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Theorem 2.1.1(Al) (continued)

Theorem 2.1.1. Properties of Vector Algebra in R".
Let x,y,z € R". Then:
Al. (x +y)+z=x+(y + z) (Associativity of Vector Addition)

Proof (continued).

x+y)+z = k++z)e+t2+2),.. X+ (Yot 20
since addition in R is associative
= [xxe,...,x0)+ 1+ 2y + 22,00 Y0+ 2]
by the definition of vector addition
=[x, %0, Xal + ([yi, )2, ¥nl + [21, 225 - - -, 20])
by the definition of vector addition

x+ (y + 2).

L]
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Theorem 2.1.1(A1)

Theorem 2.1.1. Properties of Vector Algebra in R".
Let x,y,z € R". Then:
Al. (x+y)+z=x+ (y + z) (Associativity of Vector Addition)

Proof. Let x,y,z € R" be x = [x1, X2, ..., Xn], ¥ = [v1,¥2,-- -, ¥n], and
z=|z1,22,...,2,]. Then:
(x+y)+z ([x1, %25 - -y Xn] + [Y1s Y25 - -y ¥nl) + [21, 225 - -+, Zn)
= [xa+yv,x+y2...xa+yn|l+[21,22,...,25)
by the definition of vector addition
= [(a+y1)+z,0e+y2)+ 22, .. (X0 + yn) + 2n]
by the definition of vector addition
= Ppa+tWt+a)x+02+t2z). . xn+ (Yot 2n)
since addition in R is associative
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Theorem 2.1.2

Theorem 2.1.2. Let V; and V5 be vector spaces of n-vectors. Then
V1N V, is a vector space.

Proof. By our definition of “vector space,” we only need to prove that

V1 NV, is closed under linear combinations. Let x,y € V3 NV, and

a,b € R. Since V; is a vector space then it is closed under linear
combinations and so ax + by € V4. Similarly, ax + by € V5. So

ax + by € V1N V5. Since x and y are arbitrary elements of V4 N V5 and
a, b € R are arbitrary scalars, then Vi NV, is closed under linear
combinations. That is, Vi N V5, is a vector space. O
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Theorem 2.1.3

Theorem 2.1.3

Theorem 2.1.3. If V; and V, are vector spaces of n-vectors, then
V1 4+ V5, is a vector space.

Proof. By our definition of "vector space,” we must show that V; + V, is
closed under linear combinations. Let x,y € V41 4+ V, and let a, b € R.
Then x = x1 +x and y = y; + y» for some x1,y1 € Vi and xp, y» € V.
Since V4 and V5 are vector spaces, then they are closed under linear
combinations and so ax; + by; € Vi and axy 4+ by, € V5. Therefore

ax + by = a(x1 + x2) + b(y1 + y2) = (ax1 + by1) + (ax2 + bys) € Vi + Va.

Since x and y are arbitrary vectors in V4 + V5 and a, b € R are arbitrary
scalars, then we have that V; + V5 is closed under linear combinations.
That is, V4 4+ V5, is a vector space. O
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Theorem 2.1.5

Theorem 2.1.5

Theorem 2.1.5. If {vy,vp,..., v} is a basis for a vector space V, then
each element can be uniquely represented as a linear combination of the
basis vectors.

Proof. Suppose that
XxX=bivi+bw+- -+ bvi=civi+ v+ -+ ckvk. Then

O=x—x=(bivi + bovo + - + bvk) — (cavi + covo + + - - + ck k)

= (b1 —c)vi + (b2 — c2)vo + - - + (b — c)vi-

Since the basis consists (by definition) of a linearly independent set of

vectors, then by —¢c; = by, — ¢ = --- by — ¢, = 0; that is,

by =c1, by = o, ..., bx = ck. Therefore, the representation of x is

unique. Since x is an arbitrary vector in V, the claim follows. O
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Theorem 2.1.4

Theorem 2.1.4. If vector spaces V; and V; are essentially disjoint then
every element of Vi @ V5> can be written as vi + v, where v; € V4 and
vo» € V, in a unique way.

Proof. Let V4 and V5 be essentially disjoint vector spaces of n-vectors;
that is, V1 N Vo, = {0}. Suppose some v € V4 & V; is of the form
v=vi+ v =V + v, where vi,v) € Vj and vp, v € V5. Then
vi—vy=Vvs—w. Sovi—v] € Vjand v — v € Vs since V; and V; are
vector space. But then vi — v{,vj — v, € Vi N V5 and so v; — v{ =0 and
vy —vo = 0. Thatis, vy = vj and v, = vj. So the representation of

v € V1 @ V; as a sum of an element of V; and an element of V5 is unique,
as claimed. O
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Theorem 2.1.6(3)

Theorem 2.1.6. Properties of Inner Products.

Let x,y € R" and let a € R. Then:

3. a(x,y) = (ax,y) (Factoring of Scalar Multiplication in Inner Products).
Proof. Let x,y € R" be x = [x1,x2,...,%s] and y = [y1,¥2,...,¥n]- Then

3<Xa)/> - a([X17X2a~--7Xn]a[y1ay27"'7yn]>
= a(xy1 +x)2 + -+ + Xayn) by the definition of (x, y)
= a(xy1) + alxay2) + -+ + a(xayn)
by distribution property of multiplication over addition in R
= (ax)y1 + (ax2)y2 + - -+ + (axn)yn
by associativity for multiplication in R
. 7aXn]’ [ylay2a s ayn]>
by the definition of inner product
= (ax,y). O

= ([axy, axo, ..
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Theorem 2.1.7

Theorem 2.1.7. Schwarz Inequality.
For any x,y € R" we have |(x, y)| < (x,x)1/2(y, y)1/2.

Proof. Let t € R. Then

0 < ((tx+y),(tx+y)) by Theorem 2.1.6(1)
= t(x,tx+y)+ (y,tx + y) by linearity in the 1st entry
= t(t(x,x) + (x,y)) + (t{y, x) + (y,y)) by linearity in the 2nd entry
= t3(x,x) + 2t(x,y) + (y,y) by Theorem 1.2.6(2)
= at’ +bt+c
where a = (x,x), b =2(x,y), and ¢ = (y,y). As a quadratic in t,
at? + bt + ¢ cannot have two distinct roots or else we would have
at? 4 bt + ¢ < 0 for some t. This means that the discriminant b?> — 4ac in
the quadratic equation t = (—b 4 /b2 — 4ac)/(2a), must be
b? — 4ac < 0; that is, (b/2)? < ac. Hence, we have (b/2)? = (x,y)? < ac
= (x, x){y,y) or /O, y)2 = [0x,y)] < (x, )Yy, )2, m
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Theorem 2.1.8 (continued 1)

Proof (continued). Finally,
p(x +y)2 = p((a+di)vi+(c2+da)va+ -+ (ck + dk)Vk)2

k k
= > (G+d) =) (F+2¢d; + d})

j=1 j=1
k K
= D G+2) Gdi+) &
j=1 j=1 j=1
. . 2 ¢ 2
2 2 2 2
< Qg2 g (Xdp 9
j=1 j=1 j=1 j=1
by Theorem 2.1.7 (Schwarz's Inequality in R")
1/2 . 1/2\ 2
= SRR = (p) + P
j=1 Jj=1
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Theorem 2.1.8

Theorem 2.1.8 The basis norm is indeed a norm for any basis
{v1, va,..., vk} of vector space V.

Proof. Let x=civi + v +---+ckvk and y = divi + dovo + - - - + dje .
If x # 0 then some ¢; # 0 and so p(x) > 0. Clearly p(0) = 0. So
“Nonnegativity and Mapping of the Identity” is satisfied.

Next

plax) = p(a(covi+avo+- - -+ cevk)) = p((act)vi+(ac)vo+- - -+ (ack) vk)

1/2 1/2

k

=) (ag)

j=1

k

=la[ (> ¢
j=1

and “Relation of Scalar Multiplication to Real Multiplication” holds.

— Jalp(x)
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Theorem 2.1.8 (continued 2)

Theorem 2.1.8 The basis norm is indeed a norm for any basis
{vi,va,..., vk} of vector space V.

Proof (continued). ...

p(x +y)* = (p(x) + p(y))?.

Taking square roots, p(x + y) < p(x) + p(y) and so the Triangle Inequality
holds. Therefore p is a metric on V. O

Theory of Matrices May 24, 2020 13 / 20



Theorem 2.1.10

Theorem 2.1.10. Every norm on (finite dimensional vector space) V is
equivalent to the basis norm p for any given basis {vi, vo, ..., v }.
Therefore, any two norms on V are equivalent.

Proof. Let || - ||, be any norm on vector space V and let {vi, va,..., v}
be a basis for the space. Then for some unique scalars ¢y, ¢, ...,cx € R
we have x = civ; + &vo + - - - + ¢k vk. Then, by the Triangle Inequality
and “Relation of Scalar Multiplication to Real Multiplication,”

K K
ZCIVI < Z [<cilllvilla-
i=1 2 =l

Now with [[c1], [eal, ... [ekl], [[[valla; [[vallas - - [ villa] € R we have by
the Schwarz Inequality (Theorem 2.1.7) that

P B 12 . 1/2
> eailllvilla < {ZIC/F} {ZIIWH?} :
i=1 i=1 i=1

Ix[la =

Theorem 2.1.10

Theorem 2.1.10 (continued 2)

Proof (continued). Define f : C — R as f(u) = HZf(:l upVv;

claims that f is continuous (page 20). Let's prove this. Let
y = Z,l'(:l uivi € C and let € > 0. Set 6 = <. For any x = Z,l'(:l uivie C
with ||y — x|[; < 6 we have

k k
. { Ivlla = lixlla _ { 120y wvilla = | 0Ky wfvilla

IxIla = llylla IS5 dvilla — 1125, wivilla

:{ fly) - f(x) :{ F(y) = FOINif F(y) = F(x)
f(x) = f(y) [F(x) = F)I i Fy) < F(x).

That is, |f(y) — f(x)| <e. So f: C — R is continuous.

. Gentle
a
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Theorem 2.1.10

Theorem 2.1.10 (continued 1)

Proof (continued). Hence

1/2 K 1/2
Ix[la < {ZIIV:HZ} p(x) = 3p(x) for 5 = {ZHWII?} :
i=1

Next, let C = {x = Zf'(:l ujv; € V‘ Zf-;l |ui|? = 1}
set C is “obviously [topologically] closed” (page 20). Set C is the surface

of the unit sphere in V under p, C = {x € V| p(x) = 1}. We give a proof
that C is a topologically closed set by showing that its complement,

V\ C,isopen. Let x € V\ C and let e = |1 — p(x)| > 0. Then the open

ball {v € V| p(v — x) < e} contains no elements of C: for y € C,

p(y) — p(x) { 1 - p(x) { e if p(x) <1
—X) > = = .
ply=x) 2 { () —ply) ~ sl -1 ~ | eifplx) > 1.
(Notice that the Triangle Inequality for norms implies for any x,y € V
that [|x|| = [Ix —y + y[| < [[x =yl + [ly[l or [[x = yll = [Ix]| = lly]-)

. Gentle states that

Theorem 2.1.10

Theorem 2.1.10 (continued 3)

Proof (continued). By the Heine-Borel Theorem (since C is closed and
bounded and V is finite dimensional), C is compact and so continuous
function f attains a minimum value on C, say f(uy) < f(u) for all u € C.
Let = f(us) > 0. If x = Zf'(:l civi # 0 then

1/2
B /

RS

a Jj=1

where ¢ = fozl (c,-/{Zk—

Illa = Vi vi| = p(x)f(€)

{ij:le}l/z

2
) vi, so ¢ € C since
2

Ec—l
_jljll

i=1 {Zle Cj2 } 12
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Theorem 2.1.10 (continued 4) Theorem 2.1.11

Theorem 2.1.11. A set of nonzero vectors {vq, va,..., vk} in a vector
space with an inner product for which (v;, v;) = 0 for i # j (the vectors are

said to be mutually orthogonal) is a linearly independent set.
Theorem 2.1.10. Every norm on (finite dimensional vector space) V is

equivalent to the basis norm p for any given basis {v1, va, . .., v }. Proof. Let {v1, v2,..., vk} be a set of mutually orthogonal nonzero
Therefore, any two norms on V are equivalent. vectors. ASSUME the set is not linearly independent. Then
aivi+avo+ -+ ajvi+ - arvi = 0 is satisfied where some coefficient is
Proof (continued). Since 7 € C then f(&) > ¥, and so || x|, > Fp(x) for nonzero, say a; # 0. So
all x € V, x #0. Of course IIx] 2 2 Fp(x) for x =0, 0 for a?ll x €V we vi = (—ar/ai)vi + (—ap/ai)ve + -+ (—aj_1/ai)Vi1
have Fp(x) < ||x|la < Sp(x). Thatis, || - ||s = p(+). Since = is an
equivalence relation for Theorem 2.1.9, we have that any two norms on V +(—ajy1/ai)vier + -+ (—ax/a;) vk.
are equivalent. ] But then
(vi,vi) = ((—a1/ai)v1 + (—az/ai)va + - - + (—ai—1/ai)vi-1
+(—ait1/ai)Vit1 + -+ + (—ak/ai) vk, vi)
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Theorem 2.1.11 (continued)

Theorem 2.1.11. A set of nonzero vectors {vi, va,..., vk} in a vector
space with an inner product for which (v;, v;) = 0 for i # j (the vectors are
said to be mutually orthogonal) is a linearly independent set.

Proof.
(V,', V,'> = (—al/a,-)(vl, V,'> + (—32/3;)<V2, V,'> + -+ (—a;_l/a,-)(v,-_l, V,->

+(—aiv1/ai)(Viy1, vi) + - + (—ak/ai){vk, vi) = 0,

a CONTRADICTION to the fact that v; # 0. So the assumption that the
set is not linearly independent is false; that is, the set is linearly
independent, as claimed. O



