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Equation Sheet for

Differential Geometry (MATH 5310)

Chapter 1. Surfaces and the Concept of Curvature

Curves

Curve: ~α(t) or ~α(s) where s is arclength

Unit Tangent Vector: ~T (t) =
~α(t)

‖~α′(t)‖
or ~T (s) = ~α′(s)

Principal Normal Vector: ~N(s) =
~T ′(s)

‖~T ′(s)‖

Curvature: k(s) = ‖~T (s)‖ = ‖~α′′(s)‖

Center of Curvature: ~c(s) = ~α(s) +
~N (s)

k(s)

The Osculating Plane is determined by: ~T and ~N

Normal Vector for the Osculating Plane: ~B = ~T × ~N (the “Binormal Vector”)

Surfaces

Surface: ~X(u, v) = (x(u, v), y(u, v), z(u, v)) or ~X(u1, u2) = (x(u1, u2), y(u1, u2), z(u1, u2))

~X1(u, v) =
∂ ~X

∂u
and ~X2(u, v) =

∂ ~X

∂v
, or ~Xi(u

1, u2) =
∂ ~X

∂ui

The metric coefficients: gij = ~Xi · ~Xj.

Gauss’s Notation: E = g11, F = g12 = g21, G = g22
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The Metric Form:

(ds)2 = E(du)2 + 2F (du dv) + G(dv)2

= g11(du)2 + g12(du dv) + g21(dv du) + g22(dv)2

Matrix of the First Fundamental Form:





E F

F G



 =





g11 g12

g21 g22



; g = det(gij)

Unit Normal Vector: ~U =
~X1 × ~X2

‖ ~X1 × ~X2‖

Second Partials: ~Xij =
∂2 ~X

∂ui ∂uj

Formulae of Gauss: ~Xij = Γr
ij

~Xr + Lij
~U (17)

Components of Acceleration, ~α′′(s):

~α′′ = (ur ′′ + Γr
iju

i ′uj ′ ~Xr + (Liju
i ′uj ′)~U (18)

~α ′′
nor = (ur ′′ + Γr

iju
i ′uj ′ ~Xr (19a)

~α ′′
nor = (Liju

i ′uj ′)~U (19b)

Second Fundamental Form:





L11 L12

L21 L22



 and L = det(Lij) where

Lij = ~Xij · ~U (20)

Normal Curvature in the Direction ~v: kv(~v) = Lijv
ivj (21)

Gauss Curvature at Point ~P : K(P ) = k1k2 where k1 = max kn(~v) and k2 =

min kn(~v)

Calculating Gauss Curvature using Theorem I-5: K( ~P ) = L/g



Differential Geometry Equation Sheet 3

Definition and computation of Li
j : Li

j = Ljkg
ki (27)

Li
jgim = Ljm (27′)

Equations of Weingarten: ~Uj = −Li
j
~Xi (28)

Geodesic Curvature of ~α is kg where: ~α′′
tan = kg(~U × ~α′) (30)

Computation of Geodesic Curvature: kg = ~U · ~α′ × ~α′′ (31)

If ~α is a geodesic then: ur′′ + Γr
iju

i′uj′ = 0 and ~U · ~α′ × ~α′′ = 0 (32a and 32b)

Christoffel Symbols of the First Kind: Γijk = Γr
ijgrk (33)

Computation of Christoffel Symbols:

Γijk = ~Xij · ~Xk (34)

Γijk =
1

2

(

∂gik

∂uj
+

∂gjk

∂ui
−

∂gij

∂uk

)

(36)

Γr
ij =

1

2
gkr

(

∂gik

∂uj
+

∂gjk

∂ui
−

∂gij

∂uk

)

(37)

Riemann-Christoffel Curvature Tensor:

Rh
ijk =

∂Γh
ik

∂uj
−

∂Γh
ij

∂uk
+ Γr

ikΓ
h
rj − Γr

ijΓ
h
rk (51)

Computation of Curvature of Surface ~X(u, v) (from Corollary 1.8.A):

K =
1

g

[

Fuv −
1

2
Evv −

1

2
Guu + (Γh

12
Γr

12
− Γh

22
Γr

11
)grh

]
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