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Theorem 2.2.1

Theorem 2.2.1. Let M be an n-dimensional manifold. Let p € M and let
V,, denote the tangent space at p. Then dim(V},) = n.
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Theorem 2.2.1

Theorem 2.2.1. Let M be an n-dimensional manifold. Let p € M and let
V,, denote the tangent space at p. Then dim(V},) = n.

Proof. We will construct a basis for V,. Let ¢): O — U C R" be a chart
with p € O.
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Theorem 2.2.1. Let M be an n-dimensional manifold. Let p € M and let
V,, denote the tangent space at p. Then dim(V},) = n.

Proof. We will construct a basis for V,. Let ¢): O — U C R" be a chart
with p € O.
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Theorem 2.2.1 (continued 1)

Proof (continued). If f € F then by the definition of “C> function” we
have fo¢~1: U — R is C*°. (We defined f : M — M’ as C* in Section
2.1 and involved ¢ : M" — R”", but here M" =R so we take ¢j; as the
identity and 430 f o vl =Ffoy L)
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Theorem 2.2.1 (continued 1)

Proof (continued). If f € F then by the definition of “C> function” we
have fo¢~1: U — R is C*°. (We defined f : M — M’ as C* in Section
2.1 and involved ¢ : M" — R”", but here M" =R so we take ¢j; as the
identity and 1% oforp ™t =Ffoyp™L) For u=1,2,...,n define

X, : F —Rby

0
Xu(f) = [foy™]
Ot ¥(p)
where (x!,x2,..., x") are the Cartesian coordinates of R". Notice that
foyp™:U—Rand UCR" soin fact fotp~1is a function of
xL X2, X",
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Theorem 2.2.1 (continued 1)

Proof (continued). If f € F then by the definition of “C> function” we
have fo¢~1: U — R is C*°. (We defined f : M — M’ as C* in Section
2.1 and involved ¢ : M" — R”", but here M" =R so we take ¢j; as the
identity and 1% oforp ™t =Ffoyp™L) For u=1,2,...,n define
X, : F —Rby

0

X,(F) = o |

foyp!]

¥(p)
where (x!,x2,..., x") are the Cartesian coordinates of R". Notice that
foy™l:U—Rand UCR" soin fact fo1~!is a function of
x1,x2,...,x". Then, since X1, X, ..., X, are defined using partial
derivatives, then Xi, X, ..., X, satisfy linearity and Leibniz's Rule and so
are tangent vectors. To see that Xi, Xo, ..., X, are linearly independent,
consider f,(x) = x* for p =1,2,...,n
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Theorem 2.2.1 (continued 2)

Proof (continued). Then

[ 1ifi=j
X’('(’)_{Oifi;éj

and so (a1 X1 + a2 Xo + - - 4+ apXy)(f;) = 0 if and only if a; = 0. So by
applying a1 Xy + axXo + -+ - 4+ ap X, to fi, fo, ..., f, and setting each equal
to 0 implies that a1 = ap = --- = a, = 0. So X1, Xo, ..., X, are linearly
independent.
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Theorem 2.2.1 (continued 2)

Proof (continued). Then

[ 1ifi=j
X’('(’)_{Oifi;éj

and so (a1 X1 + a2 Xo + - - 4+ apXy)(f;) = 0 if and only if a; = 0. So by
applying a1 Xy + axXo + -+ - 4+ ap X, to fi, fo, ..., f, and setting each equal
to 0 implies that a1 = ap = --- = a, = 0. So X1, Xo, ..., X, are linearly
independent.

By Problem 2.2, if F : R" — R is C*, then for each
a=(al,a% ...,a") € R", there exists C* functions H,, such that for all
x € R" we have

F(x) = F(a)+) (x*—a")H,(x) and H,(a) = o - (223/224)
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Theorem 2.2.1 (continued 3)

Proof (continued). We take F = f o1~ ! : R” — R and a = 9(p) to get
from Problem 2.2 that for all g € O (where ¥(q) = x € R"; think of both
x and g as variables)

F(x) = (fov ") (¥(q)) = f(q)
= F(4(p)) + Y _Ix" 0 (q) — x" o (p)]Hu(¥(q))
p=1

where x* o 1)(q) denotes the p-th coordinate of ¥(q) € R". Also,
F(¢(p)) = (foyp1)(¥(p)) = f(p). so

f(q) =f(p) + > _(x"*ob(q) — x* o (p))Hu(¥(q)).  (2.2.4)
n=1
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Theorem 2.2.1 (continued 3)

Proof (continued). We take F = f o1~ ! : R” — R and a = 9(p) to get
from Problem 2.2 that for all g € O (where ¥(q) = x € R"; think of both
x and g as variables)

F(x) = (fov ") (¥(q)) = f(q)
= F(4(p)) + Y _Ix" 0 (q) — x" o (p)]Hu(¥(q))
p=1

where x* o 1)(q) denotes the p-th coordinate of ¥(q) € R". Also,
F(¢(p)) = (foyp1)(¥(p)) = f(p). so

f(q) =f(p) + > _(x"*ob(q) — x* o (p))Hu(¥(q)).  (2.2.4)
n=1

Let v € V,. We now show that v is a linear combination of X1, X5,..., X,
(and hence X1, X,..., X, is a basis for V,).
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Theorem 2.2.1 (continued 4)

Proof (continued). Let f € F. We have
v(f) = v(f(a))lg=p

= v |f(p)+ Z[X“ o9p(q) — x" o ()] Hu(¥(q)) | by (2:2.4)

— v[f ] + Z [[X“ o 1/1 ) —xto w(P)]H;t(w(q))]
since v is Imear

= v[f(p)] + Z { xto(q) —x'o ¢(P))|q:p v[H.(¥(q))]

+v[xt o ¢( ) — xM o (p )]Hu(w(q))\q:p} by Leibniz's Rule
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Theorem 2.2.1 (continued 5)

Proof (continued).

V() = 0+ {0+ v[x" ou(q) —x* o (p)IH,(1(p))}
n=1
since f(p) is constant

= Z v[(x* o ¥)(q)](Hy o ¢)(p) since (x* o 1))(p) is constant.

p=1
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Theorem 2.2.1 (continued 5)

Proof (continued).

V() = 0+ {0+ v[x" ou(q) —x* o (p)IH,(1(p))}
n=1
since f(p) is constant

= Z v[(x* o ¥)(q)](Hy o ¢)(p) since (x* o 1))(p) is constant.

pn=1
But by equation (2.2.3),
oF
Huov(p) = Hu(a) = o~

OxH |, _,

So

n

v(F) =Y v((x" 0 4)(@) Xu(F)l,—, -

p=1
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Theorem 2.2.1 (continued 6)

Theorem 2.2.1. Let M be an n-dimensional manifold. Let p € M and let
V), denote the tangent space at p. Then dim(V},) = n.

Proof (continued). With v# set equal to v((x* o ¢)(q)) we have

n

()= [ v, | ()

pu=1

and so VZZ:1 vi X, and X1, Xa,..., X, is a spanning set for V.
Therefore, X1, X5,..., X, is a basis for V. []
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