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Theorem 5.3.1 (continued 1)

Proof (continued). Now qq’ =

X1X1 X1X2 T X1Xk—1 X1Yk X1Xk+1
X2X1 X2X2 s XoXk—1 X2 Yk X2 Xk+1
Xk—1X1 Xk—1X2 - Xk—1Xk—1 Xk—1Yk Xk—1Xk+1
YkX1 YkX2 s YkXk—1 YkYk YiXk+1
Xk41X1 Xep1X2 o0 Xep1Xk—1 Xk4+1Yk  Xk4+1Xk+1
XnX1 XnX2 T XnXk—1 XnYk XnXk+1
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Theorem 5.3.1

Theorem 5.3.1. For nonzero x = [x1, x2,...,X,]" € R", define
q= [X1>X2> ce s Xk—1, Xk + Sgn(Xk)||X||2?Xk+1a s aXn]T
and let u = q/||q||2. Then H =/ —2uu" maps x to Hx = X where all
entries of X are 0 except for the kth entry (when x, # 0).
Proof. First, notice that
1gl3 = ¢ + 54 + -+ xig_1 + (xi + 2xsgn(xc)l[x]]2 + sgn (i) [1x]3)

Fxiegr oo xa = (X132l xll2 + [1x[13 = 2[Ix[l2(]Ix[|2 + [xl)-

Notice that the (i, /) entry of gq” is
XiX; fori£k+#j
(xk +sgn(xi)||x|l2)x; for i=k,j#k

xi(xk + sgn(xx)||x||2) fori# k,j=k
(xk + sgn(xk)Hng)2 fori=j =k

qiq; =

Let yi = xx + sgn(xx)||x]|2.

Theorem 5.3.1 (continued 2)

Proof (continued). ...and gq”x =
[ X X xaxg s ] x|Ix[3 — xox(a — yi) ]
X0 DSg_1 X[ — XoX XYk Xk x2||x|13 — xoxk (xk — y)
Xk—1 D gy Xf — Xk—1XE + Xk—1YkXk | X1 1113 — xk—1xk (xk — yx)
Vi Do0-1 X5 — YiX T VX Yillx[13 — yixk (e — yi)
Xkt1 et Xp — Xk41Xp + Xk-+1YkXk X1 ]1x|13 = X3k (xk — yi)
n 2 _' 2 2 _ ' —
Xn D=1 % — XnXg Txnyixk ] L Xallx[15 = xexac(xk — yi)
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Theorem 5.3.1 (continued 3)

Proof (continued). ...and since yx = xx + sgn(xx)l/x||2 then
X (ke = yie) = xic(—sgn(xi)lIx[|2) = — x|l x[|2 and

X1||XH§ + x x| x |2
x2 || x[5 + xa|xi|[[ x]|2

i3 4 -1 el [1x] |2

T
qq X =
kaXHg + il x]]2
Xe1[1x115 + Xt x| [[ x[]2
Xnl|X[15 + xalxi[|x[|2
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Theorem 5.3.1 (continued 5)

Proof (continued). ...

=1[0,0,..,0,2|[x[|2(llxl2+[xk[)xk —2yx I XI5 —2yx xc [ X]|2, 0, .., O] /[l 13
=1[0,0,...,0,2/|x[l2(llxl2+bxil }xic = 2l xl2yx(lIx]|2 4 xc]). 0, ..., O] T /[ a3

= 0.0, 0, 2] x[l2(Ix[l2 + [xk[)(xk = v). 0,0 /lqll3

= 00,0, 2] x|l2(lIxl|2 + [xk|)(—sgn(xx)lIx]2), 0, - ., 0] /[l g3

since xk — yk = —sgn(xk)|[x[|2

[07 0,...,0, 2”X”2(”X”2 + ‘Xk’)(_sgn(xk)”XHZ)’ 0,... ﬂO]T
2[|xl2(11xl2 + [xkl)

since g3 = 2[|x[|2(]Ix]|2 + [xk|)

= [0,0,...,0, —sgn(x)||x[|2,0,...,0]".

So the result holds. O
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Theorem 5.3.1 (continued 4)

Proof (continued). Since ||q||3 = 2||x||2(]|x||2 + [x]) then
(I = 2uuT)x = (I = 2997 /|lql3)x = (lqll3! — 2997 )x/ql3 =

2||x[[2(l1xll2 + |xi|)xa = 2><1||><||§ = 2xa il l|x[|2
2||x[l2(lIxll2 + |xi|)x2 = 2x2llx|lz = 2x2|xil|x[l2

1| 2lixll2(]lx]]2 + b )x—1 = 2x—1[1x][5 = 2x—1 ]3] [1x]]2
lql3 2[|xll2([lxMl2 + |xic)xie — QYkHXll%; 2y x| [ 1|2
2[|xl2(l1xll2 + Ixicl)Xie41 = 2xigalIx[12 = 2 x| 2

2|[x[l2(1Ix[l2 + [k }xn — 2xallx[13 — 2xalxil [ x]]2
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