Real Analysis

Chapter 13. Continuous Linear Operators on Hilbert Between
Banach Spaces
13.2. Linear Operators—Proofs of Theorems
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Theorem 13.1

Theorem 13.1 (continued)

Theorem 13.1 A linear operator between normed linear spaces is
continuous if and only if it is bounded.

Proof (continued). For any u € X where u # 0, let A\ = §/(2||u]|). So

| Aull = |Al]jull = Aljul| = /2 < 6. Thus || T(Au)|| < 1. Since

[T = AT = A T(u)lI6/(2]u])) < 1 then

IT ()]l = 2||ul|/6 = (2/0)]|ull and so || T (u)]| < M|[ul| where M = 2/§ for
all u € X. Therefore, T is bounded. ]
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Theorem 13.1

Theorem 13.1

Theorem 13.1 A linear operator between normed linear spaces is
continuous if and only if it is bounded.

Proof. Let X and Y be normed linear spaces and T : X — Y be linear.

Suppose T is bounded. Then by definition || T(u)|| < || T||||ul for all
veXandso [|[T(u)— T(W)|| =|T(u—V)| <||T|||u— v] for all

u,v € X. So if up € X then for any ¢ > 0, with § = ¢/|| T|| we have for all
u € X where ||up — ul| < § than

1T (o) = T(Il < I Tllfuo =l < [[TNo = [ITle/[IT = e

So T is continuous at ug € X and since ug is arbitrary then T is
continuous on X.

Now suppose T : X — Y is continuous. Since T is linear then
T(0)=T(0+0)=T(0)+ T(0) and so T(0) =0. Let e =1. Since T is
continuous at u = 0 then there is 6 > 0 such that if ||u — 0]| < ¢ then
IT(u) = TO) = IT(u)]] < 1.
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Proposition 13.2

Proposition 13.2. Let X and Y be normed linear spaces. Then the
collection of bounded linear operators from X to Y, £(X,Y), is itself a
normed linear space.

Proof. Let 7,5 € L(X,Y). Then
(T +3) W)l = [IT(u)+ S(u)]

< || T(u)|| + ||S(u)|| by the Triangle Inequality on R

< |IT|Iull + ||S]l|lull by the definition of operator norm
T+ 1Sl

and so T + S is bounded by || T|| + ||S||. So L(X,Y) is closed under
addition. For a € R, ||a T (u)|| = |||l T(u)|| by definition of || - || and so by

Exercise 1311, 0 7| = sup{[la T(u)|| | u € X, [|u]] < 1}
= sup{|al|| T(u)] | u€ X, ||ul| < 1} = |a|sup{| T(u)|| | u € X, |[u]| <1}
= o|T].
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Proposition 13.2

Proposition 13.2 (continued)

Proposition 13.2. Let X and Y be normed linear spaces. Then the
collection of bounded linear operators from X to Y, £(X,Y), is itself a
normed linear space.

Proof (continued). Finally, || T|| =0 means || T(u)|| < 0|lu|| = 0 and so
T(u) =0 forall ue X. If T(u) =0 for all u e X then

| Tl =sup{||T(u)|| | ue X,|lul| <1} =0. Hence || T|| = 0 if and only if
T = 0. Therefore, || - || is a norm on £(X,Y) an d£(X,Y) is a normed
linear space. O
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Theorem 13.3 (continued)

Proof (continued). Combining these two results gives

T(auy + Buz) = aT(u1) + ST (u2) and so T is linear. Let € > 0. Since
{T,} is Cauchy in L(X,Y), choose N € N such that for n > N and k > 1
we have || T, — Thikl| < /2. Then for all u € X,

I Tn(u) = Tork (W)l = [I(Th = Tar )W < 1 To = Topillllell < ellull/2.
Fix n > N and u € X. Since limg_,o0 Tptk(u) = T(u) and the norm is
continuous then for u € X,

lim || Th(u) = Toyk(u)| =

k—o0 n—oo

= [[Tn(u) = T(u)ll < ellull/2,
and so Ty — T is bounded (by £/2). Since Ty is bounded then
ITH=ITa =T+ TI<[To= T+ [Tl <[ITll+&/2and so T is
bounded. Therefore T € L(X, Y). Since € > 0 is arbitrary and for this
given ¢ > 0 we have | T, — T| <efor n> N, then || T,|| — T is
L(X,Y). O
0 ]

im (To(u) = Toes(w)|
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Theorem 13.3

Theorem 13.3. Let X and Y be normed linear spaces. If Y is a Banach
space, then so is £(X,Y).

Proof. Let {T,} be a Cauchy sequence in L(X,Y). Let u € X. For all
m.n € N, | Ta(w) = T(w)| = (T — Ten)(@)ll < I T — Tnlllul- So
{T,(u)} is a Cauchy sequence in Y. Since Y is complete, then

Th(u) — T(u) for some T(u) € Y. So the resulting T : X — Y and T is
the "pointwise” limit of T,. We need to prove that T € £(X,Y’) and

T, — T with respect to the norm in £L(X,Y). Let vy, up € X. Then

ﬂAtanT ﬂAtmv = lim ﬂ:AtanT lim ﬂzﬁtwv

n—oo n—:o0

= ::lBooA To(u1) + Th(w)) = :FBoo To(ur + ) = T(u1 + wp).
Similarly, for u € X and A\ € R,
T(Au) = lim T(Au) = lim ATp(u) = X lim T,(u) = AT (u).

n—oo n—oo n—oo
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