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Theorem 2.16.1

Theorem 2.16.1. Suppose that f(z) = u(x,y) + iv(x,y) where
z=x+1Iy, zop = x0 + iyo, and wp = up + ivp. Then lim,_,, f(z) = wy if
and only if

lim u(x,y) = up and lim vix,y) = w.
(x,y)—(x0,30) bey) ° (x,y)=(x0,30) () °
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Theorem 2.16.1

Theorem 2.16.1. Suppose that f(z) = u(x,y) + iv(x,y) where
z=x+1Iy, zop = x0 + iyo, and wp = up + ivp. Then lim,_,, f(z) = wy if
and only if

lim u(x,y) = up and lim vix,y) = w.
(x,y)—(x0,30) bey) ° (x,y)=(x0,30) () °

Proof. First, suppose lim(, ). (x.y) U(X;¥) = uo and
Iim(ny)_>(X07y0) V(X,y) = . Lete > 0.

Complex Variables February 26, 2024 3/15



Theorem 2.16.1

Theorem 2.16.1. Suppose that f(z) = u(x,y) + iv(x,y) where
z=x+1Iy, zop = x0 + iyo, and wp = up + ivp. Then lim,_,, f(z) = wy if
and only if

lim u(x,y) = up and lim vix,y) = w.
(x,y)—(x0,30) bey) ° (x,y)=(x0,30) () °

Proof. First, suppose lim(, ). (x.y) U(X;¥) = uo and
lim(x.y)—(x0y0) V(X,¥) = vo. Let € > 0. Then there is 1 >0 and 2 >0
such that

0< \/(x —x0)?+ (y — y0)? < 61 implies |u — up| < &/2

and

0< \/(x —x0)% + (¥ — ¥0)? < &2 implies |v — vp| < &/2.
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Theorem 2.16.1 (continued 1)

Proof (continued). Let § = min{d1,d2}.
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Theorem 2.16.1 (continued 1)

Proof (continued). Let § = min{d1,d2}. Then 0 < |z — z9| < § implies

VO =302+ (v = y0)2 = [(x = x0) + iy — 0)|

=|(x+iy) = (x0o+iv)| =|z— 2] <o

and, since 6 < §; and § < d,, we have both |u — up| < €/2 and
lv—w| <¢e/2, or
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Theorem 2.16.1 (continued 1)

Proof (continued). Let § = min{d1,d2}. Then 0 < |z — z9| < § implies

VO =302+ (v = y0)2 = [(x = x0) + iy — 0)|

=|(x+iy) = (x0o+iv)| =|z— 2] <o

and, since 6 < §; and § < d,, we have both |u — up| < €/2 and
lv—w| <¢e/2, or

f(z) =wo| = [(u+iv) = (uo+ ivo)| = |(v — uo) +i(v — )
< |u— up| + |v — w| by the Triangle Inequality
< gf2+¢g/2=¢.
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Theorem 2.16.1 (continued 2)

Proof (continued). Second, suppose lim,_,, f(z) = wp. Let € > 0.
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Theorem 2.16.1 (continued 2)

Proof (continued). Second, suppose lim,_,, f(z) = wp. Let € > 0.

Then there is § > 0 such that 0 < |z — zo| = |[(x + iy) — (x0 + iy0)| < 0
implies |f(z) — wo| = |(u+ iv) — (uo + ivo)| < e. This implies,

0< /(x = x)2 + (v —0)2 = |(x — x0) + iy — yo)|

=|(x+iy)—(x0o+ivo) =|z—20| <9

Complex Variables February 26, 2024 5/15



Theorem 2.16.1 (continued 2)
Proof (continued). Second, suppose lim,_,, f(z) = wp. Let € > 0.

Then there is § > 0 such that 0 < |z — zo| = |[(x + iy) — (x0 + iy0)| < 0
implies |f(z) — wo| = |(u+ iv) — (uo + ivo)| < e. This implies,

0< /(x = x)2 + (v —0)2 = |(x — x0) + iy — yo)|

=|(x+iy)—(x0o+ivo) =|z—20| <9

and so
lu— up| < \/(u —up)? + (v —w)?
=l(u—uw)+i(v—w)| =(u+iv) = (u+ iv)| <e
and
lv—w| < \/(u— up)? + (v — vp)?
= |(u—wo) +i(v—w)| =|(u+iv) — (u + ivo)| < €.
That is, lim( ) (x0,y0) U(X, ¥) = to and lim, ) 0.0) U(X, ¥) = W Ol
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Theorem 2.16.2

Theorem 2.16.2. Suppose that lim,_, f(z) = wp and
lim,_, F(z) = Wp. Then

ZILrY;O(f(z) +F(z)) = wmo+ W
zILr’r; f(z)F(z) = wyWp, and
zILn;O f(Z)/F(Z) = WO/WO if Wo 75 0
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Theorem 2.16.2

Theorem 2.16.2. Suppose that lim,_, f(z) = wp and
lim,_, F(z) = Wp. Then

lim (f(z) + F(z)) = wy+ W

z—2z9

lim f(z)F(z) = wyWp, and
z—29

lim f(Z)/F(Z) = WO/WO if Wo 750
z—2Z)

Proof. Let f(z) = u(x,y)+ iv(x,y) and F(z) = U(x,y) + iV(x, y) where
Z =Xy, 2o = xo + ivg, wo = up + ivg, and Wp = Up + iVp.
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Theorem 2.16.2

Theorem 2.16.2. Suppose that lim,_, f(z) = wp and
lim,_, F(z) = Wp. Then

ZILrY;O(f(z) +F(z)) = wmo+ W
zILr’r; f(z)F(z) = wyWp, and
zILn;O f(Z)/F(Z) = Wo/Wo if Wo 75 0

Proof. Let f(z) = u(x,y)+ iv(x,y) and F(z) = U(x,y) + iV(x, y) where
zZ =Xy, Zyg = Xp + ivp, wo = ug + ivg, and Wy = Uy + iVp. Since by
hypotheses, lim,_,,, f(z) = wp and lim,_,,, F(z) = W, then by Theorem
2.16.1 we have Iim(x,y)—>(xo,y0) U(X,y) = uop, Iim(x,y)—>(xo,yo) v(x,y) = Vo,
Iim(X,y)H(Xo,yo) U(X,y) = U(), and lim(x,y)%(xo,yo) V(x,y) = V().
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Theorem 2.16.2 (continued 1)

Proof (continued). We now have
lim, . (F(2) + F(2))

= lim  (u(x,y) + iv(x,0) + U(x,y) + iV(x, y))
(x,y)—(x0,¥0)

= him (u(ey) UG i dim o (vioy) + V()
(X7Y)—>(X07y0) (X,y)—>(X0,yo)

by Theorem 2.16.1
= lim u(x,y)+ lim U(x,y)

(x,y)—(x0.y0) (x,y)—(x0.y0)
+i lim v(x,y) + lim V(x,
((X7Y)—>(X07YO) (ey) (x.y)—(x0,50) ( y)>

by the Sum Rule of Thomas' Theorem 1
= U0+U0+i(V0+ \/0):U(]—I—I.V[)—I—Uo—i—l'\/():Wo—l—WQ7

and the first claim holds.
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Theorem 2.16.2 (continued 2)

Proof (continued). Second,
lim,_,(f(2)F(2))

Cim () + i) (Ulky) + V(x0)

(va)_)(x()?yo)
= lim (U(Xay)U(XvY)iV(XvY)V(va))
(va)_)(x()?yo)

+i  lim (u(x,y)V(x,y) + v(x,y)U(x,y)) by Theorem 2.16.1
(x.y)—(x0,%0)

= lim u(x, lim U(x,
o) ey Y (i UO6Y)

— lim v(x, lim V(x,
(x,y)—(x0.¥0) ( y)(X7Y)—>(XO7}’0) ()

+i (( lim u(x,y) lim V(x,y)

x,¥)—(x0,¥0) (x,¥)—(x0,50)

+ lim v(x, lim U(x,
(x,y)—(x0,30) ( y)(xay)H(Xo,yo) bey)
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Theorem 2.16.2 (continued 3)

Proof (continued).

by the Sum Rule, Difference Rule, and Product Rule
of Thomas' Theorem 1

= UOUO — Vo\/o + i(uOVO + VoUo) = (Uo + iVo)(Uo + i\/o) = W()WQ7

and the second claim holds.
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Theorem 2.16.2 (continued 3)

Proof (continued).

by the Sum Rule, Difference Rule, and Product Rule
of Thomas’ Theorem 1
= wplUp — voVo + i(uoVo + volp) = (o + ivo)(Uo + iVo) = wo W,
and the second claim holds.

Thirdly, suppose Wy # 0. Then Uy # 0 # Vp and we have
lim,_ f(z)/F(z)

= i ey) v y)) /(U y) +iV(x.y)

_ < )ny + v(x,y)V(x,y)
)U(

U(x,y)? + V(x,y)?
x,y) — u(x, )V(X,y)>
(X, )2+ V(x,y)?

(x.y) _’(X07YO)

v,
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Theorem 2.16.2 (continued 4)

Proof (continued).

L (e V)
(x,y)—(x0.50) U(x,y)?> + V(x,y)?
L im (v(x,y) U(x,y) — u(x,y)V(x,y))
(x,¥)—(x0,¥0) U(x,y)? + V(x,y)?
by Theorem 2.16.1

= lim u(x, lim U(x,
{(Xv}/)*)(XOvyO) ( y) (Xv)/)*’(XOvyO) ( y)

+ lim v(x, lim V(x, }
(Xry)*)(XO:yo) ( y) (XQ/)*)(XO»)/O) ( y)

/((x,y)“m (o)) + lim (V(X,y))2>

—(x0,¥0) (x,y)—(x0,0)
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Theorem 2.16.2 (continued 5)

Proof (continued).

+i lim v(x, lim U(x,
{(XJ)*(Xo,yo) ( y)(X7Y)—>(Xo,yo) bey)

— lim u(x,y) lim V(x,y)}

(X,y)—>(X0,yo) (X,y)—>(X0,yo)
lim Ux,y))>+  lim V(x, ﬁ
/<(va)4'(X07y0)( ( y)) (X,y)H(XQ,yo)( ( y))

by the Sum Rule, Difference Rule, Product Rule, Quotient Rule,

and Power Rule of Thomas' Theorem 1
uwlo+wvwVo .volo — upWo

BZ+vZ TRV
= (Uo + iVO)/(UO + IV()) = Wo/Wo,

and the third claim holds. O
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Lemma 2.16.A

Lemma 2.16.A. For any z, c € C, we have lim,_,,, ¢ = ¢ and
lim,_, z = 2.
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Lemma 2.16.A

Lemma 2.16.A. For any z, c € C, we have lim,_,,, ¢ = ¢ and
lim,_, z = 2.

Proof. Let f(z) = c and g(z) = z. Then f and g are defined in the entire
complex plane C. Let ¢ > 0. Choose 6 =¢. If 0 < |z — z| < J, then we

have both |f(z) —c|=|c—c|=0<cand |g(z) — 2| =|z— 2| <0 =¢.
So lim,_,,, ¢ =c and lim,_,, z = z. O
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Lemma 2.16.B

Lemma 2.16.B. For any zg € C and n € N, we have lim,_,,, z" = Z].
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Lemma 2.16.B

Lemma 2.16.B. For any zg € C and n € N, we have lim,_,,, z" = Z].

Proof. Let f(z) = z". Then f is defined in the entire complex plane C and

lim f(z) = lim Zz"
z—2Z) z—2Z)
= ( lim z) ( lim z) < lim z> by Theorem 2.16.2
z—29 zZ—2Zy zZ—2Zy

n times
(2nd claim) and mathematical induction

(20)(z0) - - - (20) by Lemma 2.16.A

= z.

O
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Corollary 2.16.A

Corollary 2.16.A. Let P(z) = ag + a1z + apz> +--- + a,z" be a
polynomial of degree n. Then lim,_,,, P(z) = P(z).
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Corollary 2.16.A
Corollary 2.16.A. Let P(z) = ag + a1z + apz> +--- + a,z" be a
polynomial of degree n. Then lim,_,,, P(z) = P(z).

Proof. First, P is defined in the entire complex plane C. We have

lim P(z) = lim(ap+ a1z + a2z® +--- + a,2")

z—2Zy z—2Z)
= lim ag + lim (a12) 4 lim (a22%) + -+ + lim (a,2")
z—2Zp z—2z) z—2Z) z—2Z)
by Theorem 2.16.2 (first claim) and induction

= lim ag+ lim a; lim z+ lim a lim (z 2)+~.-

z— 27 z—29 z—20 z—20 z—29
+ lim a, lim ( ™) by Theorem 2.16.2 (second claim)
z—2z zZ—Z

= agp+aizg+ 3220 + -+ apzy by Lemmas 2.16.A & 2.16.B
= P(z).
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Corollary 2.16.B

Corollary 2.16.B

Corollary 2.16.B. Let R(z) = P1(z)/P2(z) be a rational function; that is,

R is the quotient of polynomials P; and P,. Then lim,_, R(z) = R(z0),
provided P(z) # 0.
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Corollary 2.16.B

Corollary 2.16.B

Corollary 2.16.B. Let R(z) = P1(z)/P2(z) be a rational function; that is,
R is the quotient of polynomials P; and P,. Then lim,_, R(z) = R(z0),
provided P(z) # 0.

Proof. By Corollary 2.16.A, lim,_,, Pi1(z) = P1(z) and
lim,_, P2(z) = P2(z) # 0. By Theorem 2.16.2 (third claim)

Jim R(z) = lim (Py(2)/Pa(2)) = (JL”}O Pl(z)> /( lim Pg(z)>

z—29

= Pl(Zo)/PQ(Zo) = R(Zo).

O
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