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Section 4.4. Multiparameter Likelihood Functions

Note. Consider a discrete probability space (Y, p) so that Y is finite or countable
and p : Y — [0,1] with the property that >° ., p(y) = 1. For a “sample” y =
(Y1, Y2, - - -, Yn), where each y; € Y, the likelihood function is L(y) = [[i_; p(v:).
The log likelihood function is

{(y) = log(L(y)) = log (Hp(yi)) - Zlog(p(yi))

Note. Gentle states that “if the distribution is the d-variate normal distribution
with mean d-vector p and d X d positive definite variance-covariance matrix X"
(page 163) then the likelihood function is

= -1 Tx—1
(2m)72det(D)12)n P (7 z_:(y — ) ISy — u)) .

So this gives the log likelihood function

U, X5y) = log ((27T)’”‘d/zclet(ﬁ)”/2 exp (71 > wi— Sy - u)))

1=1

Lp, X5y) =

—nd 1

= —~log(2m) — 3 2 log(det()) — = Z(y — ) 'S Y — ).

Now a quadratic form 27 Az is a scalar (or a 1 x ¢ matrix), so 27 Az = tr(X7T Ax).

By Exercise 3.2.E, tr(AB) = tr(BA) so 2T Az = tr(zT Az) = trAzzT). This implies

(i — 1) X7 (i — ) = (5" (s — ) (i — 1)),

So we can rewrite the log likelihood function as

(i Biy) =c—35 = log(det (X)) = ( 12 )
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where ¢ = (—nd/2)log(2m). As seen in Section 2.3, ||z||? = ||Z||* + ||z — Z||?, so

with x = y — u we have

n

[z]]* = [ly —pll> =y — p.y — p) =Z(yi—u)(yi—u)T

= |Z)P+llz—z>=7g—pl*+ |y —n) — @— )
= [[g—ulP + vy — 7l
= G-—wW@-—p"+ Z(yz — Ny — 7))t

So we can also write

(. Siy) = o= 5 log(det(T))
—%tr (El ((? — 1) (¥ — M)T =+ Z(yz — )i — ?)T>)

= c— glog(det(E)) — %tr (El ;(yz — )Y — ?)T>

(2 G~ )T~ 1))

Note. In mazimum likelihood estimates the likelihood function is maximized (or,
equivalently, the log likelihood is maximized) by keeping sample y fixed and ma-
nipulating the parameters of the probability distribution (such as g and X in the

d-variate normal distribution above). Exercise 4.5 illustrates this.
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