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Theorem 6.2

Theorem 6.2. Orthogonal Bases.

Let {vi, v3,..., vk} be an orthogonal set of nonzero vectors in R”. Then
this set is independent and consequently is a basis for the subspace
sp(Vi, V2, ..., Vi)

Linear Algebra May 5,2020 3 /32



Theorem 6.2. Orthogonal Bases

Theorem 6.2

Theorem 6.2. Orthogonal Bases.
Let {vi, v3,..., vk} be an orthogonal set of nonzero vectors in R”. Then
this set is independent and consequently is a basis for the subspace

Sp(Vi, V3. -, Vi)-

Proof. Let j be an integer between 2 and k. Consider

Vi=8S1Vi + Va4t sio1viog
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Theorem 6.2

Theorem 6.2. Orthogonal Bases.

Let {vi, v3,..., vk} be an orthogonal set of nonzero vectors in R”. Then
this set is independent and consequently is a basis for the subspace
sp(Vi, V2, ..., Vi)

Proof. Let j be an integer between 2 and k. Consider
Vi=8S1Vi + Va4t sio1viog

If we take the dot product of each side of this equation with vj then, since
the set of vectors is orthogonal, we get v; - v; = 0, which contradicts the
hypothesis that v # 0. Therefore no vj is a linear combination of its
predecessors and by Page 203 Number 37, the set is independent.
Therefore the set is a basis for its span. O
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Theorem 6.3. Projection Using an Orthogonal Basis

Theorem 6.3

Theorem 6.3. Projection Using an Orthogonal Basis.
Let {vi, v3,..., vk} be an orthogonal basis for a subspace W of R", and

let b € R". The projection of b on W is

- - b b- v b-vi .,
bw =projy(b) = —<vi+ ———Sw+- -+ Vi
vi-vi V2 - V2 k * Vk

May 5, 2020 4 /32
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Theorem 6.3

Theorem 6.3. Projection Using an Orthogonal Basis.
Let {vi, v3,..., vk} be an orthogonal basis for a subspace W of R", and
let b € R". The projection of b on W is

—

- . bi_ bV b-vi
bw =projy(b) = —<vi+ ———Sw+- -+ Vi
vi-vi V2 - V2 k * Vk

Proof. We know from Theorem 6.1 that b = BW + BwJ_ where BW is the
projection of b on W and by, . is the projection of b on W=, Since
by € W and {vi, v3,..., vk} is a basis of W, then

bw = nvi+ vz + -+ vk

for some scalars ri, 2, ..., r,. We now find these r;'s.
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Theorem 6.3. Projection Using an Orthogonal Basis

Theorem 6.3 (continued)

Proof (continued). Taking the dot product of b with v; we have

b-vi = (bw+byi) vi=(bw-V;)+ (by. V)
= (M- Vi+nw-vit -+ nvi-v)+0
= rivi-v.

Linear Algebra May 5, 2020
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Theorem 6.3. Projection Using an Orthogonal Basis

Theorem 6.3 (continued)

Proof (continued). Taking the dot product of b with v; we have

b-vi = (bw+byi) vi=(bw-V;)+ (by. V)
= (M- Vi+nw-vit -+ nvi-v)+0
= rivi-v.

Therefore r; = (b- v;)/(V; - V}) and so

-

— : V'
rivi = = Vi.

—

Vi -V

Substituting these values of the r;'s into the expression for BW yields the
theorem. n

Linear Algebra May 5,2020 5/ 32



Page 347 Number 4

Page 347 Number 4

Page 347 Number 4. Consider

W =sp([1,-1,1,1],[-1,1,1,1],[1,1, —1,1]). Verify that the generating
set of W is orthogonal and find the projection of b=[1,4,1,2] on W.
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Page 347 Number 4

Page 347 Number 4

Page 347 Number 4. Consider
W =sp([1,-1,1,1],[-1,1,1,1],[1,1, —1,1]). Verify that the generating
set of W is orthogonal and find the projection of b=[1,4,1,2] on W.

Solution. We check pairwise for orthogonality of the three generating
vectors:

[1,-1,11]- [-1,1,1,1] = (1)(=1) + (=1)(1) + (1)(1) + (1)(1)
=-1-1+1+1=0,

[1,-1,11] - [1,1,-1,1] = (1)(1) + (=1)(1) + (1)(=1) + (1)(1)
=1-1-1+1=0,
[-1,1,1,1]-[1,1,-1,1] = (=1)(1) + (1)(1) + (1)(-1) + (1)(1)
=-1+1-1+1=0,

Since each dot product is 0 then the vectors form an orthogonal set (in
fact, an orthogonal basis for W, by Theorem 6.2, “Orthogonal Bases").
Linear Algebra May 5, 2020 6 /32



Page 347 Number 4

Page 347 Number 4 (continued)

Solution (continued). By Theorem 6.3, “Projection Using an Orthogonal
Basis,” we have the projection of b on W is

. .~ b-"_. b-th. b-ih
bw = projy(b) = =——= V1 + ——= Vo + ——
%1 V2 -V

where Vi, Vb, v3 are the three orthogonal generating vectors, so

Linear Algebra May 5, 2020 7 /32



Page 347 Number 4

Page 347 Number 4 (continued)

Solution (continued). By Theorem 6.3, “Projection Using an Orthogonal
Basis,” we have the projection of b on W is

b-vi b- v

EW:PFOJW(B)— Vit oVt o 3
Vi-vi
where Vi, Vb, v3 are the three orthogonal generating vectors, so
[1,4,1,2]-[1,-1,1,1]
= 1,-1,1,1
v [1a*1»171]'[1a*1»1a1][ ’ o ]
1,4,1,2]-[-1,1,1,1
[ ) ) Y ] [ ) ) ) ] [_1’171’1]
[-1,1,1,1]-[-1,1,1,1]
1,4,1,2]-[1,1,—-1,1
[777][77 7][171’_171]
[1,1,-1,1]-[1,1,-1,1]

[oal)

6 6
—[1,-1,1,1] 4+ —[-1,1,1,] + —[1,1,-1,1
4[7 77]+4[ ”’]+4[7) 7]

=0[1,-1,1,1] + (3/2)[~1,1,1,1] + (3/2)[1,1, —1,1] = O

Linear Algebra May 5, 2020 7 /32



Theorem 6.4. Orthonormal Basis (Gram-Schmidt) Theorem

Theorem 6.4

Theorem 6.4. Orthonormal Basis (Gram-Schmidt) Theorem.
Let W be a subspace of R”, let {41, a3,

.., dk} be any basis for W, and
let

W, = sp(ai, a,...,aj) for j=1,2,... k.
Then there is an orthonormal basis {41, 2,

.., gk} for W such that
VVj = Sp(q_i.7q_é77q_;)

Linear Algebra May 5, 2020 8 /32



Theorem 6.4. Orthonormal Basis (Gram-Schmidt) Theorem
Theorem 6.4

Theorem 6.4. Orthonormal Basis (Gram-Schmidt) Theorem.

Let W be a subspace of R”, let {41, a3,. .., dkx} be any basis for W, and
let

W, = sp(ai, a,...,aj) for j=1,2,... k.

Then there is an orthonormal basis {qi, @2, ..., gk} for W such that
VVj = Sp(q_i7 q_é7 seey q?)

Proof. We give a recursive construction which will reveal how to apply the
Gram-Schmidt Process.

Linear Algebra May 5,2020 8 /32



Theorem 6.4. Orthonormal Basis (Gram-Schmidt) Theorem
Theorem 6.4

Theorem 6.4. Orthonormal Basis (Gram-Schmidt) Theorem.
Let W be a subspace of R”, let {41, a3,. .., dkx} be any basis for W, and
let

W, = sp(ai, a,...,aj) for j=1,2,... k.
Then there is an orthonormal basis {qi, @2, ..., gk} for W such that
W; = sp(q1, ¢, - - ., Gj)-
Proof. We give a recursive construction which will reveal how to apply the

Gram-Schmidt Process.

First, let vj = 31 (we will create an orthogonal basis {vi, V5, ..., Vk} and
then normalize each V; to create an orthonormal set). For j =2,3,...,k,
let B; be the projection & on W;_1 = sp(a1, ds,...,dj—1) and let

V; = d; — pj. This computation of v; is given symbolically in Figure 6.7.

Linear Algebra May 5,2020 8 /32



Theorem 6.4. Orthonormal Basis (Gram-Schmidt) Theorem

Theorem 6.4 (continued 1)

Proof (continued).

Figure 6.7

Linear Algebra
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Theorem 6.4 (continued 1)

Proof (continued).

Figure 6.7
Since p; is the projection of d; on W;_; then by Theorem 6.1(4),

“Properties of W-+," and Definition 6.2, Projection of b on W.,” we have

3= (E)w + (@,

and by Theorem 6.1(4), the choice of p; and V; are unique). Since
Y Pj /j q
Vi € Wf;l then V; is perpendicular to each 4, b, ..., Vi1 € W_;.
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Theorem 6.4 (continued 2)

Theorem 6.4. Orthonormal Basis (Gram-Schmidt) Theorem.
Let W be a subspace of R”, let {a1, a3,...,ak} be any basis for W, and
let

W, = sp(a1,a,...,aj) for j=1,2,... k.

Then there is an orthonormal basis {41, g2, ..., gk} for W such that
VVj — Sp(q_ivq_é7 .. 7C7j))

Proof (continued). So each set {vi, v»,...,V;} is an orthogonal set of
vectors for each j =1,2,..., k and since {1, V»,...,Vj} C W, (where

dim(W;) = j) then by Theorem 6.2, “Orthogonal Bases,” {v1,»,...,V;}
is a basis for W;.

Linear Algebra May 5,2020 10 /32



Theorem 6.4 (continued 2)

Theorem 6.4. Orthonormal Basis (Gram-Schmidt) Theorem.
Let W be a subspace of R”, let {a1, a3,...,ak} be any basis for W, and
let

W, = sp(a1,a,...,aj) for j=1,2,... k.

Then there is an orthonormal basis {41, g2, ..., gk} for W such that
VVj — Sp(q_ivq_é7 .. 7C7j))

Proof (continued). So each set {vi, v»,...,V;} is an orthogonal set of
vectors for each j =1,2,..., k and since {1, V»,...,Vj} C W, (where

dim(W;) = j) then by Theorem 6.2, “Orthogonal Bases,” {v1,»,...,V;}
is a basis for W;.

Finally, define g; = vi/||vi|| for i =1,2,...,j. Then

W; = sp(q1, G2, - -, Gj), {G1, G2, ..., gj} is an orthonormal basis for W;,
and in particular {g1, g2, ..., gk} is an orthonormal basis for W, as
claimed. Ol

Linear Algebra May 5,2020 10 /32



Page 348 Number 10

Page 348 Number 10. Transform the basis {[1,1,1],[1,0,1], [0, 1, 1]} for
R3 into an orthonormal basis using the Gram-Schmidt Process.

Linear Algebra R



Page 348 Number 10

Page 348 Number 10

Page 348 Number 10. Transform the basis {[1,1,1],[1,0,1], [0, 1, 1]} for
R3 into an orthonormal basis using the Gram-Schmidt Process.

Solution. First, denote the given basis vectors as 31, a», a3 in order. Let
vi=2a =[1,1,1].

Linear Algebra May 5, 2020 11 / 32



Page 348 Number 10

Page 348 Number 10

Page 348 Number 10. Transform the basis {[1,1,1],[1,0,1], [0, 1, 1]} for
R3 into an orthonormal basis using the Gram-Schmidt Process.

Solution. First, denote the given basis vectors as 31, a», a3 in order. Let
vi = 31 = [1,1,1]. Next, by the recursive formula above,

L L @ [1,0,1] - [1,1,1] 2
= ax— =[1,0,1]— 1,1,1] =[1,0,1]—=[1,1,1
Vo as ‘_/,1.\_/,1V1 [7 ) ] [1,171].[17171][7 ) ] [7 ) ] 3[7 3 ]
1 21 1
el A
{37 3’3] 3[’ A
and
Linear Algebra
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Page 348 Number 10

Page 348 Number 10

Page 348 Number 10. Transform the basis {[1,1,1],[1,0,1], [0, 1, 1]} for
R3 into an orthonormal basis using the Gram-Schmidt Process.

Solution. First, denote the given basis vectors as 31, a», a3 in order. Let
vi = 31 = [1,1,1]. Next, by the recursive formula above,

L L @ [1,0,1] - [1,1,1] 2
=3 =1,0,1]— 1,1,1] =[1,0,1]-=]1,1,1
e=dmg g = ol g by = L0 s L
1 217 1
=12,-2,2| =2[1,-2,1
{3’ 3’3] 3[’ 1]
and L. o
. az-vi az-va
3=a3 =S Vi— =W
vi-wv Vo - Vo
0,1,1]-[1,1,1 0,1,1]-i[1,-2,2] 1
:[0’1’1]_[7 ) ] [7 Y ][1’ , ]_ 1[ ] 3[1 ] - ’_2’1]
[1,1,1]-[1,1,1] 11,-2,1]- [1,-2,1] 3
s Algéba

May 5, 2020 11 / 32



Page 348 Number 10 (continued 1)

Solution (continued). ...

2 -1 2 1 2 1 2 1
=[0,1,1] — £[1,1,1] — —[1,-2,1] = |- =+ >, 1 - —-21-2 4=
[077] 3[’7] 6[? ?] |:3+67 3 3) 3+6

1 1 1
|: 27 2:| 2[ 707 ]
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Page 348 Number 10 (continued 1)

Solution (continued). ...

2 -1 2 1 2 1 2 1
=[0,1,1] — £[1,1,1] — —[1,-2,1] = |- =+ >, 1 - —-21-2 4=
[077] 3[’7] 6[? ?] |:3+67 3 3) 3+6:|

1 1 1
=|-=,0=z| = =[-1,0,1].
[ 2’ 2} 2[ T ]
Finally we normalize Vi, Vb, V3 to get

[1,1,1] _[1 1 1]7

)

g1 = vi/||all =

111,1,1]] V3 V3 V3
1
L - 31, —-2,1] [ 1 -2 1 }
=V v = 14 A 1| T T A
1[-1,0,1] -1 1
G =/l = 220N {,o, } |
13[-1,0,1]]| 2 2
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Page 348 Number 10 (continued 2)

Page 348 Number 10. Transform the basis {[1,1,1],[1,0,1],[0,1,1]} for
R3 into an orthonormal basis using the Gram-Schmidt Process.

Solution (continued). So an orthonormal basis is

wsor={[5 5 5 ot ) ol

Linear Algebra May 5,2020 13 /32



Corollary 1. QR-Factorization

Corollary 1

Corollary 1. QR-Factorization.

Let A be an n x k matrix with independent column vectors in R”. There
exists an n X k matrix @ with orthonormal column vectors and an
upper-triangular invertible k x k matrix R such that A = QR.

Linear Algebra May 5,2020 14 /32



Corollary 1

Corollary 1. QR-Factorization.

Let A be an n x k matrix with independent column vectors in R”. There
exists an n X k matrix @ with orthonormal column vectors and an
upper-triangular invertible k x k matrix R such that A = QR.

Proof. Denote the columns of A as 31, 3>,...,3dk. In the proof of
Theorem 6.4 we saw that there exists {Vq, Vo, ..., V;} and {G1, Go, ..., Gj}
both bases of W; = sp(ay, ay, ..., 4d)).

Linear Algebra May 5,2020 14 /32



Corollary 1

Corollary 1. QR-Factorization.

Let A be an n x k matrix with independent column vectors in R”. There
exists an n X k matrix @ with orthonormal column vectors and an
upper-triangular invertible k x k matrix R such that A = QR.

Proof. Denote the columns of A as 31, 3>,...,3dk. In the proof of
Theorem 6.4 we saw that there exists {Vq, Vo, ..., V;} and {G1, Go, ..., Gj}
both bases of W; = sp(a1,a>,...,d;). So each 3; is a unique linear
combination of g1, Go, ..., Gj:

& = njdy+ g+ e+ for j =12,k

Linear Algebra May 5,2020 14 /32



Corollary 1

Corollary 1. QR-Factorization.

Let A be an n x k matrix with independent column vectors in R”. There
exists an n X k matrix @ with orthonormal column vectors and an
upper-triangular invertible k x k matrix R such that A = QR.

Proof. Denote the columns of A as 31, 3>,...,3dk. In the proof of
Theorem 6.4 we saw that there exists {Vq, Vo, ..., V;} and {G1, Go, ..., Gj}
both bases of W; = sp(a1,a>,...,d;). So each 3; is a unique linear
combination of g1, Go, ..., Gj:

& = njdy+ g+ e+ for j =12,k

Define n x k matrix @ with columns g1, G, ..., gk and define k x k matrix
R = [rij] where the r;; are the coefficients given above.

Linear Algebra May 5,2020 14 /32



Corollary 1 (continued 1)

Proof (continued). Notice that

a

rigi
ragi + r2go

raGi + r3go + r33qs

riqGi + kG + Gz + -+ - + G

so that rjj = 0 for i > j and R is upper triangular:

Linear Algebra May 5, 2020
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Corollary 1 (continued 1)

Proof (continued). Notice that

a = mG

d = n2Gi+ g

a3 = n3qi+ r3gs+ raags

dx = nkqL+ kG + 3G + -+ ngcGe

so that rjj = 0 for i > j and R is upper triangular:

ri nz o Nk

0 o -+
R = ]

0 0 R 1774

Linear Algebra May 5, 2020
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Corollary 1 (continued 2)

Corollary 1. QR-Factorization.

Let A be an n x k matrix with independent column vectors in R". There
exists an n X k matrix @ with orthonormal column vectors and an
upper-triangular invertible k x k matrix R such that A = QR.

Proof (continued). Since the columns of A are independent then r;; # 0
for i = 1,2,...,k, and hence det(R) # 0 and R~! exists. Now if we let
the ith column of R be vector r; then Qr; is a linear combination of

g1, Go, . .., Gk with coefficients ry;, roj, ..., f (see Note 13A) as

Qri = niGL+ niGo+ -+ riGei = a; for i =1,2,... k.

Linear Algebra May 5,2020 16 / 32



Corollary 1 (continued 2)

Corollary 1. QR-Factorization.

Let A be an n x k matrix with independent column vectors in R". There
exists an n X k matrix @ with orthonormal column vectors and an
upper-triangular invertible k x k matrix R such that A = QR.

Proof (continued). Since the columns of A are independent then r;; # 0
for i = 1,2,...,k, and hence det(R) # 0 and R~! exists. Now if we let
the ith column of R be vector r; then Qr; is a linear combination of

g1, Go, . .., Gk with coefficients ry;, roj, ..., f (see Note 13A) as

Qri = niGL+ niGo+ -+ riGei = a; for i =1,2,... k.

That is, the ith column of QR is 3; and this holds for i = 1,2,..., k. So
A = QR, as claimed. O
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Page 348 Number 26

Page 348 Number 26. Find a QR-factorization of A =

o = o
el
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Page 348 Number 26

Page 348 Number 26

Page 348 Number 26. Find a QR-factorization of A =

o = O

1

1

1

Solution. As seen in the proof of Corollary 1, we need to convert the
0 1

columnsof A, 3= | 1 | and 3 = | 1 | into an orthonormal basis

0 1
{q1, G2} for sp(a1, a2).

Linear Algebra May 5, 2020
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Page 348 Number 26

Page 348 Number 26

Page 348 Number 26. Find a QR-factorization of A =

o = O

1

1

1

Solution. As seen in the proof of Corollary 1, we need to convert the
0 1

columnsof A, 3= | 1 | and 3 = | 1 | into an orthonormal basis
0 1

{G1, G} for sp(31, 32). We take v; = 31 = [0,1,0]” and

a-vi, ! _[17171]7-'[07130]7—

3 _ — 0,1,0]"
v2 2 Vl"_/’lv1 1 [07170]7—'[07170]7—[’ ’ ]
1 0 1
1 0 1

Linear Algebra May 5,2020 17 /32



Page 348 Number 26

Page 348 Number 26 (continued)

Solution (continued). Then we take G; = v1/||vi| = [0,1,0]" and

0 1/V2
52:\72/”\72||:%[1,0,1]T. SoQ=[G1g]=|1 0 . Next we
0 1/V2

need 3; and 3, as linear combinations of g; and go:

31 = ].C71 +Oc_fg (since 51 = 61); SO N1 = 1 and N1 = 0.

Linear Algebra May 5,2020 18 /32



Page 348 Number 26

Page 348 Number 26 (continued)

Solution (continued). Then we take G; = v1/||vi| = [0,1,0]" and

0 1/V2
Go = /|| Va|| = %[1,0, 11" SoQ@=[Gigo]=|1 O . Next we
0 1/V2
need 3; and 3, as linear combinations of g; and go:
31 = ].C71 +0c_fg (since 51 = 61); SO N1 = 1 and N1 = 0.
1 0 1/V2
Next, 3, = r12<_jl + r22c_7'2 or 1 =rno| 1 + o 0 , SO
1 0 1/v2
clearly rjp =1 and rp = V2. Therefore R = { 1 2 ] = [ 11 ] .
r1 2 0 V2

Linear Algebra May 5,2020 18 /32



Page 348 Number 26

Page 348 Number 26 (continued)

Solution (continued). Then we take G; = v1/||vi| = [0,1,0]" and

0 1/V2
52:\72/”\72||:%[1,0,1]T. SoQ=[G1g]=|1 0 . Next we
0 1/V2

need 3; and 3, as linear combinations of g; and go:

31 = ].C71 +0c_fg (since 51 = 61); SO N1 = 1 and N1 = 0.

1 0 1/v2
Next, d = roGi +roGoor | 1 | =r2 | 1 | +r2 0 , SO
1 0 1/v2
clearly rjp =1 and rp = V2. Therefore R = 2 g L1
' r1 0 V2 |°
1 1 0 1/\@
So A = QR where R:[O ﬁ]andQ: 1 0 .1
0 1/V2
Linear Algebra May 5,2020 18 /32



Corollary 2

Corollary 2. Expansion of an Orthogonal Set to an Orthogonal Basis.

Every orthogonal set of vectors in a subspace W of R” can be expanded if
necessary to an orthogonal basis of W'.
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Corollary 2

Corollary 2. Expansion of an Orthogonal Set to an Orthogonal Basis.
Every orthogonal set of vectors in a subspace W of R” can be expanded if
necessary to an orthogonal basis of W'.

Proof. An orthogonal set {V4, V»,...,V,} of vectors in W is an
independent set by Theorem 6.2, and can be expanded to a basis
{Vi,Vo,...,V,,31,32,...,3s} of W by Theorem 2.3. We apply the
Gram-Schmidt Process (Theorem 6.4) to this basis for W.
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Corollary 2

Corollary 2. Expansion of an Orthogonal Set to an Orthogonal Basis.
Every orthogonal set of vectors in a subspace W of R” can be expanded if
necessary to an orthogonal basis of W'.

Proof. An orthogonal set {V4, V»,...,V,} of vectors in W is an
independent set by Theorem 6.2, and can be expanded to a basis
{Vi,Vo,...,V,,31,32,...,3s} of W by Theorem 2.3. We apply the
Gram-Schmidt Process (Theorem 6.4) to this basis for W. Because the V;
are already mutually perpendicular, none of them will be changed by the
Gram-Schmidt Process (since they are taken first), and so the process
yields an orthogonal basis containing the vectors Vi, o, ..., V,. O

Linear Algebra May 5,2020 19 /32



Page 348 Number 20

Page 348 Number 20. Find an orthonormal basis for R® that contains
the vector (1/v/3)[1,1,1].

Linear Algebra May 5, 2020 20 / 32



Page 348 Number 20

Page 348 Number 20

Page 348 Number 20. Find an orthonormal basis for R® that contains
the vector (1/v/3)[1,1,1].

Solution. First we need a basis for R3 which includes %[1, 1,1]. So we

consider the set {%[1, 1,1],[1,0,0],]0,1,0],][0,0, 1]} Of course, this set

of 4 vectors from R3 must be dependent by Theorem 2.2, “Relative Sizes
of Spanning and Independent Sets” (since R3 is dimension 3).

Linear Algebra May 5, 2020 20 / 32



Page 348 Number 20

Page 348 Number 20

Page 348 Number 20. Find an orthonormal basis for R® that contains
the vector (1/v/3)[1,1,1].

Solution. First we need a basis for R3 which includes %[1, 1,1]. So we

consider the set {%[1, 1,1],[1,0,0],]0,1,0],][0,0, 1]} Of course, this set
of 4 vectors from R3 must be dependent by Theorem 2.2, “Relative Sizes
of Spanning and Independent Sets” (since R3 is dimension 3). We apply

Theorem 2.1.A to find a basis for the span of the 4 vectors and row reduce
a matrix with these vectors as columns:

1/V3 1 0 0] R—r-r [1/V/3 1 0 0
1/V3 0 1 0 | R=R—Ry 0 —-110
1/V3 0 0 1 | 0 -101
Ri—Ri+R» | 1/¥/3 0 1 0
Rs = Rs — Ri2 0 -1 1 0|=H
0 0 -11

Linear Algebra May 5, 2020 20 / 32



Page 348 Number 20

Page 348 Number 20 (continued 1)

Solution (continued). Since H is in row-echelon form and contains
pivots in the first 3 columns then a basis for R3 is given by

{(1/v/3)[1,1,1],[1,0,0],[0,1,0]} = {&1, 32, 33}. We now apply the
Gram-Schmidt Process.

Linear Algebra May 5, 2020
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Page 348 Number 20

Page 348 Number 20 (continued 1)

Solution (continued). Since H is in row-echelon form and contains
pivots in the first 3 columns then a basis for R3 is given by

{(1/v/3)[1,1,1],[1,0,0],[0,1,0]} = {&1, 32, 33}. We now apply the
Gram-Schmidt Process.

Let v; = 31 = (1/V/3)[1,1,1]. Let

. L d-Vi
Vo = ay— ——= W1
Vi-v

[100] [1,1,1] 1
[11 1] - [1,1,1]f[’ 4

S L
NS R
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Page 348 Number 20 (continued 2)

Solution (continued).

vy, dz-vo

— -

V3 = a3z — = 5 V1 — = =5 V2
vi-vi V2 - V2
[0,1,0]- L [1,1,1] 1
= [0,1,0] - &R —[1,1,1]
0,1,0]- i[2, -1, -1
_ [7 ) ] 3[ ] 1[2’_1,_1]

osa (2) (s () (1o o

1 2 1 1 1 1 1 -1 1
= [0_3+6’1_3_6’0_3—6]_[0’2’2}_2[0’1’_1]'

So an orthogonal basis for R3 is {v, i», V3}.
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Page 348 Number 20 (continued 3)

Solution (continued). We normalize these vectors to get an orthonormal
basis {1, g2, g3} (notice that ||v1]| = 1, so we take g1 = ¥4).
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Page 348 Number 20

Page 348 Number 20 (continued 3)

Solution (continued). We normalize these vectors to get an orthonormal

basis {q1, g2, g3} (notice that ||v1]| = 1, so we take g1 = ¥4). So

3 [27 _17 1] [2 ]
S

G2 = /||| =

and
%[07 17 _1]

SEw = %[0,1,—1].

So an orthonormal basis of R3 including 31 = ¥y = g1 = 7[1, 1,1]is

1 1 1
{\/5[1’1’1]’\@[2’_1’_1]’\@[0’1’_1]}'

Gz = /|| 3| =
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Page 348 Number 20 (continued 4)

Page 348 Number 20. Find an orthonormal basis for R3 that contains
the vector (1/+/3)[1,1,1].

Solution (continued). Notice that this answer depends on the fact that
we chose as a spanning set of R3 the given vector along with the standard
basis &, &), & of R> (in this order). We could have chosen a different basis
or the standard basis but in a different order and we would have gotten a
different answer. There are an infinite number of correct answers. [J
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Page 349 Number 30

Page 349 Number 30. Let A be an n x n matrix. Prove that A has an

orthonormal column vector if and only if A is invertible with inverse

A=Y = AT HINT: Use Exercise 6.3.29 which states: “Let A be an n x k
matrix. Prove that the column vectors of A are orthonormal if and only if
ATA=1T" NOTE: Exercise 6.3.29 is the inspiration for the definition of
“orthogonal matrix” in the next section.
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Page 349 Number 30

Page 349 Number 30. Let A be an n x n matrix. Prove that A has an

orthonormal column vector if and only if A is invertible with inverse

A=Y = AT HINT: Use Exercise 6.3.29 which states: “Let A be an n x k
matrix. Prove that the column vectors of A are orthonormal if and only if
ATA=1T" NOTE: Exercise 6.3.29 is the inspiration for the definition of
“orthogonal matrix” in the next section.

Solution. By Exercise 6.3.29 (with k = n) we have that the column
vectors of A are orthonormal if and only if AT A = Z. Notice that, since A
and AT are n x n matrices, by Theorem 1.11, “A Commutivity Property,”
ATA =T implies AAT = 7. So if the column vectors of A are orthonormal
then, by Exercise 6.3.29, ATA =17 = AAT and so A is invertible with

A"l = AT,
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Page 349 Number 30

Page 349 Number 30. Let A be an n x n matrix. Prove that A has an

orthonormal column vector if and only if A is invertible with inverse

A=Y = AT HINT: Use Exercise 6.3.29 which states: “Let A be an n x k
matrix. Prove that the column vectors of A are orthonormal if and only if
ATA=1T" NOTE: Exercise 6.3.29 is the inspiration for the definition of
“orthogonal matrix” in the next section.

Solution. By Exercise 6.3.29 (with k = n) we have that the column
vectors of A are orthonormal if and only if AT A = Z. Notice that, since A
and AT are n x n matrices, by Theorem 1.11, “A Commutivity Property,”
ATA =T implies AAT = 7. So if the column vectors of A are orthonormal
then, by Exercise 6.3.29, ATA =17 = AAT and so A is invertible with

A=l = AT Conversely, suppose A is invertible and A~ = AT. Then
A"'A=ATA =17 and so by Exercise 6.3.29 the column vectors of A are
orthonormal. Ol
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Page 349 Number 32

Page 349 Number 32. Let V be an inner-product space of dimension n
and let B be an ordered orthonormal basis for V. Prove that, for any
vectors 3, ¢ € V/, the inner product (&, €) is equal to dot product of the
coordinate vectors of 3 and ¢ relative to B. NOTE: We already know that
any two n-dimensional vector spaces are isomorphic by the “Fundamental
Theorem of Finite Dimensional Vector Spaces,” Theorem 3.3.A, and the
isomorphism involves mapping each vector of a given n-dimensional vector
space to its coordinate vector in R”. This exercise shows that the inner
product structures is also preserved under the same isomorphism so that
we can conclude that any two n-dimensional inner product spaces are
isomorphic (and so any n-dimensional inner product space is isomorphic to
R where the inner product on R” is the usual dot product).
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Page 349 Number 32

Page 349 Number 32 (continued 1)

Proof. Let ordered basis B = (51, 52, e

3= albl + azbz 44 a,,b,,, and ¢ = c1b1 + czbz + -
the coordinate vectors are dg = [a1, ap, . .

Linear Algebra

 bn),

May 5, 2020

-+ C,,E,,, so that

.,ap] and cg = [cl,c27...,c,,].
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Page 349 Number 32 (continued 1)

Proof. Let ordered basis B = (b1, bo, . .. B n),

3= albl + 32b2 + -+ a,,b,, and ¢ = c1b1 + czbz 4+ -+ c,,E,,, so that
the coordinate vectors are dg = [a1,ap,...,ay] and Cg = [cl, €2y -y Cnl-
We apply the properties of an inner product given in Definition 3.1.2 to get

(3,8) = (a1by + asby + -+ anbn, c1by + 2By + - - - + coby)
= <3151, C151 + Czl;z +--+ CnEn>
+{aohy, c1by + caby + -+ + Cpbp) 4 - - -
+(anbp, c1by + caby + - + Cpbp)
= (aih1) + (a1b1, c2bp) + - - + (a1 by, coVn)
+(anba, c1b1) + (aaba, cobo) + - - + (a2bo, cobp) + - -

—

+<anbna C151> + <aan C252> +--+ <an5na CnEn>
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Page 349 Number 32 (continued 2)

Proof (continued).

<57 E> =

31C1<Bl, 51> + 31C2<Bl, 52> + - 31C,,<51, Bn>
+a2c1<1;2, Bl> + a2c2<1;2, 52> + - 32Cn<52, Bn> + .-
+anc1(bn, b1) + anc2(bn, b2) + - - - anCn(bn, bn)
aict+0+0+---+0

+0+ a2+ ---+0

+0+0+ -+ ancy

ajcy + axco + -+ + ancp = 3g - Cs.
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Page 349 Number 34

Page 349 Number 34. Find an orthonormal basis for sp(l x, x?) for
—1 < x < 1 if the inner product is defined by (f, g) f f(x)g(x) dx.
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Page 349 Number 34

Page 349 Number 34

Page 349 Number 34. Find an orthonormal basis for sp(l x, x?) for
—1 < x < 1 if the inner product is defined by (f, g) f f(x)g(x) dx.

Solution. We apply the Gram-Schmidt Process to

{31,32, 33} = {1,x,x?}. We simply replace the dot product of R” with
the inner product given here. Let v; = 31 = 1.
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Page 349 Number 34

Page 349 Number 34

Page 349 Number 34. Find an orthonormal basis for sp(l x, x?) for
—1 < x < 1 if the inner product is defined by (f, g) f f(x)g(x) dx.

Solution. We apply the Gram-Schmidt Process to
{31,32, 33} = {1,x,x?}. We simply replace the dot product of R” with
the inner product given here. Let v; = 3; = 1. Then

(1, V1) f111~1dx
1X21 112_1_12
) X_<2x|f>(”‘x‘2((i>—<2£1>) T

and
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Page 349 Number 34

Page 349 Number 34. Find an orthonormal basis for sp(l x, x?) for
—1 < x < 1 if the inner product is defined by (f, g) f f(x)g(x) dx.

Solution. We apply the Gram-Schmidt Process to
{31,32, 33} = {1,x,x?}. We simply replace the dot product of R” with
the inner product given here. Let v; = 3; = 1. Then

P
x|, (1) —(-1)
and
R a1
(v1, v1) (Vo, V)
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Page 349 Number 34 (continued 1)

Solution (continued). ...
L, (f_llxz-ldx> (fl xdx)
B o= x—|Fg—|1- X
Jo;1-1dx f | X xdx

2 %X3‘1—1 1 %Xﬂl—l
= X - ‘1 1 1)3 — L(_1)3 X
x|Zq 5(1)° —3(-1)

Linear Algebra May 5, 2020
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Page 349 Number 34 (continued 1)

Solution (continued). ...
L, f_llxz-ldx fl - x dx
B = xX—|F—|1- X
Jo;1-1dx f | X xdx
2 %X3‘1—1 %Xﬂl—l
= x° — T 1-— T3 1 3 | X
x| q 3(1)° — 3(-1)

= x2—<§>1—(0)x:x2—;.

Finally, we normalize:
1 1

G = 7/ |7l| = - S S
AV Jhta i VOGOV
o X X X

Go=-=7 = = = =...
&l = Vor) e ool
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Page 349 Number 34 (continued 2)

Solution (continued). ...

and

Linear Algebra May 5, 2020
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Page 349 Number 34 (continued 2)

Solution (continued). ...

L X X 3x
Ty i V2
and o 7 B xz—% - Xz_%
AR Joe—toe =) /10 - 1732 o
_ <~} _ 3

e 45(X2_1>:3¢5<X2_1),
8/45 8 3 24/2 3
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Page 349 Number 34

Page 349 Number 34 (continued 3)

Page 349 Number 34. Find an orthonormal basis for sp(1, x, x?) for

—1 < x < 1 if the inner product is defined by (f,g) = f_ll f(x)g(x) dx.

Solution (continued). So an orthonormal basis for sp(1, x, x2) is

(B E D)
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