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Theorem 2.20.A

Theorem 2.20.A. Let c € C and let f and g be functions where
derivatives exist at a point z € C. Then:

d d d d
Sl =0, 2l =1 T[] = e[l

and 9 [7(2) + 8(2)] = < [7(2)] + < ls(2)]
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Theorem 2.20.A

Theorem 2.20.A. Let c € C and let f and g be functions where
derivatives exist at a point z € C. Then:

d d d d
=0, Ti=1 Lief(2) =clif)
and 1£(2) + g(2)] = [F(2)] + Llg(2)]

Proof. By the definition of derivative:

d. v _ o (=(9) _
E[C] N Alirgo Az 0
i[z] — lim (z+Az)—z _
dz Az—0 Az
d . cf(z+ Az) —cf(z)
d—[cf(z)] = I|r'r_1>0 Ay
_ : f(z+Az)—f(z)_ d
- AN A el
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Theorem 2.20.A (continued)

Theorem 2.20.A. Let c € C and let f and g be functions where

derivatives exist at a point z € C. Then:

=0, Tl =1 T[] =c 1]

and 7 1£(2) + g(2)] = ()] + la(2)]

Proof (continued). By the definition of derivative:

d . (f(z+Az) +g(z+ Az) — (f(2) + g(2))
L@ +ez)] = lim A,
_ m f(z+ Az) — f(2) + lim glz+ Az) — g(2)
Az—0 Az Az—0 Az
d d
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Theorem 2.20.B

Theorem 2.20.B. If f and g are function whose derivative exists at a
point z then

d
Quotient Rule: —
dz
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Theorem 2.20.B

Theorem 2.20.B. If f and g are function whose derivative exists at a
point z then

Product Rule: %[f(z)g(z) = f'(z)g(z) + f(2)g’(z) and

Quotient Rule: di LC(Z)] _ F(2)e(z) = fgz)g/(z) if g(z) # 0.

V4

d
Proof. By the definition of derivative, E[f(z)g(z)] =

—  im f(z+ Az)g(z+ Az) — f(2)g(2)

Az—0 Az
= AILrEO (f(z+ Az)g(z+ Az) — f(z)g(z + Az) + f(z)g(z + Az)
—f(2)g(2)) /Az
-, (A= TEDe(e0e) etz 02) ()
Az—0 Az Az
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Theorem 2.20.B (continued)

Proof (continued).

f(z+ Az) — f(2)

T AT Az S TAY
| gz +02) -~ g(2)
[ f |
 im f(2) Jim, Az
= f(z) Jim g(z+Az)+1(2)g'(2)

= f'(2)g(z) + f(z)g'(z) since g is continuous at z by Theorem 2.19.A.
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Theorem 2.20.B (continued)

Proof (continued).

f(z+ Az) — f(2)

T AT Az S TAY
| gz +02) -~ g(2)
[ f |
 im f(2) Jim, Az
= f(z) Jim g(z+Az)+1(2)g'(2)

= f'(2)g(z) + f(z)g'(z) since g is continuous at z by Theorem 2.19.A.

d
By the definition of derivative, E[f(z)/g(z)] =

f(z+Az) f(z)

d{f(z)} _ fim 8D 8()
dz [ g(2) Az—0 Az
_ iy 8@z +Az) — f(2)g(z + Az)
azm0 Azg(z + Az)g(2)
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Theorem 2.20.B (continued)

Proof (continued).

8(2)f(z+ Az) — g(2)f(2) + g(2)f(2) — f(2)g(z + Az)

820 Azg(z + Az)g(z)
_ . g(Z) f(Z-‘rAAZg—f(Z) . f(z)g Z+AZ g(z)
Az—0 g(z + AZ)g( )
_ limarog(2) R — lima o f(2) EEHED
limaz—o0g(z+ Az)g(z)
g(2)lima, o TEFEI=IE) _ £(7)limp, o EEFHA-EE)

g(z)limaz_og(z + Az)
g(2)f'(z) — f(2)g'(z) _ f'(2)g(z) — f(z)g/(z)'

(g(2))? (&(2))?
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Corollary 2.20.A

Corollary 2.20.A. If n € N then £[z"] = nz""L.
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Corollary 2.20.A

Corollary 2.20.A

Corollary 2.20.A. If n € N then £[z"] = nz""L.

Proof. The traditional way to prove this is using the Binomial Theorem
(Theorem 1.3.2) and you are asked to do this in Exercise 2.20.6b. Here we
give an inductive proof proof (this is Exercise 2.20.6a).
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Corollary 2.20.A

Corollary 2.20.A

Corollary 2.20.A. If n € N then £[z"] = nz""L.

Proof. The traditional way to prove this is using the Binomial Theorem
(Theorem 1.3.2) and you are asked to do this in Exercise 2.20.6b. Here we
give an inductive proof proof (this is Exercise 2.20.6a).

We have the result £[z}] =1 by Theorem 2.20.A so the base case n = 1
holds.
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Corollary 2.20.A

Corollary 2.20.A. If n € N then £[z"] = nz""L.

Proof. The traditional way to prove this is using the Binomial Theorem
(Theorem 1.3.2) and you are asked to do this in Exercise 2.20.6b. Here we
give an inductive proof proof (this is Exercise 2.20.6a).

We have the result £[z}] =1 by Theorem 2.20.A so the base case n = 1
holds. Now assume the result holds for n = k and consider n = k + 1:

d n _ d k+17 __ d k
dz[z I = dz[z I= dz[z 7]
= [kz"7](2) + (2")[1] by the Product Rule (Theorem 2.20.B)
and the induction hypothesis

= k¥ + K= (k+ 1)~

Therefore the claim holds for n = k + 1 and hence by Mathematical
Induction it holds for all n € N. O
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Theorem 2.20.C

Theorem 2.20.C. The Chain Rule.
Suppose that f has a derivative at zy and that g has a derivative at f(zp).
Then the composition function F(z) = (g o f)(z) = g(f(z)) has a

derivative at zg and F'(z) = g'(f(20))f'(z0). In differential notation with

dw  dW dw
w = f(z) and W = g(w) (so that W = F(z)) we have o = dw da
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Theorem 2.20.C

Theorem 2.20.C. The Chain Rule.
Suppose that f has a derivative at zy and that g has a derivative at f(zp).
Then the composition function F(z) = (g o f)(z) = g(f(z)) has a

derivative at zg and F'(z) = g'(f(20))f'(z0). In differential notation with

dw  dW dw
w = f(z) and W = g(w) (so that W = F(z)) we have o = dw da
Proof. Denote wy = f(z). Since g’(wp) = g'(f(z0)) exists by hypothesis
then by the definition of derivative, there is some € > 0 such that g is
defined on |w — wy| < e.
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Theorem 2.20.C

Theorem 2.20.C. The Chain Rule.
Suppose that f has a derivative at zy and that g has a derivative at f(zp).
Then the composition function F(z) = (g o f)(z) = g(f(z)) has a

derivative at zg and F'(z) = g'(f(20))f'(z0). In differential notation with
dW  dW dw

w = f(z) and W = g(w) (so that W = F(z)) we have o = dw da
Proof. Denote wy = f(z). Since g’(wp) = g'(f(z0)) exists by hypothesis
then by the definition of derivative, there is some € > 0 such that g is
defined on |w — wy| < €. So we define

o(w) = { = A O N
0 if w=wy
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Theorem 2.20.C (continued 1)

Proof (continued). ...and note that
. —im (W) —g(m)
Jim ®(w) = lim < Fr— g'( o))
i (M) — &/(wo) = &'(wo) — &'(wo) = 0 = b(wo).
w—wo w — wy

So & is continuous at wy.
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Theorem 2.20.C (continued 1)

Proof (continued). ...and note that
lim &(w) = lim <g(w)_g(W°) - g’(wo)>
w—wy w—wp w — WO

i (g(w)‘g(””")) — &/(wo) = &'(wo) — &'(wo) = 0 = b(wo).

w—wWp w — Wo

So ® is continuous at wy. Rearranging the definition of ® we get
g(w) — g(wo) = (g'(wo) + ®(w))(w — wo) for |w — wo| <.

Since f'(zp) exists then f is continuous at zyp by Theorem 2.19.A, so by
definition of continuity there is 6 > 0 such that for all |z — z| < § we have
|f(z) — f(20)] = |w — wo| < &.
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Theorem 2.20.C (continued 1)

Proof (continued). ...and note that
lim &(w) = lim <g(w)_g(W°) - g’(wo)>
w—wy w—wp w — WO

i (g(w)‘g(””")) — &/(wo) = &'(wo) — &'(wo) = 0 = b(wo).

w—wo w — Wy
So ® is continuous at wy. Rearranging the definition of ® we get
g(w) — g(wo) = (g'(wo) + ®(w))(w — wo) for |w — wo| <.

Since f'(zp) exists then f is continuous at zyp by Theorem 2.19.A, so by
definition of continuity there is 6 > 0 such that for all |z — z| < § we have
|f(z) — f(20)] = |w — wp| < e. So

g(f(2)) — &(f(20)) = (&'(f(20)) + ®(F(2))(f(2) — f(20)) for |z — 2| < 0
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Theorem 2.20.C (continued 2)

Proof (continued). ...or
g(f(z)z) - fo(f(ZO)) _ (g’(f(zo))+¢(f(z))f(zz — 220) for 0 < |z—z| < 4.
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Theorem 2.20.C (continued 2)

Proof (continued). ...or
e = 820D _ (g (1)) +0(5(2) L) for 0 < o] <
Therefore

Jim BCCDZ8E@D) i (g(¢(20) + (52 imy 72— 1120

or
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Theorem 2.20.C. The Chain Rule

Theorem 2.20.C (continued 2)

Proof (continued). ...or
g(f(z)z) - i(f(ZO)) _ (g’(f(zo))+¢(f(z))f(zz — 220) for 0 < |z—z| < 4.
Therefore

lim g(f(Z); = i’o(f(zo)) = lim (8/(F(z0) + ®(F(2))) lim f(z; = Z(EZO)
LB = &) () + lim (F()F (20)

z=2z
= g'(f(20))f'(20) + ®(f(20))f'(20) since f is
continuous at zy and @ is continuous at wy = f(zp)
= g'(f(20))f'(20) since ®(f(z0)) = P(wo) = 0.
L]
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