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Theorem 6.10. The Rank of (A" )A

Theorem 6.10
Theorem 6.10. The Rank of (AT)A.

Let A be an m x n matrix of rank r. Then the n X n symmetric matrix
(AT)A also has rank r.
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Theorem 6.10. The Rank of (A" )A

Theorem 6.10

Theorem 6.10. The Rank of (AT)A.

Let A be an m x n matrix of rank r. Then the n X n symmetric matrix
(AT)A also has rank r.

Proof. We work with nullspaces and the rank-nullity equation (Theorem
2.5). If V is in the nullspace of A then AV =0 and so AT (AV) = AT0 or
(ATA)V = 0. Hence V is in the nullspace of ATA.
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Theorem 6.10. The Rank of (AT)A.
Let A be an m x n matrix of rank r. Then the n X n symmetric matrix
(AT)A also has rank r.

Proof. We work with nullspaces and the rank-nullity equation (Theorem
2.5). If Vis in the nullspace of A then AV = 0 and so AT (AV) = AT0 or
(ATA)V = 0. Hence ¥ is in the nullspace of AT A. Conversely, suppose w
is in the nullspace of AT A so that (AT A)w = 0. Then

wT(ATA)W = w'0 or (w)T(Aw) = w'0 = [0] (notice that w is n x 1
and Ois nx 1 sothat w70 is 1 x 1). Now

(AW)T(AW) = [AW - Aw] = [||AW]||?] and so ||AW|| = 0 or Aw = 0. That
is, w is in the nullspace of AT A and nullity(A) = nullity(AT A).
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Theorem 6.10. The Rank of (AT)A.
Let A be an m x n matrix of rank r. Then the n X n symmetric matrix
(AT)A also has rank r.

Proof. We work with nullspaces and the rank-nullity equation (Theorem
2.5). If Vis in the nullspace of A then AV = 0 and so AT (AV) = AT0 or
(ATA)V = 0. Hence ¥ is in the nullspace of AT A. Conversely, suppose w
is in the nullspace of AT A so that (AT A)w = 0. Then

wT(ATA)W = w'0 or (w)T(Aw) = w'0 = [0] (notice that w is n x 1
and Ois nx 1 sothat w70 is 1 x 1). Now

(AW)T(AW) = [AW - Aw] = [||AW]||?] and so ||AW|| = 0 or Aw = 0. That
is, w is in the nullspace of AT A and nullity(A) = nullity(AT A). Since both
A and AT A have n columns then by the rank-nullity equation (Theorem
2.5) rank(A) + nullity(A) = number of columns(A) = n =

number of columns(AT A) = rank(AT A) + nullity(AT A) and so

rank(A) = rank(AT A), as claimed. O

Linear Algebra December 14, 2018 3 / 14



Example 6.4.2

Example 6.4.2

Example 6.4.2. Use the definition to find the projection matrix for the

subspace in R3 of the xpx>-plane (which is spanned by j = [0,1,0] and
k =10,0,1]).
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Example 6.4.2

Example 6.4.2

Example 6.4.2. Use the definition to find the projection matrix for the
subspace in R3 of the xpxp-plane (which is spanned by j = [0, 1,0] and
k =10,0,1]).

00 010
Solution. We have A=[ij]=| 1 0 | and AT = . Then
0 01
01
10
Ta _ T A1
AA_[0 1}_(A A)~t, so
0 00
P=AATA)IAT=AAT=]|0 1 0
0 01
by 0
Notice that P | by | = | by |, as expected. [
by by
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Page 368 Number 6

Page 368 Number 6

Page 368 Number 6. Find the projection for subspace 3x +2y +z =0
of R3 and find the projection of b = [4,2, —1] onto the plane
3x+2y+z=0.

Linear Algebra December 14, 2018 5/ 14



Page 368 Number 6

Page 368 Number 6

Page 368 Number 6. Find the projection for subspace 3x +2y +z =0
of R3 and find the projection of b = [4,2, —1] onto the plane
3x+2y+z=0.

Solution. We choose two (nonzero) linearly independent vectors in the
plane as a spanning set of the plane. Say, 3 = [0,1, —2] and

0 1 01 -2
d =[1,0,—3]. We set A= 1 0| andso AT = .
1 0 -3
-2 -3
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Page 368 Number 6

Page 368 Number 6. Find the projection for subspace 3x +2y +z =0
of R3 and find the projection of b = [4,2, —1] onto the plane
3x+2y+z=0.

Solution. We choose two (nonzero) linearly independent vectors in the
plane as a spanning set of the plane. Say, 3 = [0,1, —2] and

0 1 01 -2
d =[1,0,—3]. We set A= 1 0| andso AT = .
5 _3 1 0 -3

0 1
01 -2 5 6
TaA_ _
Hence A A—[l 0 _3} ; _g _[6 10].
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Page 368 Number 6

Page 368 Number 6

Page 368 Number 6. Find the projection for subspace 3x +2y +z =0
of R3 and find the projection of b = [4,2, —1] onto the plane
3x+2y+z=0.

Solution. We choose two (nonzero) linearly independent vectors in the
plane as a spanning set of the plane. Say, 3 = [0,1, —2] and

0 1 01 -2
3, =[1,0,—3]. We set A= 1 0 | andso AT =
o 3 10 -3

0 1
HenceATA:[g (1J :g} 1 0 :[Z 18].Sofor

(ATA)~, consider
5 6|1 0]"=RFrs 6] 1 0
6 10/0 1 1 4/-11

Linear Algebra December 14, 2018 5/ 14



Page 368 Number 6 (continued 1)

Solution (continued).

RoRerg g -1 1) ReRBRiry 41 1) ReR/CW
56 10 0 —14| 6 -5
1 4] -1 1] RoRtR g o 10/14 —6/14
0 1|-6/14 5/14 0 1|—-6/14 5/14

and so (ATA)"1 =21 [ jg _g ] :

December 14, 2018 6 /14
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Page 368 Number 6

Page 368 Number 6 (continued 1)

Solution (continued).

RicRery 41 1) RoRRTL 41 1] RO
56/ 10 0 -14| 6 -5

1 4 ~1 1] el iy o) 10/14 —6/14
0 1|-6/14 5/14

0 1|-6/14 5/14
and so (ATA)"1 =21 [ B ] So the projection matrix is
0 1
1 10 -6 01 -2
_ Ta\-14T _ 2
P=AA A A = ; g (14[—6 5])[10—3]

—6 5 5 —6 -3

1 _

=—| 10 -6 Hé—i]:f‘* -6 10 -2
-2 -3 -3 -2 13
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Page 368 Number 6 (continued 2)

Page 368 Number 6. Find the projection for subspace 3x +2y +z =0
of R3 and find the projection of b = [4,2, —1] onto the plane
3x+2y+z=0.

Solution (continued). So the projection of b = [4,2, —1] onto the plane
is

[ 5 -6 -3 4 11
bWZPbT:ﬁ -6 10 -2 2 | =1|4| -2
-3 -2 13 || -1 ~29
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Theorem 6.11

Theorem 6.11. Projection Matrix.

Let W be a subspace of R”. There is a unique n X n matrix P such that,
for each column vector b € R", the vector Pb is the projection of b onto
W. The projection matrix can be found by selecting any basis
{31,32,...,3k} for W and computing P = A(ATA)"1AT, where A is the
n x k matrix having column vectors 31, @, ..., d.
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Theorem 6.11

Theorem 6.11. Projection Matrix.

Let W be a subspace of R”. There is a unique n X n matrix P such that,
for each column vector b € R", the vector Pb is the projection of b onto
W. The projection matrix can be found by selecting any basis
{31,32,...,3k} for W and computing P = A(ATA)"1AT, where A is the
n x k matrix having column vectors 31, @, ..., d.

Proof. We know from above that P = A(ATa) AT satisfies the
requirements of a projection matrix. For any vector X € R", the
transformation mapping X — P(X) is a linear transformation by Theorem
1.3.A(7) and (10). Now with the ith standard basis vector of R" as &;, we
have that P#&; is the ith column of P; that is, P is the standard matrix
representation of the linear transformation.
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Theorem 6.11

Theorem 6.11. Projection Matrix.

Let W be a subspace of R”. There is a unique n X n matrix P such that,
for each column vector b € R", the vector Pb is the projection of b onto
W. The projection matrix can be found by selecting any basis
{31,32,...,3k} for W and computing P = A(ATA)"1AT, where A is the
n x k matrix having column vectors 31, @, ..., d.

Proof. We know from above that P = A(ATa) AT satisfies the
requirements of a projection matrix. For any vector X € R", the
transformation mapping X — P(X) is a linear transformation by Theorem
1.3.A(7) and (10). Now with the ith standard basis vector of R" as &;, we
have that P#&; is the ith column of P; that is, P is the standard matrix
representation of the linear transformation. Since the standard matrix
representation of a linear transformation is unique (assume P’ is another
standard matrix representation of the linear transformation and then

P& = P’g; is the ith column of both P and P’). So the matrix P is

unique, as claimed. O
Linear Algebra December 14, 2018 8 /14



Theorem 6.12. Characterization Projection Matrices

Theorem 6.12

Theorem 6.12. Characterization Projection Matrices.

The projection matrix P for a subspace W of R" is both idempotent (that
is, P2 = P) and symmetric (that is, P = PT). Conversely, every n X n
matrix that is both idempotent and symmetric is a projection matrix
(specifically, it is the projection matrix for its column space).
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Theorem 6.12. Characterization Projection Matrices

Theorem 6.12

Theorem 6.12. Characterization Projection Matrices.

The projection matrix P for a subspace W of R" is both idempotent (that
is, P2 = P) and symmetric (that is, P = PT). Conversely, every n X n
matrix that is both idempotent and symmetric is a projection matrix
(specifically, it is the projection matrix for its column space).

Proof. First, we show that a projection matrix P is idempotent and
symmetric (this is Exercise 6.4.16). For P = A(ATA)~1AT we have

P2 = (A(ATA)TAT)(AATA)LAT) = A(ATA)LHATAATA)TLAT)
= A(ATA)TIZIAT = AATA)TAT = P

and so P is idempotent, as claimed.
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Theorem 6.12. Characterization Projection Matrices

Theorem 6.12

Theorem 6.12. Characterization Projection Matrices.

The projection matrix P for a subspace W of R" is both idempotent (that
is, P2 = P) and symmetric (that is, P = PT). Conversely, every n X n
matrix that is both idempotent and symmetric is a projection matrix
(specifically, it is the projection matrix for its column space).

Proof. First, we show that a projection matrix P is idempotent and
symmetric (this is Exercise 6.4.16). For P = A(ATA)~1AT we have

P2 = (A(ATA)TAT)(AATA)LAT) = A(ATA)LHATAATA)TLAT)
= A(ATA)TIZIAT = AATA)TAT = P
and so P is idempotent, as claimed. Next,
PT = (AATA)LAT)T = (AT)T((ATA) ) T(AT)
A((ATA)T)7LAT since (AT)T = A by Note 1.3.A
and (A~1)T = (AT)~! by Exercise 1.5.24
= A(ATA)IAT = P and so P is symmetric.

0 Linear Algebra December 14, 2018 9 /14



Theorem 6.12. Characterization Projection Matrices

Theorem 6.12 (continued 1)

Proof (continued). For the converse, let P be an n x n symmetric and
idempotent matrix. Let b € R". If we show Pb€ W and b— Pb is
perpendicular to every vector in W where W is some subspace of R” (the
subspace here will be the column space of matrix P), that is the two
conditions of the note after Theorem 6.10 are satisfied, then we know P is
a projection matrix (based on the uniqueness of a projection matrix for a
given subspace W, as given by Theorem 6.11). Now Pb is in the column
space of P (see Note 1.3.A).
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Theorem 6.12. Characterization Projection Matrices

Theorem 6.12 (continued 1)

Proof (continued). For the converse, let P be an n x n symmetric and
idempotent matrix. Let b € R". If we show Pb€ W and b— Pb is
perpendicular to every vector in W where W is some subspace of R” (the
subspace here will be the column space of matrix P), that is the two
conditions of the note after Theorem 6.10 are satisfied, then we know P is
a projection matrix (based on the uniqueness of a projection matrix for a
given subspace W, as given by Theorem 6.11). Now Pb is in the column
space of P (see Note 1.3.A). Let pX be any vector in the column space of
P. Then

!

— Pb)TP% = ((Z - P)b)"PX
I—-P)TPx=b"(Z" — PT)Px

7T — P)PX since P is symmetric

P — P?)% = bT (P — P)X since P is idempotent

[(b— Pb)-PX] =

\1

I
[o ik e 2T« 2l e ol i eum)
-4 4
—~ N
o
N
N
I
=)
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Theorem 6.12. Characterization Projection Matrices

Theorem 6.12 (continued 2)

Theorem 6.12. Characterization Projection Matrices.

The projection matrix P for a subspace W of R" is both idempotent (that
is, P2 = P) and symmetric (that is, P = PT). Conversely, every n X n
matrix that is both idempotent and symmetric is a projection matrix
(specifically, it is the projection matrix for its column space).

Proof (continued). So (b — Pb) - PX =0 and b — Pb is orthogonal to
every vector in the column space of P, as claimed. O
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Page 369 Number 28

Page 369 Number 28

Page 369 Number 28. Find the projection matrix for the subspace W
spanned by the orthonormal vectors a7 = [1/2,1/2,1/2,1/2],
3 =[-1/2,1/2,-1/2,1/2], and 33 = [1/2,1/2,-1/2,—-1/2].
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Page 369 Number 28

Page 369 Number 28. Find the projection matrix for the subspace W

spanned by the orthonormal vectors a7 = [1/2,1/2,1/2,1/2],
3 =[-1/2,1/2,-1/2,1/2], and 33 = [1/2,1/2,—1/2, —1/2].

1 -1 1
1 1 1
i 1
Solution. We have A = 3 1 -1 -1 and so
1 1 -1
1 1 _1 i i
P=AAT =2 “l-11 -1 1
211 -1 -1 2 11 -1 -1
1 1 -1
Linear Algebra December 14, 2018
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Page 369 Number 28 (continued)

Page 369 Number 28. Find the projection matrix for the subspace W
spanned by the orthonormal vectors 33 = [1/2,1/2,1/2,1/2],
3, =[-1/2,1/2,-1/2,1/2], and 33 = [1/2,1/2,-1/2,—-1/2].

Solution (continued). ...

= =W
== W
|
O I
W= =
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Page 369 Number 32

Page 369 Number 32. Find the projection of b= [4,—12,—4,0] onto
W the subspace of R* given in Exercise 6.4.28.
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Page 369 Number 32

Page 369 Number 32
Page 369 Number 32. Find the projection of b= [4,—12,—4,0] onto
W the subspace of R* given in Exercise 6.4.28.

Solution. We use the projection matrix of Exercise 6.4.28:

3 01 1 -1 4
. .1 1 3 -1 1 —12
_ T _

bw=Pbi =21 1 1 3 1 —4
-1 1 1 3 0

—4 ~1

1) -2 | || -7

4 4 | 1

—20 -5

O
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