Linear Algebra

Chapter 5: Eigenvalues and Eigenvectors
Section 5.3. Two Applications—Proofs of Theorems
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Page 325 Number 4

Page 325 Number 4

Page 325 Number 4. Let the sequence ag, a1, az, . . . be given by

ay=0,1; =1, and ax = (1/2)ak_1 + (3/16)ax_» for k > 2. Find the
matrix A that can be used to generate this sequence, classify this process
as stable, neutrally stable, or unstable, and compute a, for

=[3)-l)
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Page 325 Number 4

Page 325 Number 4

Page 325 Number 4. Let the sequence ag, a1, az, . . . be given by
ay=0,1; =1, and ax = (1/2)ak_1 + (3/16)ax_» for k > 2. Find the
matrix A that can be used to generate this sequence, classify this process
as stable, neutrally stable, or unstable, and compute ay for

=[3)-l)

1 1 3
Solution. Since X = [ M nd AR = | 2 ] = [ 2911 1620 } then we
ao | ai ai
[1/2 3/16
need A—[ 1 0 ]
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Page 325 Number 4

Page 325 Number 4

Page 325 Number 4. Let the sequence ag, a1, az, . . . be given by
ay=0,1; =1, and ax = (1/2)ak_1 + (3/16)ax_» for k > 2. Find the
matrix A that can be used to generate this sequence, classify this process
as stable, neutrally stable, or unstable, and compute ay for

=[3)-l)

1 1 3
Solution. Since X = [ M nd AR = | 2 ] = [ 2911 1620 } then we
ao | ai ai
[1/2 3/16
need A—[ 1 0 ]

To address stability, we need to find the eigenvalues of A. We need

1 3

= = 1 3

2 6 | — (- _ D D

1 —-A ’ (2 )\>( A (16) (1)

3 1 3

=2 - —)\ - — A A—=—]=0.
5 (05) (-2) =
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det(A — AT) =




Page 325 Number 4 (continued 1)

Solution (continued). So the eigenvalues of A are \; = —1/4 and

A2 = 3/4. Since |[A\1] <1 and |A2| < 1 then the process is
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Page 325 Number 4

Page 325 Number 4 (continued 1)

Solution (continued). So the eigenvalues of A are \; = —1/4 and
A2 = 3/4. Since |[A\1] <1 and |A2| < 1 then the process is

To compute A¥X, we use Equation (1) and we need the eigenvectors of A.
For \; = —1/4 with eigenvector Vi = [v1, vo]" we need Av; = AV} or
(A — X\Z)vi = 0 so we consider the augmented matrix

_ [3/4 3/16|0] 8B 1 1740
[A_MI‘O]_[ 1 1/40] [3/4 3/160}

Re—Ro—(3/4)Ri [ 4 1/4 |0
PR

Linear Algebra April 30, 2018 4/15



Page 325 Number 4 (continued 1)

Solution (continued). So the eigenvalues of A are \; = —1/4 and

A2 = 3/4. Since |[A\1] <1 and |A2| < 1 then the process is

To compute A¥X, we use Equation (1) and we need the eigenvectors of A.
For \; = —1/4 with eigenvector Vi = [v1, vo]" we need Av; = AV} or
(A — X\Z)vi = 0 so we consider the augmented matrix

_ [3/4 3/16|0] 8B 1 1740
[A_MI‘O]_[ 1 1/40] [3/4 3/160}

0O 0 |0
and we need vit(1/4ve = 0 or o= (-1/9w or, with
0 =0 Vo = %)

Vi = —r
ve = 4r where r e R, r # 0.
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r = va/4 as a free variable,



Page 325 Number 4 (continued 2)

Solution (continued). We choose r =1 and v} = [ 7‘11 ]

Linear Algebra April 30,2018 5/ 15



Page 325 Number 4 (continued 2)

Solution (continued). We choose r =1 and v} = [ 7‘11 ]

Similarly for A, = 3/4 with eigenvector v» = [v1, v2] T we consider

[A_Azz\G]—[_1/4 3/160]&‘@{ 1 —3/40}

1 -3/4|0 ~1/4 3/16 |0

Rt (MR Ty 34| 0
o o'l
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Page 325 Number 4 (continued 2)

Solution (continued). We choose r =1 and v} = [ -1 ]

4

Similarly for A, = 3/4 with eigenvector v» = [v1, v2] T we consider

[A—AgI\@]—[ )

Fem Rt O/ [

vi — (3/4)wvz

and we need 0

s = v /4 as a free variable,

s:landvzz[i].

—~1/4 3/16 |0 ]
—3/4

Vi
V2

0

1
0

0 Vi = (3/4)V2

MR 1 —3/4]0
~1/4 3/16 |0

~3/4]0

0 |0

|

or or, with
0 Vo = W
3s
As where s € R, s # 0. We choose
Linear Algebra April 30, 2018
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Page 325 Number 4

Page 325 Number 4 (continued 3)

Solution (continued). To use Equation (1), we need X = [ é ] as a

linear combination of i and va, X = divy + dodo = Cd, or d = C~1X
where the columns of C are eigenvectors vi and vb.
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Page 325 Number 4

Page 325 Number 4 (continued 3)

. o 1
Solution (continued). To use Equation (1), we need X = [ 0 ] as a
linear combination of V4 and V», X = diVj + d2c72 =Cd ord=Cl%

where the columns of C are eigenvectors ¥; and v». So we find C1 as
follows:

clg=| 1 3[Lo Rezlethir 1 311 0
| 4 4]0 1 0 16|4 1

fioch {1 —3|-1 0 ]R2;"i/2+3"’1{1 0|-1/4 3/16]
R, — R»/16 0

1]1/4 1/16 01 1/4 1/16
_ —1/4 3/16
1 _
and so C —[ 1/4 1/16]'
Linear Algebra April 30, 2018 6/ 15



Page 325 Number 4

Page 325 Number 4 (continued 3)

Solution (continued). To use Equation (1), we need X = [ é ] as a

linear combination of i and va, X = divy + dodo = Cd, or d = C~1X
where the columns of C are eigenvectors ¥; and v». So we find C1 as

follows:
clg=| 1 3[Lo Rezlethir 1 311 0
| 4 4]0 1 0 16|4 1

Ak {1 3] -1 0 ]R2;"i/2+3"’1{1 0| -1/4 3/16]
R2—>R2/16 0 1

1/4 1/16 01 1/4 1/16
—1/4 3/16
1_
and so C— [ 1/4 1/16].There1‘ore
P —-1/4 3/16 1 | -1/4) | d
d=crz=| e Tie) o) =l =14
Linear Algebra April 30, 2018 6/ 15



Page 325 Number 4 (continued 4)

Solution (continued). So X = diVi + dhih = _Tl [ -1 ] +

E
|
~ W
[
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Page 325 Number 4 (continued 4)

Solution (continued). So X = diVi + dhih = =1 [ -1

Equation (1) then gives

|
G

or

ak+1

Ak

)(

4

4

} = AKX = di NSV + dodS T

MRIEGION

3
4

E

E
—
=~ W
(I
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Page 325 Number 10

Page 325 Number 10. Find the general solution to the system:

X{ = 6x; + 3x — 2x3
Xy = —2x1 — x2 + 2x3
X:/J’ = 16x3 + 8x — T7xs.
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Page 325 Number 10

Page 325 Number 10. Find the general solution to the system:

xp = 6x1 + 3x

Xy = =2x1 — X

x5 = 16x; + 8x»

6

Solution. The coefficient matrix A= | —2
16

so we attempt to diagonalize it.

Linear Algebra

_F

3
-1
8

2X3
2x3
7X3 .

-3
2
-7

is not diagonal,

April 30, 2018

8/ 15



Page 325 Number 10

Page 325 Number 10

Page 325 Number 10. Find the general solution to the system:

X{ = 6x; + 3x — 2x3
Xy = —2x1 — x2 + 2x3
X:/J’ = 16x3 + 8x — T7xs.
6 3 -3
Solution. The coefficient matrix A= | —2 —1 2 | is not diagonal,
6 8 —7

so we attempt to diagonalize it. First we need the eigenvalues, so consider
det(A— A7) =0:

6— A\ 3 -3
det(A-MT)=| -2 —1-2)\ 2 — ...
16 8 —-7—-A
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Page 325 Number 10 (continued 1)

Solution (continued). det(A — \Z) =

—1-A 2 -2 2

—o-n| ot el e e T

= (6= A)((-1=2)(=7—=2) = (2)(8)) = 3((—2)(=7 — A) — (2)(16))
—3((=2)(8) — (=1 = X\)(16)) = (6 — A\)(A\2 +8)\ —9) —3(2A — 18) — 2(16))
= 6A% 448\ — 54 — A3 —8X2 4+ 9\ — 6\ + 54 — 48\ = —\3 —2)% 4 3)
=AM 422 —-3) = AN +3)(A —1).

So the eigenvalues are \; = —3, X\» =0, and A3 = 1. Now we find
corresponding eigenvectors.

Linear Algebra April 30,2018 9/ 15



Page 325 Number 10 (continued 1)

Solution (continued). det(A — \Z) =

— (6-2) -1-1 2 -2 2 -2 —1—)\'

8  —7-2A ‘_(3)‘ 16 —7—\ '+(_3)‘ 16 8

= (6= A)((—=1=A)(=7—=X) = (2)(8)) = 3((—2)(-=7 — A) — (2)(16))
—3((=2)(8) — (=1 = X\)(16)) = (6 — A\)(A\2 +8)\ —9) —3(2A — 18) — 2(16))
= 6A% + 48X —54 — X3 —8X2 4+ 9\ — 6\ + 54 — 48\ = —\3 —2)\? £ 3)
= AN 420 -3) = A\ +3)(A—1).

So the eigenvalues are \; = —3, X\» =0, and A3 = 1. Now we find
corresponding eigenvectors.

For eigenvalue \; = —3 with corresponding eigenvector vi = [v1, vo, va] T
we need Av; = \1vj or (A— \MZ)vi = 0. So we consider the augmented
matrix. . .

Linear Algebra April 30,2018 9/ 15



Page 325 Number 10 (continued 2)

Solution (continued).

R — Ri/3
9 3 3[0]R—R/(2[3 1 —-1]0
[A—MTZ|0=] -2 2 2|0| R—Rya |1 -1 1|0
16 8 —4|0 4 2 -110
RR—R, | 1 -1 —-110 Ry—Ry—3R; 1 -1 -110
T3 1 1|0 |R-R-4r |0 4 2 0]
4 2 -110 0 6 3|0
Ro—Ry/4 [ 1 -1 =110 Ri—Ri+R> 1 0 -1/2|0
R ~R3| 0 1 1/2|0 |R_R_2r, |0 1 1/2/0
0 2 110 00 0/0

Linear Algebra April 30,2018 10/ 15



Page 325 Number 10 (continued 2)

Solution (continued).

R — R/3
9 3 3|0 |R—-FR/(-2)[3 1 -1|0
[A-MZ|0l=| -2 2 2]0 Rs — R3/4 1 -1 -1|0
16 8 —4|0 4 2 -11|0
Ri—R, 1 -1 —-1]0 Ro—Ry—3Ry 1 -1 -11]0
3 1 -1|0 | R—-R-4~ |0 4 2|0
4 2 —-11|0 0 6 3|0
Ro—Ry/4 [ 1 -1 =110 Ri—Ri+R> 1 0 -1/2|0
RR—Ry3 | 0 1 1/2/0 |RR—-R—-2rR, | 0 1 1/2]0
0 2 110 0 0 0(0
%1 —(1/2)V3 = 0 Vi = (1/2)V3
and we need vo +(1/2)v3 = 0 or v» = —(1/2)vz or, ...
0 =0 vy = V3

Linear Algebra April 30,2018 10/ 15



Page 325 Number 10 (continued 3)

Vi = r
Solution (continued). ...with r = v3/2 as a free variable, v» = —r
vz = 2r
Vi 1
where r e R, r £20. Wechoose r=1landvi = | v»» | = | —1
V3 2
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Page 325 Number 10 (continued 3)

Vi = r
Solution (continued). ...with r = v3/2 as a free variable, v» = —r
vz = 2r
Vi 1
where r e R, r £20. Wechoose r=1landvi = | v»» | = | —1
V3 2

Similarly, for eigenvalue A\, = 0 with corresponding eigenvector
V2 = [v1, va, v3] T we consider

6 3 -3/0 Ri—R» -2 -1 210

[A—XZ|0]=| -2 -1 20|~ | 6 3 —3|0
16 8 -710 16 8 —-710

Ry—Ra+3Ry -2 -1 210 Ri—R1/(-2) 1 1/2 -1|0

Rs — Rs + 8R: 0 0 3|0|RoR-3R|0 0 310
0 090 0 0 0]0
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Page 325 Number 10 (continued 4)

Solution (continued). ...

1/2

Ry,—R»/3 / Ri—Ri+R>
0
0

O O~

1 -11]0
0 1/0
0 00

o O =
o = O
o O O
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Page 325 Number 10

Page 325 Number 10 (continued 4)

Solution (continued). ...

R—Ry3 | 1 1/2 =10 | ri=r+R, | 1 1/2 00
T lo o o 7 |0 o 1]0
0 O 00 0 0 0|0
V1+(1/2)V2 =0 Vi = *(1/2)V2
and we need vz = 0 or v = v or, with
0 =0 vz = 0
Vi = —S§S
s = vy/2 as a free variable, v» = 2s where s € R, s # 0. We choose
vy = 0
i -1
s=landh=| v | = 2
V3 0
Linear Algebra April 30,2018 12/ 15



Page 325 Number 10 (continued 5)

Solution (continued). Similarly, for eigenvalue A3 = 1 with
corresponding eigenvector v3 = [vi, vo, v3]T we consider

5 3 —3[0] rer [ -2 —2 2
[A—X\Z|0]=| -2 -2 2]0 5 3 -3
16 8 —8/0 16 8 -8

R1—>R1/(—2) 1 1 —1 O i R»—R,—5R; 1 1 -

—_—

0

0

0

110

R; — R3/8 5 3 3|0 | R-RrR-2R |0 -2 210
110

2 1 —-1{0 | 0 -1
Rs—R3—(1/2)R, | 1 1 -1|0 | R—ry/-2)| 1 1 110
0 -2 2|0 - 01 -11/0
0 0 o0]O0 00 O
R—R—-R, | 1 O 00
01 —-1/0
0 0 0]0
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Page 325 Number 10 (continued 6)

Vi =0
Solution (continued). ...and we need vw—v3 = 0 or
0 0
Vi = 0 Vi = 0
Vo = w3 or, with t = v3 as a free variable, v» = t for t € R,
Vi = V3 vz = t
%1 0
t#0. Wechooset=1landvz=| v | =| 1
V3 1

Linear Algebra April 30,2018 14 / 15



Page 325 Number 10 (continued 6)

Vi =0
Solution (continued). ...and we need vw—v3 = 0 or
0 0
Vi = 0 Vi = 0
Vo = w3 or, with t = v3 as a free variable, v» = t for t € R,
Vi = V3 vz = t
%1 0
t#0. Wechooset=1landvs=| v | = | 1 |. With C the matrix
V3 1
1 -1 0
whose columns are Vi, Vb, V3 we have |C = | —1 2 1
2 01

Linear Algebra April 30,2018 14 / 15



Page 325 Number 10

Page 325 Number 10 (continued 7)

Solution (continued). In the notation introduced above, the solution to

Y1 kpeMt kpe 3t
V=Dyisy= |y | = | koe’?t | = ko and the solution to
¥3 k3e)‘3t k3et

the original system is
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Page 325 Number 10 (continued 7)

Solution (continued). In the notation introduced above, the solution to

v kle)\lt kle—3t
V=Dyisy=1|yo | = | ket | = ko and the solution to
y3 kze?st kset
the original system is
1 -1 0 kpe 3t
X=Cy=1| —1 2 1 ko
2 0 1 k3et 1
k1e_3t — ko
= —kie 3t 4+ 2ky 4+ kzet
2e7 3t + kset

Linear Algebra April 30,2018 15/ 15
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