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Theorem 2.17.1

Theorem 2.17.1. If z5, wy € C then
lim f(z) =00 ifandonlyif lim 1/f(z)=0
z—2Z) zZ—20

lim f(z) = wp if and only if Iim0 f(1/z) = wp, and

lim f(z) =oo if and only if Iimol/f(l/z):O.
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Theorem 2.17.1

Theorem 2.17.1. If z5, wy € C then
ZILn; f(z) = oo if and only if ZIer; 1/f(z)=0
ZIer;:f(z) =wp if and only if inLnOOf(l/z) = wp, and
Zln;o f(z) = oo if and only if zli_r)no 1/f(1/z) =0.
Proof. Let ¢ > 0 and define g(z) = 1/f(z), h(z) = f(1/z), and
k(z) =1/f(1/z).
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Theorem 2.17.1

Theorem 2.17.1. If z5, wy € C then
lim f(z) =00 ifandonlyif lim 1/f(z)=0
zZ—2Z)

z—2
lim f(z) = wp if and only if Iim0 f(1/z) = wp, and
lim f(z) =oo if and only if Iim0 1/f(1/z) =0.
Proof. Let ¢ > 0 and define g(z) = 1/f(z), h(z) = f(1/z), and
k(z) =1/f(1/z).
First, suppose lim,_,, f(z) = co. Then (by definition) there exists 6 > 0

such that 0 < |z — zp| < § implies 1/|f(z)| <e. So 0 < |z — 2| < 0
implies 1/|f(z)| = |g(z) — 0| < e.
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Theorem 2.17.1

Theorem 2.17.1. If z5, wy € C then
lim f(z) =00 ifandonlyif lim 1/f(z)=0
zZ—2Z)

z— 29

lim f(z) = wp if and only if Iim0 f(1/z) = wp, and
lim f(z) =oo if and only if Iim0 1/f(1/z) =0.

Proof. Let ¢ > 0 and define g(z) = 1/f(z), h(z) = f(1/z), and

k(z) =1/f(1/z).

First, suppose lim,_,, f(z) = co. Then (by definition) there exists 6 > 0
such that 0 < |z — zp| < § implies 1/|f(z)| <e. So 0 < |z — 2| < 0
implies 1/|f(z)| = |g(z) — 0] < €. Therefore (by definition)

lim,_, g(z) =lim,_, 1/f(z) = 0.
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implies |1/f(z) — 0] = 1/|f(z)| < e.
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Theorem 2.17.1 (continued 1)

Proof (continued). Second, suppose lim,_.o f(z) = wy. Then (by
definition) there exists 6 > 0 such that 1/|z| < ¢ implies |f(z) — wp| < e.
So (replacing z with 1/z) 0 < |z| = |z — 0| < § implies

If(1/2) — wo| = |h(z2) — wo| < e.
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Theorem 2.17.1 (continued 1)

Proof (continued). Second, suppose lim,_.o f(z) = wy. Then (by
definition) there exists 6 > 0 such that 1/|z| < ¢ implies |f(z) — wp| < e.
So (replacing z with 1/z) 0 < |z| = |z — 0| < § implies

|f(1/2) — wo| = |h(z) — wo| < . Therefore (by definition)

lim,_o h(z) = lim,—0 f(1/z) = wo.
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Proof (continued). Second, suppose lim,_.o f(z) = wy. Then (by
definition) there exists 6 > 0 such that 1/|z| < ¢ implies |f(z) — wp| < e.
So (replacing z with 1/z) 0 < |z| = |z — 0| < § implies

|f(1/2) — wo| = |h(z) — wo| < . Therefore (by definition)

lim,_o h(z) = lim,—0 f(1/z) = wo.

Suppose lim;_o f(1/z) = wp. Then (by definition) there exists § > 0 such
that 0 < |z — 0] < ¢ implies |f(1/z) — wp| < e. So (replacing z with 1/z)
0<|1/z—0|=1/|z] < implies |f(z) — wp| < €.
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Proof (continued). Second, suppose lim,_.o f(z) = wy. Then (by
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definition) lim,_o f(2) = wo.

Third, suppose lim,_. f(z) = co. Then (by definition) there exists 6 > 0
such that 1/|z| < ¢ implies 1/|f(z)| < €. So (replacing z with 1/z)

0 < |z| <0 implies |1/f(1/z)| <e. So 0 < |z—0| < 0 implies

|k(z) — 0| < €. Therefore (by definition)

lim,_o k(z) =lim,—o1/f(1/z) =0.
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Theorem 2.17.1 (continued 2)

Theorem 2.17.1. If z5, wy € C then

lim f(z) =00 ifandonlyif lim 1/f(z)=0

z—2Z) ZzZ—2y
lim f(z) = wp if and only if Iim0 f(1/z) = wp, and
lim f(z) = oo if and only if Iim0 1/f(1/z) = 0.

Proof (continued). Suppose lim,_g1/f(1/z) = 0. Then (by definition)
there exists 0 > 0 such that 0 < |z — 0| < § implies |1/f(1/z) — 0] < e.
So (replacing z with 1/z) 0 < |1/z] < ¢ implies |1/f(2)] < e.
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Theorem 2.17.1 (continued 2)

Theorem 2.17.1. If z5, wy € C then

lim f(z) =00 ifandonlyif lim 1/f(z)=0

z—2Z) ZzZ—2y
lim f(z) = wp if and only if Iim0 f(1/z) = wp, and
lim f(z) = oo if and only if Iim0 1/f(1/z) = 0.

Proof (continued). Suppose lim,_g1/f(1/z) = 0. Then (by definition)
there exists 0 > 0 such that 0 < |z — 0| < § implies |1/f(1/z) — 0] < e.

So (replacing z with 1/z) 0 < |1/z| < ¢ implies |1/f(z)| < e. Therefore

(by definition) lim,_,o, f(2) = oc.
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