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Chapter 2. Analytic Functions
Section 2.18. Continuity—Proofs of Theorems
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Theorem 2.18.1

Theorem 2.18.1

Theorem 2.18.1. If f is continuous at zy and g is continuous at f(zy) (so
zp is an interior or boundary point of the domain of f and f(z) is an

interior or boundary point of the domain of g), then (g o f)(z) = g(f(2))
is continuous at zj.
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Theorem 2.18.1

Theorem 2.18.1. If f is continuous at zy and g is continuous at f(zy) (so
zp is an interior or boundary point of the domain of f and f(z) is an
interior or boundary point of the domain of g), then (g o f)(z) = g(f(2))
is continuous at zj.

Proof. Let € > 0. Since g is continuous at f(z), then
limy,_f(z) g(w) = g(f(20)), so there is 61 > 0 such that [w — f(z)| < d1
(and w is in the domain of g) implies |g(w) — g(f(20))| < e.
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Theorem 2.18.1

Theorem 2.18.1. If f is continuous at zy and g is continuous at f(zy) (so
zp is an interior or boundary point of the domain of f and f(z) is an
interior or boundary point of the domain of g), then (g o f)(z) = g(f(2))
is continuous at zj.

Proof. Let € > 0. Since g is continuous at f(z), then

limy,_f(z) g(w) = g(f(20)), so there is 61 > 0 such that [w — f(z)| < d1
(and w is in the domain of g) implies |g(w) — g(f(z0))| < €. Since f is
continuous at zg then lim,_,, f(z) = f(zy), so there is 2 > 0 such that
|z — 20| < 62 (and z is in the domain of f) implies |f(z) — f(z0)| < 61.
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Theorem 2.18.1

Theorem 2.18.1. If f is continuous at zy and g is continuous at f(zy) (so
zp is an interior or boundary point of the domain of f and f(z) is an
interior or boundary point of the domain of g), then (g o f)(z) = g(f(2))
is continuous at zj.

Proof. Let € > 0. Since g is continuous at f(z), then

limy,_f(z) g(w) = g(f(20)), so there is 61 > 0 such that [w — f(z)| < d1
(and w is in the domain of g) implies |g(w) — g(f(z0))| < €. Since f is
continuous at zg then lim,_,, f(z) = f(zy), so there is 2 > 0 such that
|z — 20| < 62 (and z is in the domain of f) implies |f(z) — f(z0)| < 1. So
if z is in the domain of g o f and |z — z| < d2 then (with w = f(2))

lw — f(z0)| = |f(z) — f(20)| < 41 and so

g(w) — g(F(20))] = lg(F(2)) — g(F(z0))] < =.
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Theorem 2.18.1

Theorem 2.18.1. If f is continuous at zy and g is continuous at f(zy) (so
zp is an interior or boundary point of the domain of f and f(z) is an
interior or boundary point of the domain of g), then (g o f)(z) = g(f(2))
is continuous at zj.

Proof. Let € > 0. Since g is continuous at f(z), then

limy,_f(z) g(w) = g(f(20)), so there is 61 > 0 such that [w — f(z)| < d1
(and w is in the domain of g) implies |g(w) — g(f(z0))| < €. Since f is
continuous at zg then lim,_,, f(z) = f(zy), so there is 2 > 0 such that
|z — 20| < 62 (and z is in the domain of f) implies |f(z) — f(z0)| < 1. So
if z is in the domain of g o f and |z — z| < d2 then (with w = f(2))

lw — f(z0)| = |f(z) — f(20)| < 41 and so

g(w) — g(F(20))| = |g(F(2)) — g(F(20))] < . Therefore,

lim,—, g(f(z)) = g(f(20)). So g o f is continuous at zp, as claimed. [
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Theorem 2.18.2

Theorem 2.18.2. If f is continuous at zp (an interior or boundary point
of the domain of f) and f(z) # 0 then f(z) # 0 throughout some
neighborhood of z.

Complex Variables December 29, 2019 4/4



Theorem 2.18.2

Theorem 2.18.2

Theorem 2.18.2. If f is continuous at zp (an interior or boundary point

of the domain of f) and f(z) # 0 then f(z) # 0 throughout some
neighborhood of zj.

Proof. Let ¢ = |f(z)|/2 > 0.
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Theorem 2.18.2

Theorem 2.18.2. If f is continuous at zp (an interior or boundary point

of the domain of f) and f(z) # 0 then f(z) # 0 throughout some
neighborhood of zj.

Proof. Let ¢ = |f(z)|/2 > 0. Since f is continuous at zy then there is
0 > 0 such that if |z — z5| < 0 (and z is in the domain of f) then
|f(2) — f(20)| <& = |f(20)]/2.
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Theorem 2.18.2

Theorem 2.18.2. If f is continuous at zp (an interior or boundary point

of the domain of f) and f(z) # 0 then f(z) # 0 throughout some
neighborhood of zj.

Proof. Let ¢ = |f(z)|/2 > 0. Since f is continuous at zy then there is
0 > 0 such that if |z — z5| < 0 (and z is in the domain of f) then

|f(z) — f(z0)| < e=|f(z)|/2. ASSUME f(2') = 0 for some z’ with
|2/ — zg| < 6. Then |f(2') — f(20)| < |f(20)|/2 implies that

|f(20)| < |(20)|/2, a CONTRADICTION.
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Theorem 2.18.2

Theorem 2.18.2. If f is continuous at zp (an interior or boundary point
of the domain of f) and f(z) # 0 then f(z) # 0 throughout some
neighborhood of z.

Proof. Let ¢ = |f(z)|/2 > 0. Since f is continuous at zy then there is
0 > 0 such that if |z — z5| < 0 (and z is in the domain of f) then

|f(z) — f(z0)| < e=|f(z)|/2. ASSUME f(2') = 0 for some z’ with
|2/ — zg| < 6. Then |f(2') — f(20)| < |f(20)|/2 implies that

|f(z0)| < |f(z0)|/2, a CONTRADICTION. So the assumption that
f(Zz') = 0 for some z’ with |z’ — zy| < ¢ is false, and so for all z in the
domain of f with |z — zy| < 0 we have f(z) # 0. That is, there is a
neighborhood of zy on which f(z) # 0, as claimed.

O
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