Differential Geometry

Chapter 2. Manifolds and Tensor Fields
2.2. Vectors—Proofs of Theorems
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Theorem 2.2.1 (continued 1)

Proof (continued). If f € F then by the definition of “C> function” we
have fo1™1: U — R is C*. (We defined f : M — M’ as C*> in Section
2.1 and involved -l,-irig : M" — R", but here M" = R so we take 1; as the
identity and 1:'3 ofotp ™t =fotpt) For p=1,2,...,n define
Xu:F — R by

0

Xu(f) = 5= [Fov™]

¥(p)

where (xl,ng ..., x") are the Cartesian coordinates of R". Notice that

foy™r:U—=Rand UCR”" soin fact fo1~!is a function of

xY, x2,...,x". Then, since X1, Xo, ..., X, are defined using partial
derivatives, then Xi, Xz, ..., X, satisfy linearity and Leibniz's Rule and so
are tangent vectors. To see that X1, X5,..., X, are linearly independent,

consider f,(x) = x* for p=1,2,...,n.
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Theorem 2.2.1

Theorem 2.2.1. Let M be an n-dimensional manifold. Let p € M and let
V,, denote the tangent space at p. Then dim(V,) = n.

Proof. We will construct a basis for V,,. Let 1) : O — U C R" be a chart
with p € O.

R

Figure 2.3 from Wald, page 15
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Theorem 2.2.1 (continued 2)
Proof (continued). Then

[ 1ifi=]
X*(f')_{oiff;ej

and so (a1 X1 + a2 Xo + -+ -+ a,X,)(f;) = 0 if and only if a; = 0. So by
applying a1 X1 + a2 Xo +--- + ap X, to f1, o, ..., f, and setting each equal

to 0 implies that a; = ap =+ = a, = 0. So X1, Xz, ..., X, are linearly
independent.

By Problem 2.2, if F : R" — R is C*, then for each

a=(al,a% ...,a") € R", there exists C* functions H, such that for all

x € R™ we have

. oF
F(x) = F(a)—i—Z(x”—a“')Hu(x) and H,(a) = —— (2.2.3/2.2.4)
pn=1 Oxt X=a
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Theorem 2.2.1 (continued 3) Theorem 2.2.1 (continued 4)

Proof (continued). We take F = fo1)™1 : R” — R and a = 1(p) to get
from Problem 2.2 that for all g € O (where 1)(q) = x € R"; think of both
x and g as variables) v(f) = v(f(9)lg=p

F(x) = (fov)(¥(q)) = f(q)

Proof (continued). Let f € F. We have

: = v |f(p)+ > _[x" ov(q) — x" o v(p)|Hu(¥(q)) | by (2.2.4)
= F((p)) + > _[x* 0 ¥(q) — x* o %(p)|Hu(¥(q)) ":1
"~ = V(P + Y vIIx* o 1(q) — x o Y(p)] Hu(t())]
1=1
since v is#Iinear

where x* o 1)(q) denotes the pi-th coordinate of 1/(g) € R". Also,
F((p)) = (f o ™")(1(p)) = f(p). so

n n
f(q) = f(p) + z:(x'u o(q) — x* o(p))Hu(¥(q)). (2.2.4) = v[f(p)]+ Z { (x* o ¥(q) — x* 0 ¥(p))| g=p vIHL(¥(q))]
p=1 p=1
+ v[x* o 1(q) — x* o Y(p)|H,. (Y _ by Leibniz's Rule
Let v € V,. We now show that v is a linear combination of X1, X,..., X, [ /) PPIH,(: (Q))|q_p} Y
(and hence Xi, Xz, ..., X, is a basis for V).
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Theorem 2.2.1 (continued 5) Theorem 2.2.1 (continued 6)
Proof (continued).
V(f) = 0+ Z {0+ v[x* o ¥(q) — x* o (p)|Hu((p)) } Theorem 2.2.1. Let M be an n-dimensional manifold. Let p € M and let
p=1 V), denote the tangent space at p. Then dim(V,) = n.
since f(p) is constant
n Proof (continued). With v/ set equal to v((x* o 1))(q)) we have
= Z v[(x* o ¥)(q)](Hu o ¥)(p) since (x* o 1))(p) is constant.
=1 n
. I
But by equation (2.2.3), v(f) = (2:1 v X“) (f)
p=
Hy ov(p) = H oF X, (f
uov(p) = Hua) = Oxk s = Xu(F)lx=s- and so vy 7, v#X, and X1, Xy, ..., X, is a spanning set for V).
B Therefore, X1, X, ..., X is a basis for V,,. ]

So peees

n

v(F) = V(" 0 ¥)(@) XulF)l,s -

=1



