Theory of Matrices

Chapter 5. Matrix Transformations and Factorizations
5.3. Householder Transformations (Reflections)—Proofs of Theorems

Springer Texts in Statistics

James E. Gentle

Matrix Algebra

a Springer

Theory of Matrices 1), E

1/8



R —
Table of contents

© Theorem 5.3.1

Theory of Matrices July3,2020 2/8



Theorem 5.3.1

Theorem 5.3.1. For nonzero x = [x1, x2,...,x,] " € R", define
G =[xt X2, + o s Xk—1, Xk + 58N () |12, Xk 15+ - Xn) T

and let u = q/||q||2. Then H =/ —2uu maps x to Hx = X where all
entries of X are 0 except for the kth entry (when xx # 0).
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Theorem 5.3.1

Theorem 5.3.1. For nonzero x = [x1, x2,...,x,] " € R", define
G =[xt X2, + o s Xk—1, Xk + 58N () |12, Xk 15+ - Xn) T

and let u = q/||q||2. Then H =/ —2uu maps x to Hx = X where all
entries of X are 0 except for the kth entry (when xx # 0).

Proof. First, notice that
Iqll3 = 57 + 53 + -+ + xg_1 + (x¢ + 2xusgn(xi) [ x]|2 + sgn(xx)?[|x]13)

i +oxg = [IxN3 A+ 2Dl Ixl2 + X113 = 2lixl20x12 + [xel)-
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Theorem 5.3.1

Theorem 5.3.1. For nonzero x = [x1, x2,...,x,] " € R", define
g = [x1, %, ..., xk—1, Xk + sgn(xi)[|x[|2, X1, - - xa] "
and let u = q/||q||2. Then H =/ —2uu maps x to Hx = X where all
entries of X are 0 except for the kth entry (when xx # 0).
Proof. First, notice that
Iqll3 = ¢ + x5 + - - + xi_1 + (<& + 2xsgn(xi)l|x||2 + sgn(xi)?[1x]3)

gy o xa = [IXIB A+ 2Dl xll2 + [1x113 = 2lIxll2]Ix 112 + [x«])-

Notice that the (i, ) entry of qq is
XiX; fori£k+#j
(xic + sgn(xi)l|xl[2)x;  for i = k,j # k

xi(xx + sgn(xk)||x|l2) fori+# k,j =k
(xk + sgn(xk)||x|]2)2 fori=j=k.

qiq; =

Let yx = xi + sgn(xk)||x||2.
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Theorem 5.3.1 (continued 1)

Proof (continued). Now qq’ =

X1X1 X1X2 e X1Xk—1 X1 Yk X1Xk+1 e X1Xn
X2X1 X2X2 s X2 Xk—1 X2 Yk X2 Xk+41 s X2Xn
Xk—1X1 Xk—1X2 - Xk—1Xk—1 Xk—1Yk Xk—1Xk4+1 - Xk—1Xn
YkX1 YkX2 s YkXk—1 YkYk YkXk41 s YkXn
Xk+1X1 Xk+1X2 = X1 Xk—1  Xk+1Yk Xk+1Xk+1 - Xk+1Xn
XnX1 XnX2 tee XnXk—1 XnYk XnXk+1 ce XnXn
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Theorem 5.3.1 (continued 2)

Proof (continued). ...and qq" x =
[ X1 22:1 Xzz - XlX/% + X1YkXk ] [ X1||X||% —xixk(xk — yk) |
X2 22:1 Xe2 - X2X1% + X2YkXk XszHg — x2Xk (XK — Yk)
Xk-1Dg=1 Xp = Xk-1XG + Xk—1yexi | | xeeallxl3 = xe—wx O — yio)
Vi Xo0—1 XF — YiXi + VX« viellx[13 — yax(xk — yk)
Xkl Dope1 X — Xk+1Xp + Xkt 1Y kXK X1 |IX115 — g1 xu (X — i)
n 2 7. 2 2 _ - _
Xn 23:1 Xy XnX| + XnYKXk | L Xn||X||2 XnXk(Xk _)/k)
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Theorem 5.3.1 (continued 3)

Proof (continued). ...and since yx = xx + sgn(xx)||x||2 then
Xk (ke = yie) = xic(=sgn(xi) [ x]|2) = —[xkll|x[|2 and

qq" x =

X1||X||§ + x1|xi ||| |2
x2||x]|5 + xa|xk || x]|2

Xe—1|x13 + X1 |xic][| x]]2
)/kIIXIl% + Vi3 [ x|2
Xkt |[xN15 4 i x| [ |2

Xnl| X112 + Xl [1x]12
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Theorem 5.3.1 (continued 4)

Proof (continued). Since ||q||3 = 2||x|l2(||x|l2 + |xk|) then
(1 —2uuT)x = (I = 249" /|| ql3)x = (lql3/ — 2997)x/llq]l3 =

2| xll2([lx1l2 + x> = 2X1HXH§ = 2xa x| [[ x|
2[|x[l2(lixll2 + Pxil)x2 = 2x2Ix[l5 = 2x2 [k [|x[|2

2|Ix|2(]1x|2 + [xi)xk—1 — 2x—1 |13 — 2xs—1 | x| l|x]|2
lqll3 2|Ixl2(11x[12 + [xk])xx — 2YkHXH§2— 2yl x| x |2
2|Ix[[2(]Ixl2 + Xk D)Xkt1 — 2xk41 X115 = 2xkr1[xkc ||| x]]2

20x[l2(1Ix[l2 + [ }xn — 2xallx[13 — 2xnlxi 1 x]]2
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Theorem 5.3.1 (continued 5)

Proof (continued). ...

=1[0,0,..,0,2/|x[l2(llxla+xi )xk =2yl XI5 =2y xel I X112, 0, - .., O] /[l 13

=1[0.0,...,0,2[xl2(|Ixl2+xk|)x — 2l xll2yk(Ix[|2+xi]). 0, ..., 0] /][ al]3
= 0.0, 0,2lxlla(llxllz + [xe) (6 — i), 0. -, 01 /g3
— 0.0, 0,2 xll2(xll2 + xe)(~sen(x)x[12).0, .., O] /gl
since xx — ykx = —sgn(xk)|Ix]|2
[0,0,...,0, 2 xlla(lIxll2 + xe[)(~sgn(x0)lIx]2), 0, ..., 0]
2[|x[l2(lIxl2 + 1x«l)
since [|q[12 = 2[lxl2(lIx]l2 + |xl)
= [0,0,...,0, —sgn(x)||x[[2,0,...,0]".

So the result holds. ]

Theory of Matrices E R



	Theorem 5.3.1

