Page 316 Number 22 (continued)

Page 316 Number 22. Let A and C be n x n matrices, and let C be
invertible. Prove that, if V is an eigenvector of A with corresponding
eigenvalue )\, then C~1¥ is an eigenvector of C"1AC with corresponding
eigenvalue \. Prove that all eigenvectors of C"LAC are of the form C~1v,
where V is an eigenvector of A.

Page 316 Number 22. Let A and C be n x n matrices, and let C be
invertible. Prove that, if V is an eigenvector of A with corresponding
eigenvalue \, then C71V is an eigenvector of C"1AC with corresponding
eigenvalue \. Prove that all eigenvectors of C~LAC are of the form C~1v,

Proof. If v is an eigenvector of A corresponding to eigenvalue A then where V is an eigenvector of A.
AV = \V. So
(CIAC)C W) = CA(CC™Y)V by Theorem 1.3.A(8), Proof (continued). Now suppose W is an eigenvector of C"*AC. Then

CYACW = A\w for some A € R. Then C(C7YACW) = CAw or

Associativity of Matrix Multiplication (CCHACW = ACw or A(Cw) = A(Cw). So Vv = Cw is an eigenvector

_ rla7o_ -1ao
= CTAIV=C AV of A with corresponding eigenvalue A\. Then w = C~!¥ and so all
CY(\V) = \(C™1V) by Theorem 1.3.A(7), eigenvectors of C 1AC are of the form C~1V where ¥ is an eigenvector of
“Scalars Pull Through” A, as claimed. O
and so \ is an eigenvalue of C"1AC with corresponding eigenvector C~1V,
as claimed.
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Page 316 Number 24 Page 316 Number 24 (continued)

Page 316 Number 24. Prove that if A1, Ao, ..., A are distinct real

eigenvalues of an n x n real matrix A and if B; is a basis for the eigenspace

E,,, then the union of the bases B; is an independent set of vectors in R". Page 316 Number 24. Prove that if A1, A2, ..., Ax are distinct real
eigenvalues of an n x n real matrix A and if B; is a basis for the eigenspace

Proof. Let B; = {b},bj,... b } for i =1,2,... k, where n; is th . S :
' et B = {by, by, by} for i =1,2,..., k, where n; is the E,,, then the union of the bases B is an independent set of vectors in R".

dimension of Ey,. Suppose

3%5% + 3%5% 44 3%15,1,1 + a%B% + aggg 4o 332552 ... Proof (cogtinued). But then w; = ajb; J:'a’zb’z + - +ap b, =0and
since the bJ’-’s are a basis for Ey; then the bj’- are linear independent for a
+akbf + akbk + .- + a,fk b,’ﬁk = 0. () given i and so each aJ’: = 0 for given i. Since this holds for all
.= .= . . | — I: —
If we let ; = a{Bi + abbj + - + al, B, then (x) gives i=1,2,... k then all a; = 0 and so we see from (x) that

pelns! Tk kR e all -
Wi+ Wo + -+ Wy = 0. But wq, Wo,..., W are linearly independent by {b1, by, ..., by } = Uiy Bi is a linearly independent set. .

Theorem 5.3, “Independence of Eigenvectors.” This implies that each w;
must in fact be the zero vector, w; = 0 (or else some nonzero w; is a linear
combination of the other w;'s, contradicting the linear independence).

Linear Algebra April 13, 2020 33 /34




Page 316 Number 26

Page 316 Number 26. Prove that the set {e**, e?2X ... e} where
the \; are distinct, is independent in the vector space D, of all functions
mapping R into R and having derivatives of all orders (see Note 3.2.A).

Proof. We know that differentiation D is a linear transformation mapping
Do into Do (see Example 3.4.1). Now D(eM*) = L[e**] = )M, so

e M* is an eigenvector of D with corresponding eigenvalue \;. Since

A1, A2, ..., Ak are distinct by hypothesis, then by Theorem 5.3,
“Independence of Eigenvectors,” the set of eigenvectors

{eMx X | M} are linearly independent, as claimed. O



