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1.6 The Gauss Curvature in Detail

Note. We have defined the normal curvature of a surface at a point P in the
direction #": k,(¢)). Therefore, for a given point on a surface, there are an infinite
number of (not necessarily distinct) curvatures (one for each “direction”). We can
think of k,(v) as a function mapping the vector space Ts(M) (the plane tangent
to surface M at point P) into R. That is &, : T5(M) — R. We need v to be a unit
vector, so the domain of k,, is {v' € T5(M) | ||0]| = 1}. Therefore, k), is a continuous
function on a compact set and by the Extreme Value Theorem (for metric spaces),

k, assumes a maximum and a minimum value.

Definition. Let M be a surface and P a point on the surface. Define k; =
max k,(v) and ko = min k,, () where the maximum and minimum are taken over
the domain of k,. k1 and ks are called the principal curvatures of M at 13, and the
corresponding directions are called principal directions. The product K = K(P) =

ki1ko is the Gauss curvature of M at P.

Theorem I-5. The Gauss curvature at any point P of a surface M is K (P) = L/g
where L = det(L;;) and g = det(g;).
Proof. First, if ¥ = v'X; then
72 = (o' %+ 025 ) - (01 %)+ 025 )
= (0")2X) - Xy +2(0) (1) X - Xo + (07)2X5 - Xy

= Ggmnv"0" (recall g, = )Z'm : )Z'n, see page 35).
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Therefore finding extrema of k, (v) for ||t]] = 1 is equivalent to finding extrema of

Lij v’

k= k() =

for 7 € Ts(M) and & # 0. If k,(7) is an extreme value of k, where @ = e

ok ok S

then 30l g7 0 at ¢ (that is, the gradient of k is 0; however, this gradient is
v v

computed in a (v!,v?) coordinate system, not (z,y)). Now

ok [QLTjUj] (gmnvmvn) - (Lijvivj) [291"717»)”]

avr (gmnvmvn)2

for r = 1,2 (the derivatives in the numerator follow from Exercise 1.5.1). Now

LijUin . Co .
k= ——, so replacing Lj;jv'v? with kg, v"v" gives
G U™V
ok 2L, 07 (g™ 0™) — (kGmnv™v™)2Gn 0"
dur (gmnv™0"™)?
2L — 2kt 2L, 00 — 2kg, 00
B Qmn VU™ N Gmn VO™
_ Q(Lrj — kgrj)vj
B Gmp VU™

for r =1,2. So at an extreme value,
(Lij — kgij)v’ =0 for i = 1,2. (24)

This is two linear equations in two unknowns (v! and v?). Since ¥ is nonzero, the

only way this system can have a solution is for det(L;; — kg;;) = 0. That is

L1 — k L — k
det 11 gi11 12 g12 —0

Loy — kga1 Loo — kgoo

or (L1 — kgi1)(Laa — kga2) — (La1 — kg21)(L12 — kg12) =0

or  LyyLoy — kLi1gay — kLgogi1 + k*g11902
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—Lo1Lig + kLa1g1 + kL12gar — k2 g1aga1 = 0

or  k*(g11922 — g12921) — k(g1 Lo + goa L1y
—g12L19 — go1Lo1) + (L11Los — Lo1L15) =0
or kg — k(gi1Las + gaolny — 2g12L19) + L =0

since L9 = Loy, L = det(L;;), and g = det(gi;). So for extrema of k we need

12 (911L22 + goolq1 — 2912L12> n L _o.
g g

Since k1 and ky are known to be roots of this equation, this equation factors as

(k — ky)(k — ky) = k* — (k1 + ko)k + kyky = 0. Therefore, the Gauss curvature is

]{31]{32 = L/g I

Note. L is the determinant of the Second Fundamental form and ¢ is the deter-
minant of the First Fundamental Form. We now see good evidence for these being

called “Fundamental” forms.

Example (Example 14, page 45 and Example 16, page 51). Consider
the surface )Z'(u, v) = (u,v, f(u,v)). Then X, = (1,0, fu), X, = (0,1, f), Xy =
(0,0, fuu), X22 = (0,0, fu), and X19 = Xo1 = (0,0, f,,). With g;; = X;- X; we have
L+ f2 fufo
(9i7) = )
fufo 1+,
and so g = det(g;;) = 1+ f2 + f2. Now

i 7k
Xl X XQ =110 fu - (_fuv_fvvl)
01 f,
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and . ~ ~ -
- X1 X X X1 x X 1
U: —’1 —’2 = ! 2 = (_fu7_f’071)‘
[ X1 x X v v
Next, Lij = Xij : [j, SO
1 1
Lll - ﬁfuu L12 - \/_gfuv
1 1
L21 - ﬁfuv L22 - \/_gfvv-
1
Therefore L = det(L;j) = —(fuufor — ( fuv)z). So the Gauss Curvature is
g
£ _ fuufvv - (fuv)2 _ fuufvv - (fuv)2
g g° L+ fa+ 12?7

Note. You may recall from Calculus 3 that a critical point of z = f(x,y) was tested
to see if it was a local maximum or minimum by considering D = fy, fy, — (fzy)* at
the critical point. If D < 0, the surface has a saddle point. If D > 0 and f,, > 0,
it has a local minimum. If D > 0 and f,, < 0, it has a local maximum. This all

makes sense now in the light of curvature!

Theorem 1.6.A. If ¥ and « are principal directions for surface M at point P
corresponding to k; (maximum normal curvature at P) and ky (minimum normal

curvature at 13) respectively, then if ky # ko we have ¢ and @ orthogonal.
Proof. Let 7 = v'X; and @ = w'X;. As in Theorem I-5 (equation (24))
(Lij — klgij)vj =0 for 7 = 1, 2, and (*)

(Lij - k2gij)wj =0forz=1,2. (**)
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Equation (x) is equivalent to
Lijv" = kygijv' for j = 1,2, (25)

Equation (xx) implies
(Lij — kogij)v'w’ =0
(we now sum over i = 1,2). So

(Lijvi — kggijvi)wj =0

and from (25) we have
(k1gijv" — kagizv')w! =0
or

(kp — kg)gijviwj =0.

Now ¢ - = g;;v'w’ (see page 35). Since ky — ko # 0, it must be that - = 0. |

Note. We are now justified in referring to “two” principal directions. When we
consider the Gauss curvature at a point, we deal with the normal curvature k()
at this point, where 7 = v'X; (i takes on the values 1 and 2). So our collection
of directions is a two dimensional space. Since we have shown (for k; # ko) that
the direction in which k,(¥) equals k; and the direction in which k, () equals ko
are orthogonal, there can be ONLY ONE direction in which k,(v) equals ky (well,
...plus or minus) and similarly for ky. In the event that k; = ks, we choose two

directions ¢’ and w as principal directions where v - W = 0.
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Definition. Suppose P = X (u},u2) and let Q be a neighborhood of (u}, u2) on
which X is one-to-one with a continuous inverse X ! : X () — Q. Define U (u!, u?)
to be a unit normal vector to the surface M determined by X at point X (ul, u?)
(recall that U = X; x X5/|| X, x X,||). Therefore U : X(Q) — S2. U is called the
sphere mapping or Gauss mapping of )Z'(Q) The image of X(Q) under U (a subset
of 52) is the spherical normal image of X ().

Example (Exercise 9 (d), page 57). The spherical normal image of a torus (see
Example 12, page 34) is the whole sphere S? (there is a normal vector pointing in

any direction - in fact, the sphere mapping is two-to-one).

Lemma I-6. [71 X [jz = K()Z'l X XQ)
Proof. Define

L;- = L;-(ul,uz) = ijgki fori,j =1,2. (27)

Notice
L;"gim = (Lj1g")gim = Ljx0%, = Ljm (27
(recall (g) is the inverse of (g;;)). Since U -U =1, U - U; = 0 (product rule) and

so U ; is tangent to M. Therefore U ; is a linear combination of X 1 and X’g:
U}- = a;-)zr for j=1,2

for some coefficients aj. Since U is normal to M and X, is tangent to M (at a
given point) then U-X » = 0. Differentiating this equation with respect to v’/ gives
U'j X+ U - X'jk =0 and so U'j X, =—U- X}-k = —Lj; (this last equality follows
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from equation (2), page 44). So
—ij = Uj i Xk = CL;XT : Xk = a;grkv

for j,k = 1,2 (recall the definition of g,1). We now solve these four equations

(J, k= 1,2) in the four unknowns a:
—Ljx = algr (7,k=1,2)
—g"' Lj, = aigrrg™ = ajoL =a}  (i,j =1,2).
Therefore (by the definition of L) a% = —L’. We now see how U; and X; relate:
Uj=—LiX, for j = 1,2.
From these relationships:
Uy x Uy = (—L1X;) x (~LEXy)

= (LX) — LiXy) x (~Ly X — L3 X))

= (LIL2— L2LH X, x X, (vecall T x @ = 0)

= det(L))X; x Xo.

Since L} = Ljrg™, then det(L}) = det(Lj;) det(¢g*') and since (¢") is the inverse of

det(g") = = —
(") det(gri) ¢
and so (L)
: det Lk L
det([}) = ——%2 = Z = K.
(L) det(gri)) g
Therefore, [jl X [72 = K()Z'l X XQ) I

Definition. For a surface determined by X (ul,u?), with U s X, and L;'- defined as

above, the equations (j'j = —L;-X'Z- for j = 1,2 are the equations of Weingarten.
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Note. For Q a neighborhood of (u, u3) on which X is one-to-one with a continuous

inverse, the set X () is a connected region on M. The spherical normal image of
X(Q), U(Q) is a region on S? (see Figure I-26, page 52). If the curvature of X (€2)
varies little then the area of U(Q) will be small. In fact, if X () is part of a plane,
then the area of U(Q) is zero. In fact, for € small, the ratio of the area of U(£2) to

the area of X () approximates the curvature of M on €.

Note. The tangent plane to S2? at U(u',u?), TS?, is parallel (that is, has the

same normal vector) to the tangent plane to M at X(u u?), TgM. If Uy xU, £ 0
U, x U.

(i.e. if U, and U, are linearly independent) then % and U are both unit
[UL x Us

normal vectors to S? at the point U and do can differ at most in sign. That is,

§ U

gy Uixle 0, x Uy = 0|0, x Uy or U - Ty x Uy = £||T, x Ts| (vecall
1T x T

g

U=1).

Note. If (U, x Us)(ud, u2) # 0 then U is regular at (u),u2) (by definition) and
therefore (by the comment on page 24) U is one-to-one with a continuous inverse
on sufficiently small ., a neighborhood of (uf,u3). Also, with Q sufficiently small,
U - Uy x Uy will be the same multiple of HU1 X U2H (namely +1 or —1). By equation
(13), page 37,

Area U(Q2) = //QHU] x Us||du" du?

Area )Z'(Q):// 1%, x Xolldut du?.
Q
Now

7 > X x X - S X% X, 12
. %yx Xy = X% (g g, = I Xl

= o = | Xy x Xy
| X1 x Xo| | X1 x Xo|
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Also, we refer to // U - U, x Uydu' du® as the signed area of U(Q) (recall it is
0
+area of U(€2)). Therefore

signed area U(€) = // U- U, x Uy du" du?
0

area )Z'(Q):// U- X1 x Xodu' du?.
0

Note. If (U; x Uy)(ub, u2) = 0, then notice that U - U; x Us may change sign and

U may not be one-to-one over {2 and

/]ﬁfax@wmﬁ
Q

then represents a “net area” of U . In all these cases, we denote

// U1><U2du du?

as “Area U(Q)” even though this is a bit of a misnomer.

Theorem 1.6.B. Suppose M is a surface determined by X (u!,u?) and P =
X (u},u2) is a point on M. Let Q be a neighborhood of (u},u2) on which X is
one-to-one with continuous inverse. Let U(Q) be the spherical normal image of
X(9Q). Then
K(P)= i Area U(Q)
Q—(uh.u3) Area X (Q)

Here “Area U(Q)” is as discussed above. The limit is taken in the sense that

sup{ dist (w, (u}, u3)) | w € Q)
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approaches zero.

Proof. Let ¢ > 0. Then there exists 0; > 0 such that for €2 a ball with center

(u}, u3) and radius §; we have

‘ Area T(Q) — (T - T, x ) (P) Area(Q)‘

// 0 -0y x Oy du' du — (T - T, x Oy)(P) Aream)‘ ce
Q

(since U-U, x U, is continuous and Q is connected). A similar result holds for Area

—

X (Q2). Therefore, for 2 sufficiently small,

Area U(Q) U-Uy xUs , =
reaq( ) g ({1><U2(P) _.
Area X(Q) U -X; x Xo
That is,
¥ Area U(Q) U -U; x Uy
im - = — .
Q—(upu3) Area X(Q) U X1 X X2
By Lemma I-6,
U'U1><U2 UK(X1><X2)_K
Uv')Z}X)Z)Q Uv')Z}X)?Q
and the result follows. |

Example (Exercise 8 (a), page 56). Let X = X (u,v) where (u,v) € D be a

parameterization of a surface M. The (signed) area of the spherical normal image

of M, / / U - U'l X U'g dudv, is called the total curvature of M (assuming the
D

integral, which may be improper, exists). Show that the total curvature of M is
/ / K.\/gdudv (remember, K and ¢ are functions of u and v).
D

Solution. By Lemma I-6, U, x Uy = K()Z'l X )52) Therefore

—

U'UHXU:Q:U:'K()EiXXQ).
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: .2 )Z'1><X2
Now the unit normal vector is U = ———=—, so
[ X1 % Xo
- o - K(X; x Xo)- (X3 x X > -
0.0, x 0, = B x Xo) - (4 2):K\|X1><X2\|.
[ X1 < Xo

By equation (10), page 35, /g = || X1 x Xa||. Therefore
[j . [71 X [72 = K\/g

and the total curvature of M over D is

// U-leﬁgdudv:// K\/gdudv.
D D

Example (Exercise 9 (d), page 57). Compute the total curvature of the torus

X(u,v) = ((R+ rcosu) cosv, (R + rcosu) sinv, r sin ).

Solution. From Example 12, page 34, and Exercise 1.4.3 (d), page 38,

U = (— cosucosv, — cosusin v, — sin u).

So
- oU , : :
U, = 5y = (sinu cos v, sin u sin v, — cos u)
u
- oU ,
Uy = — = (cosusinv, —cosucoswv,0).
av Y Y
Therefore
Uy x Uy = (—coszucosv,—coszusinv,—sinucosucoszv

— sin u cos usin® v)

= (= cos*ucos v, — cos? usin v, — sin u cos u)
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and

7 3

U-U xU;, = cos®ucos®v+ cos®

usin® v + sin® u cosu

— cos®u -+ sin® u cos u.

So the total curvature is

/ / (cos® u 4 sin® u cos u) du dv.

2

Now cos®u + sinucosu is an even function, so the integral is 0 and the total

curvature is 0.
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