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Theorem 1.7.1

Theorem 1.7.1. For z; = rie'?t, zo = ne®2 € C we have
)

- 21 _n e -
2120 = (rrp)e %1192 and 2= = Zi(61=62),
22 rn
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Theorem 1.7.1

Theorem 1.7.1. For z; = rie'?t, zo = ne®2 € C we have
)

el(01+02) 3nq ZL — L ,i(01-62)

2122 = (r1r2) z r

Proof. First, notice that

eitelf  — (cos @1 + isinB1)(cos By + isinby)
= (cosfq cosfy — sinfysinby) + i(sin 61 cos B2 + cos Oy sin 65)
= cos(01 + 62) + isin(61 + 62)
since cos(61 & 6) = cos ;1 cos O F sin 61 sin O

and sin(#; £ 0,) = sin 61 cos O + cos 05 sin 6
— ei(91+92)‘

So

Z12p = rlei61r2ei92 = (r1r2)6i016i92 = (rlrg)ei(91+92).
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Theorem 1.7.1 (continued 1)

Theorem 1.7.1. For z; = rlefel,zz = ne”2 € C we have

i(01462) ynd 4 _ Ee/(91*92)'

7120 = (nr)e
z n

Proof (continued). Next,

Z1 r1ei91 n eiel 6‘7’.92

ne-_ne-¢e = _ N i6-6)
= 0y iy — . € :
V) rne'’2 rp e'V2e~ 12 rn
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Corollary 1.7.2

Corollary 1.7.2. If z = re® € C, then for n € Z we have z" = r"e".
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Corollary 1.7.2

Corollary 1.7.2

Corollary 1.7.2. If z = re® € C, then for n € Z we have z" = r"e".

Proof. For n > 0, we use mathematical induction. First, for the base case
n =1, the result is trivial. Now suppose the result holds for n = m; that
is, suppose z™ = r™e'™¥ (this is the “induction hypothesis”). To complete
the induction argument, we must show the result holds for n = m + 1.
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Corollary 1.7.2

Corollary 1.7.2. If z = re® € C, then for n € Z we have z" = r"e".

Proof. For n > 0, we use mathematical induction. First, for the base case

n =1, the result is trivial. Now suppose the result holds for n = m; that

is, suppose z™ = r™e'™¥ (this is the “induction hypothesis”). To complete
the induction argument, we must show the result holds for n=m+ 1. So

consider

m+1 m _im6

z = z"z = (r"e"™)z by the induction hypothesis

m _im6 __i6

rme™m re!” = rMre

rm el (m+D0 by Theorem 1.7.1.

So the result holds for all n > 0.
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Corollary 1.7.2

Corollary 1.7.2. If z = re® € C, then for n € Z we have z" = r"e".

Proof. For n > 0, we use mathematical induction. First, for the base case
n =1, the result is trivial. Now suppose the result holds for n = m; that
is, suppose z™ = r™e'™¥ (this is the “induction hypothesis”). To complete
the induction argument, we must show the result holds for n=m+ 1. So
consider

z™l = zMz = (r™e™)z by the induction hypothesis

m _im6 __i6

rmeimd rel
rm el (m+D0 by Theorem 1.7.1.

— rmre/mBeImG

So the result holds for all n > 0.

For n = 0, we have z0 = 1 (by “convention,” provided z # 0) and
1 = r%0, so the result holds for n = 0.
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Corollary 1.7.2 (continued)

Corollary 1.7.2. If z = re’? € C, then for n € Z we have z" = r"e.

Proof (continued). For n <0, let m= —n (so m > 0) and

2" = "= (zH"=(r"te %)™ by Note 1.7.A

1 1 : :
= — .7 by the first part of the proof, since m >0

rme

— rfmel(fm)ﬁ _ rnelnﬁ'

So the result holds for all n < 0 and hence holds for all n € Z.
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Corollary 1.7.3

Corollary 1.7.3. For all n € Z, we have

(cosB + isinf)" = cos(nB) + i sin(nb).
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Corollary 1.7.3

Corollary 1.7.3. For all n € Z, we have

(cosB + isinf)" = cos(nB) + i sin(nb).

Proof. Since e’ = cos + isinf, then

Chk (cos@ + isinB)"
e by Corollary 1.7.2

= cos(nf) + isin(nb).
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