Page 325 Number 4

Linear A|gebra J Page 325 Number 4. Let the sequence ag, a1, a2, ... be given by
ap=0,1; =1, and ax = (1/2)ax_1 + (3/16)ax_» for k > 2. Find the
Chapter 5: Eigenvalues and Eigenvectors matrix A that can be used to generate this sequence, classify this process
Section 5.3. Two Applications—Proofs of Theorems as stable, neutrally stable, or unstable, and compute a; for

LINEAR =[a]-[o) -
ALGEBRA Solution. Since X = [ j; | and A% = [ zi ] _ { 291 _:11_630 } then we

| 1/2 3/16
need A—[ 1 0 ]

To address stability, we need to find the eigenvalues of A. We need

24 () ()

37A 16

1 3 1 3
= 2—— —_— — = —_— _ —
=A 2A 6 (A+4) (/\ 4) 0.

det(A — A\Z) =

1 —A
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Page 325 Number 4 (continued 1) Page 325 Number 4 (continued 2)
Solution (continued). So the eigenvalues of A are \; = —1/4 and Solution (continued). We choose r = 1 and ¥ = [ _i ]
A2 = 3/4. Since [A\1| < 1 and |A2] < 1 then the process is
To compute A¥X, we use Equation (1) and we need the eigenvectors of A. Similarly for A2 = 3/4 with eigenvector V> = [v1, v2] " we consider
For A1 = —1/4 with eigenvector v; = [v1, v»]T we need Ai; = A\ or RisRo
(A— M\Z)vi = 0 so we consider the augmented matrix [A— T | 0] = ~1/4 3/16 |0 | == 1 =3/4|0
1 -3/41{0 —-1/4 3/16 |0
ﬁ 3/4 3/16]0 1 B<® T 1 174 |0
_ — Ro—R: R
[A )\11|O] [ 1 1/4 ‘0:| 3/4 3/16 0 2—Ra+(1/4)Ry 1 _3/4 0
i 0 0 0
Ro—Ro—(3/4) Ry
= 1 1/4|0 B _ _
[ 0 0 ‘ 0 ] and we need G (3/4)V2 =0 or 1 = (3/4)V2 or, with
0 =0 Vo = W
and we need uEllMe = D or W = (-L4)e or, with s = v»/4 as a free variable, M = 95 where s € R, s # 0. We choose
0 =0 Vo = Vo vw = 4s
r = v»/4 as a free variable, i = = where r e R, r # 0. s=1land ih = [ 3 ]
Vo = 4r 4
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Page 325 Number 4 (continued 3) Page 325 Number 4 (continued 4)

Solution (continued). To use Equation (1), we need X = [ (1} J as a

=

Solution (continued). So X = diVi + dbih = _Tl [ _i } +

]
linear combination of ¥ and vh, X = div4 + dodo = Cd, or d = C~1% r

: . Equation (1) then gives
where the columns of C are eigenvectors ¥, and v». So we find C~! as q (1) g

follows:
W+ | Akg = dAKT + do MK
c ~1 3|1 o]R=Rth 1 311 0 ak
[CIT= 4 4]0 1 0 16[4 1 y ‘
_ (=1 (1 L) (3 3
AcB 19 3|1 o (R2RER o|-1/4 3/16 4 )\ 4 4 4)\4) [4]
Re—FRe1o | o 1/4 1/16 0 1| 1/4 1/16 or
andso C1 = [ 1;: ?ﬁg].Therefore (1) (-1 k(4)+ 1\ /3 k(4)_ 3\ X —1\ X
W=\ 4 4)\a ~ 1 \a 4 )
. -1/ 31611 _[-1/4] [ d
d=Cx= { 1/4 1/16“0]‘{ 1/4}‘[0*2 | 0
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325 Number 10

Page 325 Number 10 Page 325 Number 10 (continued 1)

Page 325 Number 10. Find the general solution to the system: Solution (continued). det(A — \7) =
X = 6 + 3% - 2x e ml=A 2 | -2 2 a2 -1
X, = —2q — x + 2x3 =0V 5 A O] 5 7oA [T 6 s
x3 = 16x1 + 8 — T7x3.

= (6= (=1 =N)(=7-21) = (2)(8)) = 3((=2)(=7 - A) — (2)(16))

6 3 -3 —3((—=2)(8) = (=1 = A)(16)) = (6 — A)(A\* 48X —9) — 3(2)\ — 18) — 2(16))

Solution. The coefficient matrix A = —12 —; ? is not diagonal, — B6X2 4+ 48\ — 54 — X3 —8X2 4+ O\ — 6\ 4+ 54 — 48X\ — —)\3 —2)2 4+ 3)
so we attempt to diagonalize it. First we need the eigenvalues, so consider =AM +22-3) =-AA+3)(A-1).

det(A — AZ) = O: So the eigenvalues are Ay = —3, A2 =0, and A3 = 1. Now we find

6— \ 3 _3 corresponding eigenvectors.
det(A-AI)=| -2 —-1-A 2 =--- For eigenvalue \; = —3 with corresponding eigenvector ¥y = [vq, vz, v3]7
16 8 —7—=A we need Avy = A4 or (A— A\ Z)v; = 0. So we consider the augmented
matrix. ..
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e 325 Number 10

Page 325 Number 10 (continued 2)

Page 325 Number 10 (continued 3)

Solution (continued). w = r
Solution (continued). ...with r = v3/2 as a free variable, v» = —r
Rl — R],"3 V3 e 2r
) 9 3 3|0 R—-R/(-2[3 1 -1]0 , i
[A—MZ|0)=| -2 2 2(0| R—Rys |1 -1 —1]0 . !
where re R, r#0. Wechooser=1and V= | v» | = | =1 |.
16 8 —4(0 4 2 -11|0 vs 5
Rior [1 =1 =1|07 Re-ro3R 1 -1 —-1l0 Similarly, for eigenvalue A\, = 0 with corresponding eigenvector
T3 1 -1|0 |RSR-4r |0 4 20 ] V2 = [v1,v2,v3]" we consider
42 10 ] 0 6 30 6 3 -3|0] mRer[-2 -1 2]|0
R—oRe/t [1 =1 —1[0] rorir [1 0 —1/2]0 [A-XT|0]=| -2 -1 2|0 |~ — 6 3 —3|0
Rs—Ry/3 | 0 1 1/2|0 | RR—Rs—2rR | 0 1 1/2 (0 16 8 -7]|0 16 8 -7|0
0 2 110 00 00
" ~(1/2)vs = 0 o= (1/2)v Ro—Ro+3Ry -2 -1 2|0 Ri—R1/(~2) 1 1/2 =110
R3; — R3 + 8R; 0 0 3|10 | mm—-RmR-3R |0 O 310
and we need vo +(1/2)vs = 0 or vo = —(1/2)vz or, ...
0 0 9|0 0 O 0|0
0 =0 vy = V3
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Page 325 Number 10 (continued 4) Page 325 Number 10 (continued 5)
Solution: (continued). ... Solution (Font!nued). SlTllarIy, for elgenTvaIue A3 = 1 with
corresponding eigenvector i3 = [vq, vo, v3]' we consider
RoR/3[1 1/2 =1|07 rorir [1 1/2 0|0 5 3 3|07 rer [ -2 -2 2|0
0 0 1[0 0 0 1|0 [A-—XZ|0]=| -2 -2 2|0 5 3 -3|0
0 0 0|0 0 0 0|0 16 8 —-8|0 16 8 —-8|0
wt(A/2ve = 0w = —(1/2w FoR/C2) [1 1 1100 Romeose [1 1 —110
and we need vi = 0 or v = vo or, with Rie—Ry/8 | 5 3 =310 |R—R-2R |0 -2 2/0
i = —S Rs—Rs—(1/2)R | 1 1 —1|0 | R—Ry(-2)| 1 1 —1]0
s = vy/2 as a free variable, v» = 2s where s € R, s # 0. We choose - 0 -2 210 - 01 —11/0
vz = 0 0 0 00 00 0|0
— 1 d T — . — _; R]—‘R]_—Rz 1 0 0
s=landwv=| v | = . - 01 —-110
Vs 0 00 0|0
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Page 325 Number 10 (continued 6) Page 325 Number 10 (continued 7)

age 325 Number 10

& = g Solution (continued). In the notation introduced above, the solution to
— At -3t
Solution (continued). ...and we need vu—vz; = 0 or ~ L A kleA . e .
0 = 0 y=Dyisy=1| v | = | ke = ko and the solution to
- y3 k3 e?3t kset
Vi = 0 Vi = 0 .. .
) ) the original system is
v2 = w3 or, with t = v3 as a free variable, v» = t forteR,
i = w3 3 = t 1 -1 0 kye3t ]
Vi 0 X=Cy=| -1 21 ko
t#0. Wechooset=1andvs=| v, | = | 1 |. With C the matrix 2 01 kset |
V3 1
1 -1 0 ke 3t —  k
whose columns are vi, Vb, Vs we have|C= | =1 2 1 |. = —kie 3t + 2k, + kzet
2 01 2e73t + kse'
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