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Theorem 6.3. Projection Using an Orthogonal Basis

Theorem 6.3

Theorem 6.3. Projection Using an Orthogonal Basis.
Let {vi, v3,..., vk} be an orthogonal basis for a subspace W of R”, and
let b € R". The projection of b on W is

- e b-vi_, b-vy b - vj
bw=Pr0JW(b)=v-i.£V1+_,_iV2+"'+ﬁ.l_(,vk-

Proof. We know from Thegrem 6.1 that b = EW + BwJ_ where EW is the
projection of b on W and by, . is the projection of b on W=, Since
bw € W and {vi, v5,...,Vk} is a basis of W, then

bw = nvi + v+ -+ revi

for some scalars ry, r», ..., r,. We now find these r;'s.
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Theorem 6.2

Theorem 6.2. Orthogonal Bases.
Let {vi, v3,..., vk} be an orthogonal set of nonzero vectors in R". Then
this set is independent and consequently is a basis for the subspace

Sp(Vi, VB, - Vi).

Proof. Let j be an integer between 2 and k. Consider
Vi =S1Vi+ Vo + -+ 5i_1Vi_1.

If we take the dot product of each side of this equation with v; then, since
the set of vectors is orthogonal, we get v; - v; = 0, which contradicts the
hypothesis that v; # 0. Therefore no v; is a linear combination of its
predecessors and by Page 203 Number 37, the set is independent.
Therefore the set is a basis for its span. ]
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Theorem 6.3. Projection Using an Orthogonal Basis

Theorem 6.3 (continued)

Proof (continued). Taking the dot product of b with v; we have

(EW+EwL)"7i:(BW'\7;)+(BWJ-"7/)
(nvi-vi+nva-vit+- -+ nvg-vi)+0

= rivi-v.

b-vi =

Therefore r; = (b- v;)/(V; - V) and so

Substituting these values of the r;’s into the expression for by yields the
theorem. ]
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Page 347 Number 4

Page 347 Number 4. Consider
W =sp([1,-1,1,1],[-1,1,1,1],[1,1, —1,1]). Verify that the generating
set of W is orthogonal and find the projection of b =[1,4,1,2] on W.

Solution. We check pairwise for orthogonality of the three generating
vectors:

[1,-1,1,1] - [-1,1,1,1] = (1)(=1) 4+ (=1)(1) + (1)(1) + (1)(2)
——1-1+1+1=0,
[1,-1,1,1]-[1,1,-1,1] = (1)(1) + (=1)(1) + (1)(-1) + (1)(2)
—1-1-1+1=0,

[-1,1,1,1] - [1,1,-1,1] = (=1)(1) + (1)(1) + (1)(-1) + (1)(2)
— 14+1-14+1=0.

Since each dot product is 0 then the vectors form an orthogonal set (in

Page 347 Number 4 (continued)

Solution (continued). By Theorem 6.3, “Projection Using an Orthogonal
Basis,” we have the projection of b on W is

. . o~ b-¥i_. b-th_. by
bw =projy(b) = =——=V1+ —— o+ ——721V3
Vi-vi V2 V2 V3. Vv3

where vy, Vb, V3 are the three orthogonal generating vectors, so
[1,4,1,2]-[1,-1,1,1]

T [1,-1,1,1]-[1,-1,1,1
[1,4,1,2]-[-1,1,1,1]
[-1,1,1,1]-[-1,1,1,1]
[1,4,1,2] - [1,1,-1,1]

bw

][1, -1,1,1]

[—1,1,1,1]

1,1,-1,1
[17 ]-7 _]-7 1] ’ [17 ]-7 _17 1][ o 7 ]
0 6 6
=—[1,—-1,1,1 -[-1,1,1 —-(1,1,—-1,1
oL LI L] oL 1]

fact, an orthogonal basis for W, by Theorem 6.2, “Orthogonal Bases"). =0[1,-1,1,1] + (3/2)[-1,1,1,1] + (3/2)[1,1,-1,1] =|[0,3,0,3]. | O
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Theorem 6.4 Theorem 6.4 (continued 1)

Theorem 6.4. Orthonormal Basis (Gram-Schmidt) Theorem.
Let W be a subspace of R”, let {ai, a3, ..., ax} be any basis for W, and
let

W, = sp(a1,a2,...,aj) for j=1,2,... k.

Then there is an orthonormal basis {q1, g2, . . .
VVj - sp(q_ia q_éa ety d_;)

, gk} for W such that

Proof. We give a recursive construction which will reveal how to apply the
Gram-Schmidt Process.

First, let 1 = 31 (we will create an orthogonal basis {Vi, Vo, ..., Vx} and
then normalize each V; to create an orthonormal set). For j =2,3,... k,
let 5; be the projection 3; on Wj_1 = sp(ad, a2, ...,dj—1) and let

V; = 3; — p;. This computation of V; is given symbolically in Figure 6.7.
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Proof (continued).

f’? ;I

. -
T W,

Figure 6.7
Since p; is the projection of &; on W;_; then by Theorem 6.1(4),
“Properties of W-L." and Definition 6.2, Projection of b on W.” we have

-

3= (F)w + @, =P+ (E —5) =5+

(and by Theorem 6.1(4), the choice of p; and V; are unique). Since
V; € le_l then V; is perpendicular to each Vi, va,...,Vi_1 € Wj_1.
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Theorem 6.4. Orthonormal Basis (Gram-Schmidt) Theorem

Theorem 6.4 (continued 2)

Theorem 6.4. Orthonormal Basis (Gram-Schmidt) Theorem.
Let W be a subspace of R”, let {ai, a3, ..., ax} be any basis for W, and
let

W, = sp(ai,a2,...,aj) for j=1,2,... k.

Then there is an orthonormal basis {q1, g2, - . ., gk} for W such that

W =sp(dqi, qz,...,q)
Proof (continued). So each set {Vi, V»,...,V;} is an orthogonal set of
vectors for each j =1,2,..., k and since {Vi, »,...,V;} C W, (where

dim(W;) = j) then by Theorem 6.2, “Orthogonal Bases,” {vi, ¥, ...
is a basis for W;.

Vit

Finally, define g; = v;/||Vi|| for i =1,2,..., . Then
W; = sp(g1, G2, - - -, Gj), {G1,Go, ..., qj} is an orthonormal basis for W;,
and in particular {g1, G2, ..., Gk} is an orthonormal basis for W, as

claimed. ]
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Page 348 Number 10 (continued 1)
Solution (continued). ...
2 -1 2 1 2 1 2 1
=[0,1,1] - 2[1,1,1] — —[1,-2,1]= |-+ >,1- 2 -2, 1- 2=
0.1,1] 3[”] 6[’ 1] {34_6’ 3 3 3+6}
1 1 1
= |-2,02| = Z[-1,0,1].
2 -tron

Finally we normalize vy, v, v3 to get

[1,1,1] [1 1 1]7

Y Y 3

a = /1%l = 7 = | 7 s

1L, 1,10
321 [L -2 L}
1301, -2, 1] 6" v6 V6]

1-1,0,1] [—1 1
o - | 3% s
15[-1,0, 1]

Go = /|2l =

Gz = 3/||3]| =

2" V2]

May 5, 2020
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Page 348 Number 10

Page 348 Number 10. Transform the basis {[1,1,1],[1,0,1],[0, 1,1]} for
R3 into an orthonormal basis using the Gram-Schmidt Process.

Solution. First, denote the given basis vectors as aj, 3, 33 in order. Let
vi = a1 = [1,1,1]. Next, by the recursive formula above,

1,0,1]-[1,1,1
V2:a2_\71-\71V1:[1’0’1]_[ | ]

[1,1,1]-[1,1,1]

[1,1,1] = [1,0, 1]-%[1, 1]

1 21 1
— |2 = 2| =M, -21
{3’ 373} 3[’ 1]
and L o
= = a3 - vi_ a3 v
V3 =a3 — 5 — V1 — = - V2
Vi-vi V2 -
0,1,1]-[1,1,1 0,1,1]- [1,-2,2] 1
:[0,1,1]—[’ AL L ][1,1,1]— [ -3l ] ~[1,-2,1]

[17171] ) [17171] %[17_271]%[17_271]3
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Page 348 Number 10 (continued 2)

Page 348 Number 10. Transform the basis {[1,1,1],[1,0,1],[0, 1, 1]} for
R3 into an orthonormal basis using the Gram-Schmidt Process.

Solution (continued). So an orthonormal basis is

oo ={[ ) [ ] (o a])
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Corollary 1

Corollary 1. QR-Factorization.

Let A be an n X k matrix with independent column vectors in R”. There
exists an n X k matrix @ with orthonormal column vectors and an
upper-triangular invertible k x k matrix R such that A = QR.

Proof. Denote the columns of A as a1, a»,...,dx. In the proof of
Theorem 6.4 we saw that there exists {Vy, b, ..., V;} and {qGi, G2, . ..
both bases of W; = sp(31,a>,...,d;). So each &; is a unique linear
combination of g1, go, ..., Gj:

,Gj}

dj = njqu+ rjGa +--- + g for j=1,2,... . k.

Define n x k matrix @ with columns q1, Go, . ..
R = [rjj] where the r;; are the coefficients given above.

Corollary 1. QR-Factorization

Corollary 1 (continued 2)
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Corollary 1. QR-Factorization.

Let A be an n X k matrix with independent column vectors in R”. There
exists an n X k matrix @ with orthonormal column vectors and an
upper-triangular invertible k x k matrix R such that A = QR.

Proof (continued). Since the columns of A are independent then rj; # 0
for i =1,2,...,k, and hence det(R) # 0 and R~! exists. Now if we let
the ith column of R be vector r; then QF: is a linear combination of

i, Go, - - ., Gk with coefficients ryj, raj, . .., rij (see Note 1.3.A) as

Qri=nigi+ niGo+ -+ rkiGui = a; for i =1,2,..., k.

That is, the ith column of QR is &; and this holds for i = 1,2,..., k. So
A = QR, as claimed. 1
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, G and define k x k matrix

Corollary 1 (continued 1)

Proof (continued). Notice that

a1 = mq

d = rnoGi+ g

d3 = n3Gi+ r3gs + r3gs

dk = nkGi+ rkGe+ rkgs+ -+ rkGe

so that rjj = 0 for / > j and R is upper triangular:

ni nz2 -~ rnk
0 rmo -+
R = _
0 0 - rx
14 / 32 Linear Algebra May 5, 2020 15 / 32
Page 348 Number 26
01
Page 348 Number 26. Find a QR-factorizationof A= | 1 1
01
Solution. As seen in the proof of Corollary 1, we need to convert the
0 1
columnsof A, 31 = | 1 | and 3 = | 1 | into an orthonormal basis
0 1
{G1, Go} for sp(31,32). We take v; = 3; = [0,1,0]" and
> o 1 T T
N N al-vi [17 17 1] : [07 170] T
= ay — =11 - 0,1,0
"2 22 ‘71"71\/1 1 [OalaO]T.[OalaO]T[ o ]
1 0 1
=|1]-11]|=1|0
1 0 1
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Page 348 Number 26 (continued)

Solution (continued). Then we take G; = vy/||v1|| = [0,1,0]" and
0 1/V2
G2 =2/ |l = 5[1,0,1]". So Q=[G1 Gl = | 1 0
0 1/v2

need 3; and 3 as linear combinations of ¢; and go:

. Next we

-

al 11 + 06> (since a = C_fl); sori; =1 and ny = 0.

1 0 1/v32
Next, 3 = r2Gi + rpGaor | 1 [ =ra | 1 | +rm2 0 5o
1 0 1/v2
clearly rip =1 and rp = V2. Therefore R = [ ni n2 1 _ l 1 1 1 .
rn1 o 0 V2
11 0 1/v2
So A = QR where R:[O \/E]andQ: 10 s
0 1/v2

Linear Algebra

Page 348 Number 20

May 5, 2020

Page 348 Number 20. Find an orthonormal basis for R3 that contains
the vector (1/v/3)[1,1,1].

Solution. First we need a basis for R? which includes %[1, 1,1]. So we

consider the set {\%[1, 1,1],[1,0,0],10,1,0][0,0, 1]} Of course, this set

of 4 vectors from R3 must be dependent by Theorem 2.2, “Relative Sizes
of Spanning and Independent Sets” (since R3 is dimension 3). We apply
Theorem 2.1.A to find a basis for the span of the 4 vectors and row reduce
a matrix with these vectors as columns:

1/V3 10 0] Rer-r [1/V/3 1 0 0
1/V3 01 0 |R-R-R 0 -110
1/V3 0 0 1 0 -1 01
Ri—Ri+R: | 1/v/3 0 1 0
Ra—R-R2| 0 -1 1 0|=H
0 0 -11

15/ %
Page 348 Number 20

2%

Corollary 2

Corollary 2. Expansion of an Orthogonal Set to an Orthogonal Basis.
Every orthogonal set of vectors in a subspace W of R” can be expanded if
necessary to an orthogonal basis of W.

Proof. An orthogonal set {Vj, vs,...,V,} of vectors in W is an
independent set by Theorem 6.2, and can be expanded to a basis
{v1,Vo,...,V,,31,30,...,3s} of W by Theorem 2.3. We apply the
Gram-Schmidt Process (Theorem 6.4) to this basis for W. Because the v;
are already mutually perpendicular, none of them will be changed by the
Gram-Schmidt Process (since they are taken first), and so the process
yields an orthogonal basis containing the vectors vi, vo, ..., V. m
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Page 348 Number 20 (continued 1)

Solution (continued). Since H is in row-echelon form and contains
pivots in the first 3 columns then a basis for R3 is given by
{(1/v3)[1,1,1],[1,0,0],[0,1,0]} = {31, 32, 33}. We now apply the
Gram-Schmidt Process.

Let vy = 3 = (1/V3)[1,1,1]. Let

. I RV
Vo = a2— —5 w1
Vi Vi
[1,0,0] - 1[1,1,1] 4
= [17070]_ 1 \/gl —[171,1]
75[17 71]75[17171]\/§
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Page 348 Number 20 (continued 2)

Solution (continued).

. . d3-Vi_ 33 Vo
V3 = az— 5 5 V1 — S el )
Vi-wvi V2 - V2
[071,01-%[1,171] 1
0,1,0--2,—,—1 1
§[27 -1, _1] ’ 5[27 —1, _1] 3

- () (- () (G35

1
9
1 2 1 1 1 1 1 -1 1
- [°—§+6’1—§—6’°—§—6] {05’7]—5[0717—”-

So an orthogonal basis for R3 is {¥, ih, V3}.

Page 348 Number 20

Page 348 Number 20 (continued 4)

= [0,1,0] - [7 1]
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Page 348 Number 20. Find an orthonormal basis for R3 that contains
the vector (1/v/3)[1,1,1].

Solution (continued). Notice that this answer depends on the fact that
we chose as a spanning set of R3 the given vector along with the standard
basis &, &, & of R3 (in this order). We could have chosen a different basis
or the standard basis but in a different order and we would have gotten a
different answer. There are an infinite number of correct answers. [
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Page 348 Number 20

Page 348 Number 20 (continued 3)

Solution (continued). We normalize these vectors to get an orthonormal
basis {1, G2, g3} (notice that ||v1]| = 1, so we take gi = vi1). So

o 1[27_1 1]
G2 = 2/ || 2| = ECE \/—[2 —1],
and 10,1, 1]
gz = v3/|| s = 2%7—7\/5 = E[O’l’_l]'

So an orthonormal basis of R3 including 3; = ¥} =

1 1
{ﬁ[l,l,l],%[z 1], f[o,1, ]}

5o 1
q1 = \f[]'?]-vl] is
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Page 349 Number 30

Page 349 Number 30. Let A be an n x n matrix. Prove that A has an

orthonormal column vector if and only if A is invertible with inverse

A=l = AT HINT: Use Exercise 6.3.29 which states: “Let A be an n x k
matrix. Prove that the column vectors of A are orthonormal if and only if
ATA=7T" NOTE: Exercise 6.3.29 is the inspiration for the definition of
“orthogonal matrix” in the next section.

Solution. By Exercise 6.3.29 (with k = n) we have that the column
vectors of A are orthonormal if and only if ATA = 7. Notice that, since A
and AT are n x n matrices, by Theorem 1.11, “A Commutivity Property,”
ATA =T implies AAT =T. So if the column vectors of A are orthonormal
then, by Exercise 6.3.29, ATA =17 = AAT and so A is invertible with

A=l = AT Conversely, suppose A is invertible and A~ = AT. Then
A'A = ATA =T and so by Exercise 6.3.29 the column vectors of A are
orthonormal. O
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Page 349 Number 32 Page 349 Number 32

Page 349 Number 32 Page 349 Number 32 (continued 1)
Proof. Let ordered basis B = (bl, by,..., by ),
Page 349 Number 32. Let V be an inner-product space of dimension n 3= ayb; + ayby + -+ apby, and € = c1by + coby + - - + ¢, by, S0 that
and let B be an ordered orthonormal basis for V. Prove that, for any the coordinate vectors are 3g = [a1, a2, . .., ap] and &g = [C1, oy s Cal.
vectors &, ¢ € V, the inner product (3, ¢) is equal to dot product of the We apply the properties of an inner product given in Definition 3.1.2 to get
coordinate vectors of 3 and C relative to B. NOTE: We already know that
any two n-dimensional vector spaces are isomorphic by the “Fundamental (3,¢) = (aib1+asby+ -+ apbp,c1by + cobo + -+ + cpbp)
Theorem of Finite Dimensional Vector Spaces,” Theorem 3.3.A, and the _ <31517 C151 + C252 4t CnEn>
isomorphism involves mapping each vector of a given n-dimensional vector B ok Bt B N
space to its coordinate vector in R”. This exercise shows that the inner a2 %2, €191 te -2 ot J’> +
product structures is also preserved under the same isomorphism so that +<ajb"’ Clble C2l32 +oo Tt C"bnz
we can conclude that any two n-dimensional inner product spaces are = (a1b1) + (a1b1,cobp) + -+ + (a1 b1, chV)
isomorphic (and so any n-dimensional inner product space is isomorphic to +(aphs, c1b1) + (axby, b)) + - - - + (a2bo, cpbp) + - - -
H n — — — — — —
R where the inner product on R" is the usual dot product). {anbn, c1By) + (anbn, c2B2) + -+ - + (anbn, Crbn)
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Page 349 Number 32 (continued 2) Page 349 Number 34

Page 349 Number 34. Find an orthonormal basis for sp(l x, x?) for

—1 < x <1 if the inner product is defined by (f, g) f f(x)g(x) dx.

Proof (continued).
Solution. We apply the Gram-Schmidt Process to

(3,8) = ayci(by, by) + arca(by, b)) + - - - ayca(by, by) {31, 32,33} = {1,x,x2}. We simply replace the dot product of R" with
tascy(bo, b)) + asca(bo, bo) + - - ancp (b, by) + - - - the inner product given here. Let vj; = 3; = 1. Then
+ancl<bn7 b1> + anc2<bn7 b2> + - ancn<bm bn> ho— 3o <§2’ \71> o f_llx -1dx 1
= ajcq+0+0+---+0 (1, V1) f_lll-ldx
+0+ a2 +---+0 1,21 1(1)% = 1(-1)2
+0+4+0+4---+ ancy = X 2|1_1 (1):X_2(1) (2 1) =x—0=x,
x|L _(—
= aia+ac+ -+ apc, = ag - Ca. !
and
L] R - 5
L L (FBw) . (&)
Vi = a3 — 55— V1— 55— W
(va, v1) (v2, v2)
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Page 349 Number 34 Page 349 Number 34

Page 349 Number 34 (continued 1) Page 349 Number 34 (continued 2)
Solution (continued). ... Solution (continued).
, , (1 X% 1dx 152 xdx . . i
V3 = X- — 1— 1 — 1— X q2 = 1 : - . = > = \/5
f_ll.ldx f_lx-xdx \/g(l) —g(—l) \/;
1,31 1,41
_ 23X 21 B =1 and )
- () () LB )
= (Y 1oopx=xe-t Il \/<><2 —5,x2 -1 \/f (x2 = 1/3)2 dx
B 3 B 3 X2 -1 21
Finally, we normalize: = =
1 i 1 1 Y R X RV(C o SN DI
2_1

g1 = v /||| = — — - L -
=/l ¢<1,1> W_l o (L, VIO-CD Ve _ X3
W%(l)f* 2(1 9<1> (% 1P - 2(-1)° + 5(-1))

—

q2 =
||V2|| V (X, x) /f 1X2dX /3X3|1 _1 3\/_ _1 '
3 \/_ 3
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Page 349 Number 34 (continued 3)

Page 349 Number 34. Find an orthonormal basis for sp(1, x, x?) for
—1 < x < 1 if the inner product is defined by (f, g) = f_ll f(x)g(x) dx.

Solution (continued). So an orthonormal basis for sp(L, x, x?) is

(L2281}
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