Complex Variables

Chapter 1. Complex Numbers
Section 1.5. Complex Conjugates—Proofs of Theorems
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Theorem 1.5.1

Theorem 1.5.1

Theorem 1.5.1. For all z;, z € C we have
zZ1 — 2 =121 — 2
21/22 = 21/?2

Im(z) = (z —2)/(27)

z1+22=21+22

7122 = 712>
Re(z) = (z +2)/2
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Theorem 1.5.1

Theorem 1.5.1. For all z;, z € C we have

z1+22=21+22 Z1— 2 =21 — 22
7127 = 7122 71/20 =71/ 7>
Re(z) = (z+2)/2 Im(z) = (z — 2)/(2i)

Proof. Let z; = x; + iy1 and zo = xo + iy». Then
z1+ 2= (x1 +iy1) + (2 +iy2) = (x1 + x2) +i(y1 + y2)
=01+ x) =il +y2) =(a+x)+i(-y1+ —y)
= (x1 —iy1) + (2 — iy2) = 21 + Z2.
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Theorem 1.5.1

Theorem 1.5.1. For all z;, z € C we have

z1+22=21+22 Z1— 2 =21 — 22
7127 = 7122 71/20 =71/ 7>
Re(z) = (z+2)/2 Im(z) = (z — 2)/(2i)

Proof. Let z; = x; + iy1 and zo = xo + iy». Then
z1+z2=(x1+iy1) + (e +iv2) = (x1 + x2) + i(y1 + y2)
=(xa+x2) —i(y1 +y2) = (x1 +x2) +i(—y1 + —y2)
= (x1 —iy1) + (2 — iy2) = 21 + Z2.

Similarly

z1—2zn=(+iy1)— (xx+iy2) =0a—x)+ily1 — y2)
=(x1 —x2) —i(y1 — y2) = (x1 = x2) + i(=y1 + y2)
= (Xl — Iyl) — (X2 — Iy2) =2Z1 — 2o.
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Theorem 1.5.1 (continued 1)

Proof (continued). Next,

7123 = (xa + iv1)(xe + iy2) = (xaxe — yiy2) + i(yixe + x1y2)
= (xix2 — y1y2) — i(yixe + x1y2)
= (axe—(=y1)(=y2))+i((—=y1) ) +(a)(—y2)) = Cati(—y1))eti(—y2))

= (X1 — iy1)(X2 — Iy2) = Z12>.
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Theorem 1.5.1 (continued 1)

Proof (continued). Next,

7123 = (xa + iv1)(xe + iy2) = (xaxe — yiy2) + i(yixe + x1y2)
= (x1x2 — y1y2) — i(y1x2 + x1y2)
= (axe—(=y1)(=y2))+i((—=y1) ) +(a)(—y2)) = Cati(—y1))eti(—y2))
= (a — iy1) (e — iy2) = Z1 2.
Also,

X1X2 +y1y2  .y1Xe — X1)2

z1/z2 = (x1 +iv1)/(x2 + iy2) =

X5 + 3 X3 +y3
_ XX Tty  yxe —Xxiy2
X2 +y3 X2 +y3
oo+ (=y1)(=y2) | (o)) = (a)(=y2)  _
= 5 — i 5 — =7Z1/Z5.
x5 + (—y2) x5 + (—y2)
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Theorem 1.5.1 (continued 2)

Proof (continued). Next, let z = x + iy = Re(z) + ilm(z). Then
(z2+2)/2=((x+iy) + (x+iy))/2

=((x+1iy)+(x—1iy))/2=(2x+i0)/2 = x = Re(2).
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Theorem 1.5.1 (continued 2)

Proof (continued). Next, let z = x + iy = Re(z) + ilm(z). Then
(z2+2)/2=((x+iy) + (x+iy))/2

=((x+1iy)+(x—1iy))/2=(2x+i0)/2 = x = Re(2).
Finally,

(z=2)/(2i) = ((x + iy) = (x + iy))/(2])
= ((x+1iy) = (x=iy))/(2)) = (0 +i(2y))/(2]) = y = Im(2).
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Theorem 1.5.2

Theorem 1.5.2. For all z;, 2z, € C we have

|z125| = |z1||22| and

21 = |z1/|2 (for z #0).
V)
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Theorem 1.5.2

Theorem 1.5.2. For all z;, 2z, € C we have

21

= |z1|/|z2| (for z # 0).

|z125| = |z1||22| and

Proof. We have

|2122\2 = (z1z2)(z122) by Note 1.5.A
= 2z120Z1Z7 by Theorem 1.5.1
= 2171272 by Commutativity of Multiplication, Theorem 1.2.1(1)
= |z1]?|z2|? by Note 1.5.A.

Taking square roots (and since moduli are nonnegative), |z1z2| = |z1|| 22|
The second equation is addressed in Exercise 1.5.5 (in Exercise 1.6.5 in the
9th edition of the book). O
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