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Theorem 1.7.1. For z; = ne'’t, z = ne'’ € C we have
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Proof. First, notice that

Complex Variables e%1e% = (cosfy + isinb)(cos b + isinby)
and Applications

= (cos by cosbp — sinfysinby) + i(sin 01 cos B, + cos by sin 6)
= cos(f1 + 6) + isin(f1 + 62)

since cos(f1 & 62) = cos 61 cos O F sin 61 sin O

and sin(f; £ 02) = sin 61 cos f, + cos 5 sin b

— ei(91+92).
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Theorem 1.7.1 (continued 1) Corollary 1.7.2

Corollary 1.7.2. If z = re’® € C, then for n € Z we have z" = r"e.

Proof. For n > 0, we use mathematical induction. First, for the base case

Theorem 1.7.1. For z; = re'%, z, = ne'® € C we have L
21 1€, 22 2 cLw v n =1, the result is trivial. Now suppose the result holds for n = m; that

212y = (r1r2)ei(91+92) and 2L — Ee;(91_92) is, suppose z™ = r™e™? (this is the “induction hypothesis”). To complete
Z ' the induction argument, we must show the result holds for n = m+ 1. So
consider
Proof (continued). Next, mtl m m im@ _ . _
z = zMz=(r"e"™)z by the induction hypothesis
21 e peifie=ite g Bet2) — pmaimb gi6 _ m imb 4im0
2 el pel2ei2 = (M0 by Theorem 1.7.1.

So the result holds for all n > 0.

For n =0, we have z° = 1 (by “convention,” provided z # 0) and
1 = r%0, so the result holds for n = 0.



Corollary 1.7.2 (continued) Corollary 1.7.3

Corollary 1.7.2. If z = re’? € C, then for n € 7Z we have z" = r"e™”. Corollary 1.7.3. For all n € Z, we have

Proof (continued). For n < 0, let m = —n (so m > 0) and (cos 0 + isin 6)" = cos(nf) + isin(nf)

2" = z7 "= (z1)"=(r"te”)™ by Note 1.7.A .
o iom 1\" 1 Proof. Since e’/ = cos6 + isinf, then
- (e ) a <;> (eie)m IAYY e n
11 ()" = (cos@+ isinf)
= mgmd by the first part of the proof, since m > 0 = ™ by Corollary 1.7.2
_ pmei(=m)0 _ pngind. = cos(nf) + isin(nh).
So the result holds for all n < 0 and hence holds for all n € Z. O



