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Theorem 3.8.1

Theorem 3.8.1. If v is an eigenvector of A and w is a left eigenvector of
A with a different associated eigenvalue, then v 1 w.
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Theorem 3.8.1

Theorem 3.8.1. If v is an eigenvector of A and w is a left eigenvector of
A with a different associated eigenvalue, then v 1 w.

Proof. Let Av = civ and w' A= cow” where ¢; # ¢. Then

(wrA)v = cow v and wT (Av) = w'(c1v) = caw v so
aw’v =cw'v, but since c; # ¢ it must be that w’v = (w,v) =0
and v L w. ]
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Corollary 3.8.3

Corollary 3.8.3

Corollary 3.8.3. The set of eigenvectors of a n X n matrix A associated
with given eigenvalue ¢, along with the 0 vector, form a subspace of C"

(or of R" if we restrict ourselves to real numbers). The subspace is the
eigenspace of A associated with eigenvalue c.
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Corollary 3.8.3

Corollary 3.8.3. The set of eigenvectors of a n X n matrix A associated
with given eigenvalue ¢, along with the 0 vector, form a subspace of C"
(or of R" if we restrict ourselves to real numbers). The subspace is the

eigenspace of A associated with eigenvalue c.

Proof. By the definition of vector space of n vectors from R"” (which also
holds for C"; in fact it holds for " where F is any field) in Section 2.1, we
need only show that for any scalars a and b and any eigenvectors v; and
vo, we have av; + by is either an eigenvector of A with associated
eigenvalue c or is the 0 vector.
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Corollary 3.8.3

Corollary 3.8.3. The set of eigenvectors of a n X n matrix A associated
with given eigenvalue ¢, along with the 0 vector, form a subspace of C"
(or of R" if we restrict ourselves to real numbers). The subspace is the

eigenspace of A associated with eigenvalue c.

Proof. By the definition of vector space of n vectors from R"” (which also
holds for C"; in fact it holds for " where F is any field) in Section 2.1, we
need only show that for any scalars a and b and any eigenvectors v; and
vo, we have av; + by is either an eigenvector of A with associated
eigenvalue c or is the 0 vector. We have

A(avi + bwy) = A(av1) + A(bwv2)
= aA(wv1) + bA(wn)
= a(cevi) + b(cva) since v1 and v, are
eigenvectors with eigenvalue ¢
= c(avi + bwa).
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Corollary 3.8.3 (continued)

Corollary 3.8.3. The set of eigenvectors of a n X n matrix A associated
with given eigenvalue ¢, along with the 0 vector, form a subspace of C”
(or of R" if we restrict ourselves to real numbers). The subspace is the

eigenspace of A associated with eigenvalue c.

Proof (continued). So av; + bv; is either the 0 vector in C” or an
eigenvector of A with associated eigenvalue c. That is, the eigenvector
associated with eigenvalue ¢ along with the 0 vector is a subspace of

C". Ol
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Theorem 3.8.4

Theorem 3.8.4. The Cayley-Hamilton Theorem.
For n x n matrix A with characteristic polynomial pa we have pa(A) = 0.
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Theorem 3.8.4

Theorem 3.8.4. The Cayley-Hamilton Theorem.
For n x n matrix A with characteristic polynomial pa we have pa(A) = 0.

Proof. By Theorem 3.1.3, (A — cZ,)adj(A — cZ,) = pa(c)Z,. Since pa(c)
is a polynomial of degree n, then pa(c) = so + s1¢ + sp¢? + - - - + s,c" for
some sp, S1,- -,y Then pa(c)Z, = pa(cZ,) = (A — cZp)adj(A — cZ,),
and so adj(A — c¢Z,) must be some n — 1 degree polynomial with n x n
matrix coefficients, say By, B, ..., Bn_1:

adj(A — cZ,) = By + Bic + Boc? + -+ B,_1c" L.
So
(A—CI,,)(BO+Blc+BQC2+~ . -+B,,,1c”_1) = (so+51c+52c2+~ 45, I,
or ...
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Theorem 3.8.4 (continued)

Proof (continued).
ABQ+(ABl — BO)C+(AB2— Bl)C2+' . '+(ABn_1 — Bn_z)Cn—1+(—Bn_1Cn)

=(so+sic+ $c? 4+ snc™) L.
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Theorem 3.8.4 (continued)
Proof (continued).
ABQ+(ABl—B())C+(ABQ—31)C2+' . '+(ABn_1—Bn_z)Cn—l+(—Bn_1Cn)

=(so+sic+ $c? 4+ snc™) L.

Equating the coefficients of c:

ABO = SoIn and AB() = S()In
ABl — Bo = 511—,7 A2Bl — ABO = SlA
AB, — B = I, A3By — A’B; = 5A?
AB, 1 —Bn 2 = 5,11, A"B, 1 — An_an—Z = 5n—1An_1
—Bh-1 = spI, —-A"B,_.1 = s,A".

O

Summing these n + 1 equations gives 0 = pa(A), as claimed.
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Theorem 3.8.5
Theorem 3.8.5. Let g(c) = sp +s1c +spc? +---+s,1c" L+ c"bea

monic polynomial. Then g(c) = det(cZ — A) for some n x n matrix A. In
particular, g(c) = det(cZ — A) for

0 1 o .- 0
0 0 I 0
A= : : : - :
0 0 o .- 1

| =S50 —S1 —S%2 r TSp-1

Matrix A is called a companion matrix for polynomial q.

Theory of Matrices June 28,2020 8/ 42



Theorem 3.8.5

Theorem 3.8.5. Let g(c) = sp +s1c +spc? +---+s,1c" L+ c"bea
monic polynomial. Then g(c) = det(cZ — A) for some n x n matrix A. In
particular, g(c) = det(cZ — A) for

0 1 o -- 0
0 0 1 ... 0
A= : : : " :
0 0 o - 1
| =S50 —S1 —S%2 r TSp-1

Matrix A is called a companion matrix for polynomial q.

Proof. We prove det(cZ — A) = g(c) by induction on n. If n =1 then
A = [—sp] and det(cZ — A) = s + c.
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Theorem 3.8.5

Theorem 3.8.5. Let g(c) = sp +s1c +spc? +---+s,1c" L+ c"bea
monic polynomial. Then g(c) = det(cZ — A) for some n x n matrix A. In
particular, g(c) = det(cZ — A) for

0 1 o .- 0
0 0 I 0
A=1| & 0 r
0 0 o - 1
| =S50 —S1 —S%2 r TSp-1

Matrix A is called a companion matrix for polynomial q.

Proof. We prove det(cZ — A) = g(c) by induction on n. If n =1 then
A = [—sp] and det(cZ — A) = so + ¢. For clarity, we also observe that for

n:2,A:[ 0 1 },cI—A:[C -1 ],and
—Sp —S1 So C+ s

det(cZ — A) = (c)(c + 1) — (s0)(—1) = 50 + s1¢ + 2.
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Theorem 3.8.5 (continued 1)

Proof (continued). Suppose the result holds for k = n and consider the
case k = n+ 1. We have

c -1 0 .- 0 0
0 ¢ -1 --. 0 0
cZT—-A= :
0 O 0 c -1
| So St S2 -t Sk—1 C+ Sk |
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Theorem 3.8.5 (continued 1)

Proof (continued). Suppose the result holds for k = n and consider the

case k = n+ 1. We have

cZT—-A=

0
50

-1 0 0 0
c -1 0 0
0 0 c -1
S1 So ce+ Sk—1 CH+ Sk ]

Then det(cZ — A) can be computed using cofactors and column 1 by

Theorem 3.1.F to give

det(cZ — A) = cdet

S1

-1 0 0 0
c -1 0 0
0 O c -1
So S3 -+ Sk_1 C+ Sk ]
Theory of Matrices June 28, 2020 9 /42



Theorem 3.8.5 (continued 2)

Proof (continued). ... T -1 0
c -1
+(—1)*spdet
0 O
0 0
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Theorem 3.8.5 (continued 2)

Proof (continued). ...

+(—1)*spdet

By the induction hypothesis, the first determinant is

-1 0
c -1
0 0
0 0

s1+ ¢+ 53624 -+ 5,172 4+ ck~1. Since the second determinant

involves a lower triangular matrix by Theorem 3.1.H (with A = —Z and
1 0 -+ 0 0]
—c1 -~ 0 0
T= Do : 1 |) we have that this determinant is
0 0 1 0
0 O —c 1

det(—7) = (—1)k; det(—T) follows from Note 3.1.B.
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Theorem 3.8.5 (continued 3)
Theorem 3.8.5. Let g(c) = sp +s1c +spc? +---+s,1c" L+ c"bea

monic polynomial. Then g(c) = det(cZ — A) for some n x n matrix A. In
particular, g(c) = det(cZ — A) for

0 1 0 0
0 0 1 0
A= 5
0 0 0 1
| =S50 —S1 —S%2 ot TSp-1

Proof (continued). Hence
det(cZ — A) = c(s1+ ¢ +53¢% 4+ -+ 51 2+ K 4+ (DK (=1) s

= so+sic+sc?+Fse 1K ek = sg+s1c+ 562+ -+ 55"+ "L

and the result holds for k = n+ 1. Therefore, by Mathematical Induction,
it holds for all n € N. O
Theory of Matrices June 28, 2020 11 / 42



Theorem 3.8.6

Theorem 3.8.6. Let A be an n x n matrix with eigenvalues ¢, ¢, ..., c,.
Then det(A) = [[7_; ¢i and tr(A) = >_7; ci.
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Theorem 3.8.6

Theorem 3.8.6. Let A be an n x n matrix with eigenvalues ¢, ¢, ..., c,.
Then det(A) = [[7_; ¢i and tr(A) = >_7; ci.

Proof. Since the eigenvalues of A are the roots of the characteristic
polynomial pa(c), then pa(c) = (=1)"(c — a)(c — )+ (c — ¢cn) (the
coefficient of ¢" is (—1)" as explained in Note 3.8.A). So

det(A—cZ) = (—-1)"(c"+(—c1—— - —Cp) " (1) i - - - ) (%)

and by setting variable ¢ = 0 we see that det(A) = c1c2 - - ¢p.
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Theorem 3.8.6

Theorem 3.8.6. Let A be an n x n matrix with eigenvalues ¢, ¢, ..., c,.
Then det(A) = [[7_; ¢i and tr(A) = >_7; ci.

Proof. Since the eigenvalues of A are the roots of the characteristic
polynomial pa(c), then pa(c) = (=1)"(c — a)(c — )+ (c — ¢cn) (the
coefficient of ¢" is (—1)" as explained in Note 3.8.A). So

det(A—cZ) = (—-1)"(c"+(—c1—— - —Cp) " (1) i - - - ) (%)

and by setting variable ¢ = 0 we see that det(A) = c1c2 - - ¢p.

We also have det(A — cZ) =

air — ¢ ai2 s ain
ani ayp —Cc - azn
— n
det . : .. : - ZWES,, U(ﬂ-) Hi:l bi7r(i)
anl an2 s+« apgp—C

where b; () is the (i, 7(/)) entry of A —cZ.
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Theorem 3.8.6 (continued)

Theorem 3.8.6. Let A be an n x n matrix with eigenvalues ¢, ¢, ..., c,.
Then det(A) = [[7_; ¢i and tr(A) =>_7; ci.

Proof (continued). As described in Note 3.8.A, the only o(m) [T, bi ()
which contains powers of ¢” or ¢"! is the case when 7 is the identity. In

this case,
n

o(m) H bix(iy = H(aii —¢)
i=1 i=1

n—1

= (=1)"c"+ (=1)"Ha1r + a2+ + apn)c" -+ ar1a0 - ann.
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Theorem 3.8.6 (continued)

Theorem 3.8.6. Let A be an n x n matrix with eigenvalues ¢, ¢, ..., c,.
Then det(A) = [[7_; ¢i and tr(A) =>_7; ci.

Proof (continued). As described in Note 3.8.A, the only o(m) [T, bi ()
which contains powers of ¢” or ¢"! is the case when 7 is the identity. In

this case,
n

o(m) H bfﬂ(i) = H(aii —c)
i=1

i=1
=(=1)"c¢"+ (=1)"MNam + a4+ -+ apm)c™F + -+ 2113220+ ann.

Equating this with (%) we see that
(—1)"tr(A) = (—1)" a1 +an+- - +apm) = (-1)"(—c1—c2—+ - —cn)
ortr(A)=c+c+ - +cn O
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Theorem 3.8.8

Theorem 3.8.8

Theorem 3.8.8. Let A be an n x n matrix with distinct eigenvalues
{c1,c2,...,ck} and corresponding eigenvectors {x1, x2, ..., xx} where
(ci, x;) is an eigenpair for A. Then {xi,x2,...,xx} is a set of linearly
independent vectors. That is, eigenvectors associated with distinct
eigenvalues are linearly independent.
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Theorem 3.8.8

Theorem 3.8.8. Let A be an n x n matrix with distinct eigenvalues
{c1,c2,...,ck} and corresponding eigenvectors {x1, x2, ..., xx} where
(ci, x;) is an eigenpair for A. Then {xi,x2,...,xx} is a set of linearly
independent vectors. That is, eigenvectors associated with distinct
eigenvalues are linearly independent.

Proof. Suppose not. ASSUME that {xi, x2,...,xx} is not linearly
independent. Then there is some maximal subset

{yi,y2,.. ., ¥} C{x1,x2,...,xc} which is linearly independent and j < k.
Let the corresponding eigenvalues for the y; be

{pa, p2, o i} C{ers e, 00, k)
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Theorem 3.8.8

Theorem 3.8.8. Let A be an n x n matrix with distinct eigenvalues
{c1,c2,...,ck} and corresponding eigenvectors {x1, x2, ..., xx} where
(ci, x;) is an eigenpair for A. Then {xi,x2,...,xx} is a set of linearly
independent vectors. That is, eigenvectors associated with distinct
eigenvalues are linearly independent.

Proof. Suppose not. ASSUME that {xi, x2,...,xx} is not linearly
independent. Then there is some maximal subset

{yi,y2,.. ., ¥} C{x1,x2,...,xc} which is linearly independent and j < k.
Let the corresponding eigenvalues for the y; be

{p1, po, ..., pj} C{c1,,...,ck}. Then for some element in

{x1,x2,. .., xk} \ {y1, 2, ...y}, say yj+1, we have yj 11 = ZJ,':1 tiy; for

some t; € C (not all t; = 0) since {y1,y2,...,¥j+1} is a linearly dependent
set. Since y;j;+1 is an eigenvector of A, then there is an eigenvalue 141 for
Yj+1 in {c1, ¢, ..., c} and by construction, pj41 is distinct from

M1, 2y« vy fhje

Theory of Matrices e A R L



Theorem 3.8.8 (continued)

Theorem 3.8.8. Let A be an n x n matrix with distinct eigenvalues
{c1,c2,...,ck} and corresponding eigenvectors {x1, x2, ..., xx} where
(ci, x;) is an eigenpair for A. Then {xi,x2,..., Xk} is a set of linearly
independent vectors. That is, eigenvectors associated with distinct
eigenvalues are linearly independent.

Proof (continued). Now Ayj,1 = pj+1yj+1, so we have
0= Ayjt1 — pjr1yi+1 = (A= pjra1Z)yje1 = (A— pjaZ) Y1y tiyi or

J J
0= ti(Ayi — wjaZyi) = Y tilpiyi — pjrayi) = _ tisi — pja)yi-
i=1 i=1 i=1

Theory of Matrices June 28,2020 15 /42



Theorem 3.8.8 (continued)

Theorem 3.8.8. Let A be an n x n matrix with distinct eigenvalues
{c1,c2,...,ck} and corresponding eigenvectors {x1, x2, ..., xx} where
(ci, x;) is an eigenpair for A. Then {xi,x2,..., Xk} is a set of linearly
independent vectors. That is, eigenvectors associated with distinct
eigenvalues are linearly independent.

Proof (continued). Now Ayj,1 = pj+1yj+1, so we have
0= Ayji1 — pjr1yj1 = (A= pir1Z)yj+1 = (A — pj41Z) D0i_, tiyi or
J J J
0= ti(Ayi — wjaZyi) = Y tilpiyi — pjrayi) = _ tisi — pja)yi-
i=1 i=1 i=1
But then the coefficients t;(u; — pj11) for 1 < i < j are not all 0 and so
this gives a dependence relation on {y1,y»,...,y;}, a CONTRADICTION
to the fact that this is a linearly independent set. So the assumption that
{x1,X2,...,xk} is not linearly independent is false and so the set is linearly
independent, as claimed. []
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Theorem 3.8.9

Theorem 3.8.9. For any square matrix A, a Schur factorization exists.
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Theorem 3.8.9

Theorem 3.8.9. For any square matrix A, a Schur factorization exists.

Proof. If Ais 1 x 1, the result is trivial; take @ = [1] and B=A. If A 'is
the zero matrix, then we let @ be an identity matrix of the appropriate
size and left B be a zero matrix (which is, in fact, upper triangular).
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Theorem 3.8.9

Theorem 3.8.9. For any square matrix A, a Schur factorization exists.

Proof. If Ais 1 x 1, the result is trivial; take @ = [1] and B=A. If A 'is
the zero matrix, then we let @ be an identity matrix of the appropriate
size and left B be a zero matrix (which is, in fact, upper triangular).

For n > 1, let (c, v) be an eigenpair of A with eigenvector v normalized.
Form an orthogonal matrix U with v as the first column (this can be done
by taking v followed by the standard basis vectors for R” and the applying
the Gram-Schmidt process; this produces an orthonormal basis of R”
which includes vector v [and one of the vectors will be a linear
combination of the others and will become the zero vector leaving n
nonzero vectors]). Let matrix U, consist of the remaining columns of the
basis so that U = [v | Ua].

Theory of Matrices June 28,2020 16 / 42



Theorem 3.8.9 (continued 1)

Proof (continued). So
[T viAv  vT AU,
or A v =] o e = | o oo

[ vTev TAU2 .
= since Av = cv

UTAU =

| Ul v UJ AU,
[ evlv TAU2 c vIiAU,
= T = T =B (*)
| cUj v UJ AU, 0 Uy AU
since vIv = ||v||2 =1 and v is orthogonal to each column

of U (so the inner product of each column of U, with v is 0

and UsvT isa (n—1) x 1 zero matrix)

where U AU, is an (n — 1) x (n — 1) matrix.

Theory of Matrices June 28,2020 17 / 42



Theorem 3.8.9 (continued 2)

Proof (continued). Since U is orthogonal, by Theorem 3.7.1,

UT = U~1. By Theorem 3.8.2(8), the eigenvalues of UT AU = U1AU
are the same as the eigenvalues of A. If n = 2, then U2TAU2 is a scalar
(well a 1 x 1 matrix) and the two eigenvalues of A must be ¢ and this
scalar (notice that UT AU = B in this case is upper triangular and so the
eigenvalues are the diagonal entries by Theorem 3.8.2(5)). So the result
holds for k x k where k = 2.

Theory of Matrices June 28,2020 18 / 42



Theorem 3.8.9 (continued 2)

Proof (continued). Since U is orthogonal, by Theorem 3.7.1,

UT = U~1. By Theorem 3.8.2(8), the eigenvalues of UT AU = U1AU
are the same as the eigenvalues of A. If n = 2, then U2TAU2 is a scalar
(well a 1 x 1 matrix) and the two eigenvalues of A must be ¢ and this
scalar (notice that UT AU = B in this case is upper triangular and so the
eigenvalues are the diagonal entries by Theorem 3.8.2(5)). So the result
holds for k x k where k = 2.

We now show the result holds by induction. Suppose a Schur factorization
exists for all k x k matrices where k = n— 1. Let A be an n X n matrix
with eigenpair (¢, v) where v is normalized.

Theory of Matrices June 28,2020 18 / 42



Theorem 3.8.9 (continued 2)

Proof (continued). Since U is orthogonal, by Theorem 3.7.1,

UT = U~1. By Theorem 3.8.2(8), the eigenvalues of UT AU = U1AU
are the same as the eigenvalues of A. If n = 2, then U AU, is a scalar
(well a 1 x 1 matrix) and the two eigenvalues of A must be ¢ and this
scalar (notice that UT AU = B in this case is upper triangular and so the
eigenvalues are the diagonal entries by Theorem 3.8.2(5)). So the result
holds for k x k where k = 2.

We now show the result holds by induction. Suppose a Schur factorization
exists for all k X k matrices where k = n— 1. Let A be an n X n matrix
with eigenpair (¢, v) where v is normalized. As discussed above in (x),

T
UTAU = [ S (‘/127//44((]]22 ] where U] AU, is an (n — 1) x (n — 1) matrix.
So by the induction hypothesis there exists (n — 1) x (n — 1) orthogonal
matrix V such that

VT(UJ AU,)V = T where T is upper triangluar. (k)
Theory of Matrices June 28, 2020 18 / 42



Theorem 3.8.9 (continued 3)

10
0V

sa 1 07,7,/1 07 [1 0 ] [10
QQ_[OVT UUlo v|=lo wr|T|oz
by Theorem 3.7.1 (which implies UTU =7 and VWV =1T) and so Q is

orthogonal (by Theorem 3.7.1, again).

Proof (continued). Let Q = U [ } Then

Theory of Matrices June 28,2020 19 / 42



Theorem 3.8.9 (continued 3)

10
0V

s 1 070, 7,/1 0] [1 0 1 [10
QQ_[OVT UUlo v |=lo wr|T|oz
by Theorem 3.7.1 (which implies UTU =7 and VWV =1T) and so Q is

orthogonal (by Theorem 3.7.1, again). Next, let

Proof (continued). Let Q = U [ } Then

T _[1 0 T 10
@RAQ = 0 VT}UAU{O v}
1 0 c vIiAU> N )
o vT]lo UJAL [ [0 V
[ VvIAL 1 0] [c VvIALYV
T lo VIUSJAUL | |0 V| |0 VTUJALV
[ ¢ vTAU,V
= 0 T }—Bby(**).
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Theorem 3.8.9 (continued 4)

Theorem 3.8.9. For any square matrix A, a Schur factorization exists.

Proof (continued). So

0TAQ — [ c vIAU,V } _ B

0 T

Since c is a constant and T is upper triangular, then B is upper triangular
and the result holds for kK = n. Therefore, by Mathematical Induction,
every n X n matrix has a Schur factorization. []
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Theorem 3.8.10

Theorem 3.8.10. Let A be an n x n matrix, let ¢1, ¢, ..., ¢, be (possibly
complex) scalars, and let vq, v, ..., v, be nonzero n-vectors. Let V be an
n x n matrix with ith column v; for 1 < i < n and let

C =diag(c1, ,...,¢n). Then AV = VC if and only if ¢, ¢, ..., ¢, are
eigenvalues of A and v; is an eigenvector of A corresponding to ¢; for
j=12,....n

Theory of Matrices June 28,2020 21 /42



Theorem 3.8.10

Theorem 3.8.10. Let A be an n x n matrix, let ¢1, ¢, ..., ¢, be (possibly
complex) scalars, and let vq, v, ..., v, be nonzero n-vectors. Let V be an
n x n matrix with ith column v; for 1 < i < n and let

C =diag(c1, ,...,¢n). Then AV = VC if and only if ¢, ¢, ..., ¢, are
eigenvalues of A and v; is an eigenvector of A corresponding to ¢; for
j=12,....n

Proof. The jth column of VC = [v1, va, ..., v,|diag(ci, c2,...,¢p) is
¢jvj. The jth column of AV is Av;. So AV = CV if and only if Av; = ¢jv;
for 1 <j < n. Thatis, AV = VC if and only if v; is an eigenvector of A
with corresponding eigenvalue ¢;. O

Theory of Matrices June 28,2020 21 /42



Theorem 3.8.11

Theorem 3.8.11. Diagonalizability Theorem.

Let A be an n x n matrix with distinct eigenvalues ¢, ¢, . .., ¢k with
algebraic multiplicities my, my, ..., my, respectively. Then A is
diagonalizable if and only if rank(A — ¢Z) =n—m; for i =1,2,...,k
(that is, each eigenvalue is semisimple).

Theory of Matrices June 28, 2020
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Theorem 3.8.11

Theorem 3.8.11. Diagonalizability Theorem.

Let A be an n x n matrix with distinct eigenvalues ¢, ¢, . .., ¢k with
algebraic multiplicities my, my, ..., my, respectively. Then A is
diagonalizable if and only if rank(A — ¢Z) =n—m; for i =1,2,...,k
(that is, each eigenvalue is semisimple).

Proof. For sufficiency, suppose that for each i, 1 < i < k, we have
rank(A — ¢;Z) = n — m;. By Theorem 3.5.4,

dim(N(A = ¢Z)) = n—rank(A — ¢;Z) = m;. Now N (A — ¢Z) is the set
of all n-vectors x such that (A — ¢;Z)x = 0. Since dim(N(A — ¢Z)) = m;,
there are m; linearly independent x such that Ax = ¢;Zx = c¢jx (these m;
vectors are a basis for the eigenspace of ¢;).
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Theorem 3.8.11

Theorem 3.8.11. Diagonalizability Theorem.

Let A be an n x n matrix with distinct eigenvalues ¢, ¢, . .., ¢k with
algebraic multiplicities my, my, ..., my, respectively. Then A is
diagonalizable if and only if rank(A — ¢Z) =n—m; for i =1,2,...,k
(that is, each eigenvalue is semisimple).

Proof. For sufficiency, suppose that for each i, 1 < i < k, we have
rank(A — ¢;Z) = n — m;. By Theorem 3.5.4,

dim(N(A = ¢Z)) = n—rank(A — ¢;Z) = m;. Now N (A — ¢Z) is the set
of all n-vectors x such that (A — ¢;Z)x = 0. Since dim(N(A — ¢Z)) = m;,
there are m; linearly independent x such that Ax = ¢;Zx = c¢jx (these m;
vectors are a basis for the eigenspace of ¢;). By Theorem 3.8.8,
eigenvectors associated with distinct eigenvalues are linearly independent.
So there are my + my + - - - + my = n linearly independent eigenvectors for
A. That is, for matrix V with the linearly independent eigenvectors as its
columns, we have rank(V) = n and so V1 exists.
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Theorem 3.8.11 (continued)

Proof (continued). With C a diagonal matrix with cj; as the eigenvalue
associated with eigenvector v;, we have AV = VC by Theorem 3.8.10.
Therefore, A= VCV~1and A'is diagonalizable.
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Theorem 3.8.11 (continued)

Proof (continued). With C a diagonal matrix with cj; as the eigenvalue
associated with eigenvector v;, we have AV = VC by Theorem 3.8.10.
Therefore, A= VCV~1and A'is diagonalizable.

To see the condition is necessary, suppose A is diagonalizable. Then

A = VCV~! for some invertible V and diagonal C. Then AV = VC and
so by Theorem 3.8.10, C = diag(c1, ¢, ..., ¢n) where ¢, ¢, ..., c, are
eigenvalues of A and V has its jth column an eigenvector of A
corresponding to ¢;. Since V is invertible then rank(V) = n and the
eigenvectors in V are linearly independent, with the eigenvalues repeated
in C according to multiplicity. So for 1 </ < k, the diagonal matrix

C — ¢/Z has exactly m; zeros on the diagonal and hence

rank(C — ¢;Z) = n— m;.
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Theorem 3.8.11 (continued)

Proof (continued). With C a diagonal matrix with cj; as the eigenvalue
associated with eigenvector v;, we have AV = VC by Theorem 3.8.10.
Therefore, A= VCV~1and A'is diagonalizable.

To see the condition is necessary, suppose A is diagonalizable. Then

A = VCV~! for some invertible V and diagonal C. Then AV = VC and
so by Theorem 3.8.10, C = diag(c1, ¢, ..., ¢n) where ¢, ¢, ..., c, are
eigenvalues of A and V has its jth column an eigenvector of A
corresponding to ¢;. Since V is invertible then rank(V) = n and the
eigenvectors in V are linearly independent, with the eigenvalues repeated
in C according to multiplicity. So for 1 </ < k, the diagonal matrix

C — ¢/Z has exactly m; zeros on the diagonal and hence

rank(C — ¢;Z) = n — m;. Since V and V! are invertible and so are of full
rank, then by Theorem 3.3.12,

n— m; = rank(C — ¢;Z) = rank(V(C — ¢;Z)V 1)
= rank(VCV ™! — ¢;T) = rank(A — ¢;Z), as claimed. [

0 Theory of Matrices June 28, 2020 23 /42



Theorem 3.8.A

Theorem 3.8.A. A (real) n x n matrix A is orthogonally diagonalizable if
and only if A is symmetric.
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Theorem 3.8.A

Theorem 3.8.A. A (real) n x n matrix A is orthogonally diagonalizable if
and only if A is symmetric.

Proof. First, suppose A is orthogonally diagonalizable. Let C be a

diagonal matrix and Iet Q@ be an orthogonal matrix such that

A QRCQRT = QCQ (QT = @ by Theorem 3.7.1). Then
=(QCRT)T =(QT)TC"QR" = QCQT = A and so A is symmetric.
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Theorem 3.8.A

Theorem 3.8.A. A (real) n x n matrix A is orthogonally diagonalizable if
and only if A is symmetric.

Proof. First, suppose A is orthogonally diagonalizable. Let C be a
diagonal matrix and Iet Q@ be an orthogonal matrix such that
A QCQT = QCR! (QT = Q7! by Theorem 3.7.1). Then
=(QCRT)T =(QT)TC"QR" = QCQT = A and so A is symmetric.
Now suppose A is symmetric. We show that A is orthogonally
diagonalizable using induction. If n =1 then we take Q = [1] and we have
A= QAQT where C = A, so that A is orthogonally diagonalizable. Now
suppose the result holds for all (n — 1) x (n — 1) matrices.

Theory of Matrices e A, R



Theorem 3.8.A

Theorem 3.8.A. A (real) n x n matrix A is orthogonally diagonalizable if
and only if A is symmetric.

Proof. First, suppose A is orthogonally diagonalizable. Let C be a
diagonal matrix and Iet Q@ be an orthogonal matrix such that
A QCQT = QCR! (QT = Q7! by Theorem 3.7.1). Then
=(QCRT)T =(QT)TC"QR" = QCQT = A and so A is symmetric.
Now suppose A is symmetric. We show that A is orthogonally
diagonalizable using induction. If n =1 then we take Q = [1] and we have
A= QAQT where C = A, so that A is orthogonally diagonalizable. Now
suppose the result holds for all (n — 1) x (n — 1) matrices. Since A is real
and symmetric then by Theorem 3.8.7, the eigenvalues of A are real. Let ¢
be some eigenvalue of A. If v is an eigenvector of A associated with ¢ then
det(A — ¢Z) = 0 and since A and c are real then the system of equations
(A= cZ)x =0 (or Ax = cx) has a nontrivial real solution x = v.
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Theorem 3.8.A (continued 1)

Proof (continued). Define vi = v/||v||. Then vy is a real unit
eigenvector of A. Expand the set {v1} to an orthonormal bases of R”,
{v1,v2,..., vp}, which can be done as explained in the proof of Theorem

3.8.9.
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Theorem 3.8.A (continued 1)

Proof (continued). Define vi = v/||v||. Then vy is a real unit
eigenvector of A. Expand the set {v1} to an orthonormal bases of R”,
{v1,v2,..., vp}, which can be done as explained in the proof of Theorem
3.8.9. Form n x n matrix P with ith column v; for 1 <j<n. Then P is
orthogonal so P~t = PT by Theorem 3.7.1.
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Theorem 3.8.A (continued 1)

Proof (continued). Define vi = v/||v||. Then vy is a real unit
eigenvector of A. Expand the set {v1} to an orthonormal bases of R”,
{v1,v2,..., vp}, which can be done as explained in the proof of Theorem
3.8.9. Form n x n matrix P with ith column v; for 1 <j<n. Then P is
orthogonal so P~ = PT by Theorem 3.7.1. Consider P~YAP = PT AP.
This matrix is symmetric because (PTAP)T = PTAT(PT)T = PT AP
(since A is symmetric). The first column of this matrix is

1

PTAP | 0 | =PTAu =P Tcvi =cPTvi=c[vivo -+ vp]Tvp =---
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Theorem 3.8.A (continued 2)

Proof (continued).

Bh o
vlT vlT Vi (vi,v1) 0 0
T T
Vs vy V1 (va, v1) 0 0
- =C . V]. = C . = C . = C =
vnT vnTvl (Vn, v1) O 0

Since P~1AP is symmetric, then its first row must be [c 00 --- 0].
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Theorem 3.8.A (continued 2)

Proof (continued).

(vi,v1)
(v2, v1)

(Vo 1)

=C

1 c
0 0
0Ol—=1]0
0 | | 0

Since P~1AP is symmetric, then its first row must be [c 00 --- 0]. So

we must have a partitioning of the form P"1AP = [

c

0 .
0 B ] where B is

an (n—1) x (n— 1) symmetric matrix. By the induction hypothesis, B is
orthogonally diagonalizable and so B = UDU™! or D = U~'BU = UTBU
for diagonal matrix D and orthogonal matrix U (matrices B, U, D, and

UT are each (n—1) x (n—1)).

Theory of Matrices
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Theorem 3.8.A (continued 3)

1

Proof (continued). For this matrix U, define R = 0 U

thatRlz[l 0 }:[1 0]:RT.

] and notice

0 U1l o u'T
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Theorem 3.8.A (continued 3)

Proof (continued). For this matrix U, define R = [ é 8 ] and notice

that R71 = [ (1) Uo,l } = [ (1) UOT ] = RT. Let Q = PR; notice

QQT = (PR)(PR)T = PRRTPT =T, since P and R are orthogonal, and
so Q is orthogonal. Then

Q'AQ = (R'PHA(PR) = R} (PT'AP)R =R} [ (C) g } R

Lo o ]6 8]0 ol=6 v% |0 v]
=15 visu] =6 o)
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Theorem 3.8.A

Theorem 3.8.A (continued 4)

Theorem 3.8.A. A (real) n x n matrix A is orthogonally diagonalizable if
and only if A is symmetric.

Proof (continued). ...where Q is orthogonal and C is diagonal; that is,
A is orthogonally diagonalizable and the result holds for n x n matrices.
Therefore, by Mathematical Induction, the result holds for all square
matrices. ]
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Theorem 3.8.12

Theorem 3.8.12. If Ais an n x n diagonalizable matrix where
A = VCV~! for diagonal C, then

(1) there are n linearly independent eigenvectors of A,

(2) the number of nonzero eigenvalues of A is equal to rank(A).
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Theorem 3.8.12

Theorem 3.8.12. If Ais an n x n diagonalizable matrix where
A = VCV~! for diagonal C, then

(1) there are n linearly independent eigenvectors of A,

(2) the number of nonzero eigenvalues of A is equal to rank(A).

Proof. (1) Since A= VCV~! then AV = VC and so by Theorem 3.8.10
the ith column of V is v; where v; is an eigenvector of ¢; where

C = diag(c1, 2, ..., ¢p). Since V is invertible then V is full rank n (see
the definition of inverse matrix in Section 3.3) and so the dimension of the
column space of V is n and hence the n columns of V are linearly
independent.
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Theorem 3.8.12

Theorem 3.8.12. If Ais an n x n diagonalizable matrix where
A = VCV~! for diagonal C, then

(1) there are n linearly independent eigenvectors of A,

(2) the number of nonzero eigenvalues of A is equal to rank(A).

Proof. (1) Since A= VCV~! then AV = VC and so by Theorem 3.8.10
the ith column of V is v; where v; is an eigenvector of ¢; where

C = diag(c1, 2, ..., ¢p). Since V is invertible then V is full rank n (see
the definition of inverse matrix in Section 3.3) and so the dimension of the
column space of V is n and hence the n columns of V are linearly
independent.

(2) Since V is invertible then it is full rank n and so by Theorem 3.3.9,
there are matrices P and @, products of elementary matrices, such that
PVQ = I.
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Theorem 3.8.12 (continued)

Theorem 3.8.12. If Ais an n x n diagonalizable matrix where
A = VCV~! for diagonal C, then
(1) there are n linearly independent eigenvectors of A,

(2) the number of nonzero eigenvalues of A is equal to rank(A).

Proof. Now each elementary matrix is invertible (in the notation of
Section 3.2, see the note after Theorem 3.2.3, E,.t = Epq, Et = E(1/6)p,
and Eps(l7 Ep(—s)q) so a product of elementary matrlces is invertible and
hence @1 exists so that PV = Q! and similarly V = P~1Q~. [We

have shown that an invertible matrix is a product of elementary matrices.]
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Theorem 3.8.12 (continued)

Theorem 3.8.12. If Ais an n x n diagonalizable matrix where
A = VCV~! for diagonal C, then

(1) there are n linearly independent eigenvectors of A,

(2) the number of nonzero eigenvalues of A is equal to rank(A).

Proof. Now each elementary matrix is invertible (in the notation of
Section 3.2, see the note after Theorem 3.2.3, E,.t = Epq, Et = E(1/6)p,
and Ep_sé = E,(_s)q) 50 a product of elementary matrices is invertible and
hence @1 exists so that PV = Q! and similarly V = P~1Q~. [We
have shown that an invertible matrix is a product of elementary matrices.]
That is, both V and V™1 are products of elementary matrices, so by
Theorem 3.3.3, rank(A) = rank(VCV~1) = rank(C). Since

C = diag(cy, ¢, - . ., cp) then the ith column of C is c;e; where ¢; is the
ith standard basis vector of R". So rank(C) is the number of nonzero ¢;e;,
which is the number of nonzero eigenvalues of C. O
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Theorem 3.8.13

Theorem 3.8.13. If A is a symmetric matrix where (c, v) is an eigenpair
for A with vTv = ||v||?> = 1, then for any k € N we have
(A—cw )k = Ak — ckw T,
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Theorem 3.8.13

Theorem 3.8.13. If Ais a symmetric matrix where (c, v) is an eigenpair
for A with vTv = ||v\|2 =1, then for any k € N we have

(A—cw )k = Ak — ¢ va

Proof. We prove the result by induction. Of course it holds for kK = 1.

Suppose the result holds for k — 1 so that
(A—cw k=l = A= _ k=1 T
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Theorem 3.8.13

Theorem 3.8.13. If Ais a symmetric matrix where (c, v) is an eigenpair
for A with vTv = ||v\|2 =1, then for any k € N we have

(A—cw )k = Ak — ¢ va

Proof. We prove the result by induction. Of course it holds for kK = 1.
Suppose the result holds for k — 1 so that

(A—cw k=l = A= _ ck=1yy T Then
(A-—cw)k = (At T)A—cwT)
= At TA— AT T Lk Tw T
= A KT A - c(Fv)vT 4 cFw T since
Ak-1 AR2(cv) = c(AF2v) = ... = K1y

= Ak _ k- 1vaA ckwT + ckwT

v=
c
= A Fy(ATV)T = Ak — K Ly(AV) T since AT = A
= Ak ly(evT) = AK - ckw T,

So the result holds for k and the result follows by Math Induction. O
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Theorem 3.8.14

Theorem 3.8.14. Any real symmetric matrix is positive definite if and
only if all of its eigenvalues are positive. Any real symmetric matrix is
nonnegative definite if and only if all of its eigenvalues are nonnegative.
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Theorem 3.8.14

Theorem 3.8.14. Any real symmetric matrix is positive definite if and
only if all of its eigenvalues are positive. Any real symmetric matrix is
nonnegative definite if and only if all of its eigenvalues are nonnegative.

Proof. By Theorem 3.8.A, A is orthogonally diagonalizable so
A= VCV~1 = VCVT where V is orthogonal (so V=1 = VT). So for any
x € R" (where A is n x n) we have

xTAx = XT(VCVT)X = (XTV)C(VTX) =y’ Cy

where y = VTx.
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Theorem 3.8.14

Theorem 3.8.14. Any real symmetric matrix is positive definite if and
only if all of its eigenvalues are positive. Any real symmetric matrix is
nonnegative definite if and only if all of its eigenvalues are nonnegative.

Proof. By Theorem 3.8.A, A is orthogonally diagonalizable so
A= VCV~1 = VCVT where V is orthogonal (so V=1 = VT). So for any
x € R" (where A is n x n) we have

xTAx = XT(VCVT)X = (XTV)C(VTX) =y’ Cy

where y = VTx. So, for x £ 0, xTAx >0 (notice xTAxis1x1:itisa
quadratic form), that is, A is positive definite (by definition), if and only if
yTCy > 0. Now with the entries of y as y; for i =1,2,...,n, we have
yTCy =" ,(yi)?ci. So if each ¢; > 0 then y " Cy > 0 and hence A is
positive definite.
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Theorem 3.8.14

Theorem 3.8.14 (continued)

Theorem 3.8.14. Any real symmetric matrix is positive definite if and
only if all of its eigenvalues are positive. Any real symmetric matrix is

nonnegative definite if and only if all of its eigenvalues are nonnegative.

Proof (continued). By choosing y as the ith standard basis vector for R”

(or equivalently by choosing x = Vly where y is the jth standard basis
vector for R™), we have y " Cy = ¢;. So if A is positive definite then
xTAx = yTCy = ¢; > 0 and so each eigenvalue ¢; > 0.

Theory of Matrices June 28, 2020
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Theorem 3.8.14 (continued)

Theorem 3.8.14. Any real symmetric matrix is positive definite if and
only if all of its eigenvalues are positive. Any real symmetric matrix is
nonnegative definite if and only if all of its eigenvalues are nonnegative.

Proof (continued). By choosing y as the ith standard basis vector for R”
(or equivalently by choosing x = Vly where y is the jth standard basis
vector for R™), we have y " Cy = ¢;. So if A is positive definite then

xTAx = yTCy = ¢; > 0 and so each eigenvalue ¢; > 0. The proof for
nonnegative definite is similar. Ol

Theory of Matrices June 28,2020 33 /42



Theorem 3.8.15

Theorem 3.8.15.

(1) If symmetric matrix A is positive definite then there is
nonsingular P such that PTAP = I.

(2) If symmetric matrix A is nonnegative definite and
A= VCVT where V is orthogonal (such V exists by
Theorem 3.8.A) and C = diag(ci, ¢, .. ., ¢p) where the
eigenvalues of A are c1, ¢, ..., ¢y Then there is diagonal
nonnegative definite matrix S such that (VSVT)? = A.
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Theorem 3.8.15

Theorem 3.8.15.

(1) If symmetric matrix A is positive definite then there is
nonsingular P such that PTAP = I.

(2) If symmetric matrix A is nonnegative definite and
A= VCVT where V is orthogonal (such V exists by
Theorem 3.8.A) and C = diag(ci, ¢, .. ., ¢p) where the
eigenvalues of A are c1, ¢, ..., ¢y Then there is diagonal
nonnegative definite matrix S such that (VSVT)? = A.

Proof. (1) By Theorem 3.8.A, A= VCVT for orthogonal V where
C = diag(cy, ¢, ..., cp) and the eigenvalues of A are ¢1, ¢y, ..., c,. Since
A is positive definite, by Theorem 3.8.14 each ¢; > 0. Define

S =diag(\/c1, /25 - - -, \/Cn).
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Theorem 3.8.15

Theorem 3.8.15.

(1) If symmetric matrix A is positive definite then there is
nonsingular P such that PTAP = I.

(2) If symmetric matrix A is nonnegative definite and
A= VCVT where V is orthogonal (such V exists by
Theorem 3.8.A) and C = diag(ci, ¢, .. ., ¢p) where the
eigenvalues of A are c1, ¢, ..., ¢y Then there is diagonal
nonnegative definite matrix S such that (VSVT)? = A.

Proof. (1) By Theorem 3.8.A, A= VCVT for orthogonal V where
C = diag(cy, ¢, ..., cp) and the eigenvalues of A are ¢1, ¢y, ..., c,. Since
A is positive definite, by Theorem 3.8.14 each ¢; > 0. Define
= diag(\/C1, /2 - - -1 1/Cn). Then 52 = C and so
— VSPVUT — VSSYT = VsSTYT — VS(VS)T. Now V is orthogonal
and the ith column of VS is \/c; times the ith column of V (where
¢i > 0), so the columns of VS are linearly independent and VS is full rank

and hence (by definition) invertible.
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Theorem 3.8.15 (continued)

Theorem 3.8.15.

(1) If symmetric matrix A is positive definite then there is
nonsingular P such that PTAP = I.

(2) If symmetric matrix A is nonnegative definite and
A= VCVT where V is orthogonal (such V exists by
Theorem 3.8.A) and C = diag(ci, ¢, .. ., ¢p) where the
eigenvalues of A are c1, ¢, ..., ¢y Then there is diagonal
nonnegative definite matrix S such that (VSVT)? = A.
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Theorem 3.8.15 (continued)

Theorem 3.8.15.
(1) If symmetric matrix A is positive definite then there is
nonsingular P such that PTAP = I.
(2) If symmetric matrix A is nonnegative definite and
A= VCVT where V is orthogonal (such V exists by
Theorem 3.8.A) and C = diag(ci, ¢, .. ., ¢p) where the
eigenvalues of A are c1, ¢, ..., ¢y Then there is diagonal
nonnegative definite matrix S such that (VSVT)? = A.
Proof (continued). (1) So (VS)*A((VS)T)™t = (VS)tA((VS)~1)T
by Theorem 3.3.7. With P = ((VS)™1)T, the claim follows.
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Theorem 3.8.15 (continued)

Theorem 3.8.15.
(1) If symmetric matrix A is positive definite then there is
nonsingular P such that PTAP = I.
(2) If symmetric matrix A is nonnegative definite and
A= VCVT where V is orthogonal (such V exists by
Theorem 3.8.A) and C = diag(ci, ¢, .. ., ¢p) where the
eigenvalues of A are c1, ¢, ..., ¢y Then there is diagonal
nonnegative definite matrix S such that (VSVT)? = A.
Proof (continued). (1) So (VS)*A((VS)T)™t = (VS)tA((VS)~1)T
by Theorem 3.3.7. With P = ((VS)™1)T, the claim follows.
(2) Similar to the proof of part (1), we take S = diag(+/c1, /2, - - -, \/Cn).
Then S is diagonal with nonnegative eigenvalues /c1, /¢, ...,+/c; and
so S is nonnegative definite by Theorem 3.8.14. Also S? = C and so

(since V is orthogonal and V! = VT):
A=VvCvT =vs2vT = vsisvT = vsvTvsvT =(vsvTy2. O
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Theorem 3.8.16

Theorem 3.8.16. Let A be an n X m matrix. Then there exists a singular
value decomposition of A.
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Theorem 3.8.16

Theorem 3.8.16. Let A be an n X m matrix. Then there exists a singular
value decomposition of A.

Proof. First, matrix AT Ais a m x m symmetric matrix which is
nonnegative definite by Theorem 3.3.14(2) and so by Theorem 3.8.14 the
eigenvalues of AT A are nonnegative. By Theorem 3.8.A, AT A is
orthogonally diagonalizable so there is m x m orthogonal @ such that
ATA = QCQT where C = diag(c1, 2, ..., cn) where

€1 > ¢ > > ¢y > 0 are the eigenvalues of ATA.
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Theorem 3.8.16

Theorem 3.8.16. Let A be an n X m matrix. Then there exists a singular
value decomposition of A.

Proof. First, matrix AT Ais a m x m symmetric matrix which is
nonnegative definite by Theorem 3.3.14(2) and so by Theorem 3.8.14 the
eigenvalues of AT A are nonnegative. By Theorem 3.8.A, AT A is
orthogonally diagonalizable so there is m x m orthogonal @ such that
ATA = QCQT where C = diag(c1, 2, ..., cn) where

c1> ¢ >+ > ¢y, > 0 are the eigenvalues of ATA. Let r = rank(A). By
Theorem 3.3.14(6), rank(AT A) = r and by Theorem 3.8.12, r is the
number of nonzero eigenvalues of AT A. Define the r x r diagonal matrix
of rank r, Dy = diag(\/c1,v/2,--.,/Cr). Since Dy is full rank then Dfl
exists.
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Theorem 3.8.16 (continued 1)

Proof (continued). Partition Q as Q = [Q1 Q2] where Q1 is m x r. Now
define n x r matrix Py as P; = AQDl_1 and let P be any nx (n—r)
matrix such that P/ P, = 0 (where 0 is the r x (n — r) zero matrix; one
such choice for P, is the n x (n — r) zero matrix but we make a particular
choice of P, later). Create n x n matrix P as P = [P; P»].
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Theorem 3.8.16 (continued 1)

Proof (continued). Partition Q as Q = [Q1 Q2] where Q1 is m x r. Now
define n x r matrix Py as P; = AQDl_1 and let P be any nx (n—r)
matrix such that P/ P, = 0 (where 0 is the r x (n — r) zero matrix; one
such choice for P, is the n x (n — r) zero matrix but we make a particular
choice of P, later). Create n x n matrix P as P = [P; P»].

2
Notice that ATA = QCQT implies QTATAQ = C = [ Dol 8 ] . Also

TaTan | Q] 47 [ QTATAQ QT ATAQ,
QRIATAQ = [ QlT]A Al Q2] = [ QT AT AQ; Q;TATAQz]

where Q] ATAQy is r x r.
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Theorem 3.8.16 (continued 1)

Proof (continued). Partition Q as Q = [Q1 Q2] where Q1 is m x r. Now
define n x r matrix Py as P; = AQDl_1 and let P be any nx (n—r)
matrix such that P/ P, = 0 (where 0 is the r x (n — r) zero matrix; one
such choice for P, is the n x (n — r) zero matrix but we make a particular
choice of P, later). Create n x n matrix P as P = [P; P»].
D? 0

Notice that ATA = QCQT implies QTATAQ = C = [ 0 0o

] . Also
Q/
QQT
where Q] ATAQy is r x r. So QT ATAQ, = D? and

QJATAQg = (AQ2)"AQ> = 0. The second equation implies AQ> = 0 by

Theorem 3.3.14(1). Now P; = AQ;D; ! by definition, so
P/ = D;*Q AT and hence Q] AT = D1P] or AQy = P1D;.

Theory of Matrices June 28,2020 37 /42

QIATAQ QFATAQ, ]

TAT A — T =
QTATAQ = [ ]A AlQr @] = [ QJATAQ: QJATAQ,



Theorem 3.8.16 (continued 2)

Proof (continued). So

PTAQ

Pl [ PTAQL P]AQ,

o |ae o= B0 A%
[ (D7*QTAT)AQ P (0)
PJ (P1D) P (0)

}smcePf::DlleAT,
AQ1 = P,Dy, and AQs =0

DYYD?) 0] .
(PfPi)%l 0 ] since QI ATAQ: = D
b,

0 8 ] since P P, = 0. (%)

Notice that PTAQ is an n X m matrix.
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Theorem 3.8.16 (continued 2)

Proof (continued) So

T T
PTAQ = Pl }A[Ql Q] = [ PLAQ Py AQs }

[ ( 1 T1QTAT)AQ, P (0) } - T —1AT AT
= since P, =D Al
 PI(PDy)  Pf(o) | P T O
AQl = P1D1, and AQQ =0

DYYD?) 0] .
- (PfPi)%l o] since QI ATAQ: =
b,

— 0 8] since P/ P, =0. (%)

Notice that PTAQ is an n x m matrix. Now
P/ P = (DleIAT)(Dle{AT)T since P = 71QTAT
=D 'QI ATAQID; ! = Dy DED; ! (since Q ATAQL = D) =1,
Ty & e June 28,2020 38 42



Theorem 3.8.16 (continued 3)

Proof (continued). ...so by Theorem 3.7.1, P; is orthogonal. By
Theorem 3.5.4, dim(N'(P])) = n — rank(P] ). By Theorem 3.3.14(6),
rank(P;/ P1) = rank(P;) and by Theorem 3.3.2, rank(P;) = rank(P]). So
rank(P; ) = rank(P{ P1) = rank(Z,) = r. Hence

dim(WNV(P{)) = n—rank(P]/)=n—r.
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Theorem 3.8.16 (continued 3)

Proof (continued). ...so by Theorem 3.7.1, P; is orthogonal. By
Theorem 3.5.4, dim(N'(P])) = n — rank(P] ). By Theorem 3.3.14(6),
rank(P;/ P1) = rank(P;) and by Theorem 3.3.2, rank(P;) = rank(P]). So
rank(P; ) = rank(P{ P1) = rank(Z,) = r. Hence
dim(N'(P])) = n—rank(P{) = n—r. Let P, be any n x (n — r) matrix
whose columns form an orthonormal basis of N(P{"). Then P/ P, =0 as
required above and P2TP2 = Ip—, since P; is orthogonal (Theorem 3.7.1).
So

5 | P [ PP PPl [Z, O _

R u e R

and P is orthogonal (Theorem 3.7.1).
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Theorem 3.8.16 (continued 3)

Proof (continued). ...so by Theorem 3.7.1, P; is orthogonal. By
Theorem 3.5.4, dim(N'(P])) = n — rank(P] ). By Theorem 3.3.14(6),
rank(P;/ P1) = rank(P;) and by Theorem 3.3.2, rank(P;) = rank(P]). So
rank(P; ) = rank(P{ P1) = rank(Z,) = r. Hence
dim(N'(P])) = n—rank(P{) = n—r. Let P, be any n x (n — r) matrix
whose columns form an orthonormal basis of N(P{"). Then P/ P, =0 as
required above and P2TP2 = Ip—, since P; is orthogonal (Theorem 3.7.1).
So

5 | P [ PP PPl [Z, O _

R u e R

and P is orthogonal (Theorem 3.7.1). By (x), PTAQ = [ %1 8 ] =D,

or A= PDQ'" where Pisan nxn orthogonal matrix and @ is an m x m
orthogonal matrix. With U = P and V = Q, we see that A has a singular
value decomposition, as claimed. []
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Theorem 3.8.17

Theorem 3.8.17. Let A be an n X m matrix with spectral decomposition

1 ifi=j
A=UDVT =30 diujv]". Then (upv]T, ujv") = { 0 it and
d; = (A, u;v). That is, the spectral decomposition is a Fourier expansion
of A.
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Theorem 3.8.17

Theorem 3.8.17. Let A be an n X m matrix with spectral decomposition
1 ifi=y

A=UDVT =30 diujv]". Then (upv]T, ujv") = { 0 it and

di = (A, u,-v,-T>. That is, the spectral decomposition is a Fourier expansion

of A.

Proof. Recall for matrices, (A, B) = > 7, a bk = > 7_1{ax, bk) (see

1k
k

o~

u:v;

Section 3.2), and the kth column of u;v;” is " | where we use

uf'vf
superscripts to indicate entries in a column vector. Notice that u;v,-T is
n x m and so has m columns, each of length n.
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Theorem 3.8.17 (continued 1)

Proof (continued). So

<UiViT> UiViT> = <[Ui1V;k, Ui2Vik> cee U,nVik]T, [UilV;ka U,?Vika cey Uy

(Wb + (k) + -+ (v
= ((UF? + @2+ + )?) Do) = Pl = 1.
k=1

June 28, 2020
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Theorem 3.8.17 (continued 1)

Proof (continued). So
2k n k1T

m
<UiViT> UiViT> = Z<[”ilvik? Ui2Vik> Sy U,nVik]T, [UilV;ka UFVis e uf v )
k=

- Em: <(”1Vik)2 + (U 4+ (UFVik)2>

k=1
m
= (P + (@) + -+ (@)?) D (v = il Pvil)? = 1.
k=1
Next
m
(ujv;", ujvJ-T) = Z([u,-lv,-k7 TRV L [ujlvjk, uj2vjk, e ujf’vjk]T>
k=1
m
= Z (u,-lv,-kujlvjk + u,-zv,-kufvjk + et uf’v,-kuj’vjk>
k=1
June 28, 2020 41 / 42
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Theorem 3.8.17 (continued 2)

Theorem 3.8.17. Let A be an n X m matrix with spectral decomposition

1 ifi=y
A=UDVT =30 diujv]”. Then (upv]T, ujv") = { 0 it and
di = (A, u,-v,-T>. That is, the spectral decomposition is a Fourier expansion
of A.

Proof (continued). ...
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Theorem 3.8.17 (continued 2)

Theorem 3.8.17. Let A be an n X m matrix with spectral decomposition

1 ifi=y
A=UDVT =30 diujv]”. Then (upv]T, ujv") = { 0 it
di = (A, u,-v,-T>. That is, the spectral decomposition is a Fourier expansion
of A.

and

Proof (continued). ...

The proof that d; = (A, u;v;") is left as a Exercise 3.8.D. O
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