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Theorem 2.21.A. Differentiable Implies the C-R Equations

Theorem 2.21.A

Theorem 2.21.A. Differentiable Implies the Cauchy-Riemann
Equations

Suppose that f(z) = u(x,y) + iv(x, y) and that f’ exists at a point

20 = Xo + iyp. Then the first-order partial derivatives of u and v must exist
at (x0, ¥0), and they must satisfy the Cauchy-Riemann equations:

Sl = S [vlx )] and 2 fuey)] = = 5L Iv0ey)]

(or with subscripts representing partial derivatives, u, = v, and u, = —v)
at (xo, y0). Also, f'(z0) = ux(x0, ¥0) + ivx(x0, ¥0)-
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Theorem 2.21.A

Theorem 2.21.A. Differentiable Implies the Cauchy-Riemann
Equations

Suppose that f(z) = u(x,y) + iv(x, y) and that f’ exists at a point

20 = Xo + iyp. Then the first-order partial derivatives of u and v must exist
at (x0, ¥0), and they must satisfy the Cauchy-Riemann equations:

Sl = S [vlx )] and 2 fuey)] = = 5L Iv0ey)]

(or with subscripts representing partial derivatives, u, = v, and u, = —v)
at (xo, y0). Also, f'(z0) = ux(x0, ¥0) + ivx(x0, ¥0)-

Proof. Suppose f’ exists at zg = xg + iyg. Let Az = Ax + iAy. Then
with w = f(z) we have:
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Theorem 2.21.A. Differentiable Implies the C-R Equations

Theorem 2.21.A (continued 1)

Proof (continued).

Aw _ f(zo + Az) — f(z)

Az Az

{u(xo + Ax, yo + Ay) — u(x0, yo)} + i{v(x0 + Ax, yo + Ay) — v(xo, o)}
Ax + iAy

Then f'(zp) = limaz—o(Aw/Az), so by Theorem 2.16.1,

Aw

Aw
/ B . . ) Aw
f (ZO) B (AX,Al)I/r)n—>(O,O) Re ( AZ) ti (AX,Aljl/r)n—>(0,0) Im < AZ) ' (3)
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Theorem 2.21.A. Differentiable Implies the C-R Equations

Theorem 2.21.A (continued 1)

Proof (continued).

Aw  f(zo+ Az) — f(z)

Az Az

_ {ubo+ Bx, 50+ Ay) — ulxo, y0)} + i{v(xo + A, y0 + Ay) — v(x0, %0)}
Ax + iAy

Then f'(zp) = limaz—o(Aw/Az), so by Theorem 2.16.1,

Aw Aw
/ o . 2w . . aw
f (ZO) o (AX,Al)I/r)n—>(O,O) Re ( AZ) + (AX,Aljl/r)n—>(0,0) Im < AZ) ' (3)

We now apply the contrapositive of the Two-Path Test for the
Nonexistence of a Limit for a function of two variables (see Note 2.15.A),
which implies that if a limit exists as Az — 0 then the limit exists and is
the same along all paths for which Az — 0.
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Theorem 2.21.A. Differentiable Implies the C-R Equations

Theorem 2.21.A (continued 2)

Proof (continued). In particular, we can let Az — 0 along the real axis
(where Ay = 0) or along the imaginary axis (where Ax = 0).
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Theorem 2.21.A. Differentiable Implies the C-R Equations

Theorem 2.21.A (continued 2)

Proof (continued). In particular, we can let Az — 0 along the real axis

(where Ay = 0) or along the imaginary axis (where Ax = 0).
We first consider Az — 0 along the real axis and have for the real and
imaginary parts of equation (3) that

( )Re (AW> — i YO0+ Ax, y0) — ulxo, yo)
0,0

li =
(Ax,AJ/T—» Az Ax—0 Ax
u(xo + Ax, yo) — u(xo, yo)
= I =
Ax—0 Ax tx (XO’ _VO)
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Theorem 2.21.A (continued 2)

Proof (continued). In particular, we can let Az — 0 along the real axis
(where Ay = 0) or along the imaginary axis (where Ax = 0).

We first consider Az — 0 along the real axis and have for the real and
imaginary parts of equation (3) that

A A _
||m Re <W> — ||m U(X0+ X7y0) U(X07y0)
(0,0) Az

(Ax,Ay)— Ax—0 Ax
. u(xo+ Ax, y) — u(xo, y0)
= I =
Ao Ax tx(x0, yo)

and

, AwY . v(xo+ Ax, y) — v(x0, Y0)
lim Im{—] = Ilim
(Ax,Ay)—(0,0) Az Ax—0 Ax

v(xo + Ax, yo) — u(xo, yo)

Ax—0 Ax — VX(X07.y0)'
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Theorem 2.21.A. Differentiable Implies the C-R Equations

Theorem 2.21.A (continued 2)

Proof (continued). In particular, we can let Az — 0 along the real axis
(where Ay = 0) or along the imaginary axis (where Ax = 0).

We first consider Az — 0 along the real axis and have for the real and
imaginary parts of equation (3) that

A A _
||m Re <W> — ||m U(X0+ X7y0) U(X07y0)
(0,0) Az

(Ax,Ay)— Ax—0 Ax
. u(xo+ Ax, y) — u(xo, y0)
= I =
Ao Ax tx(x0, yo)

and

, AwY . v(xo+ Ax, y) — v(x0, Y0)
lim Im|{—] = lim
(Ax,Ay)—(0,0) Az Ax—0 Ax
_ v(xo + Ax, yo) — u(x0, Y0)
Ax—0 Ax
So by (3), f'(z0) = ux(x0, ¥0) + ivx(x0, ¥0) and f’ has the form as claimed.
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Theorem 2.21.A. Differentiable Implies the C-R Equations

Theorem 2.21.A (continued 3)

Proof (continued). Second, with Az — 0 along the imaginary axis so
that Az = iAy, Ay — 0, and Ax = 0, we have

Aw  u(xo,yo + Ay) — v(x0,¥0) = .v(x0,¥0 + Ay) — v(x0, ¥0)
o = - +1 -
Az iAy iAy

_ V(0,50 + Ay) — v(xo,y0) . ulx0,y0 + Ay) — ulx0, v0)
Ay Ay
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Theorem 2.21.A. Differentiable Implies the C-R Equations

Theorem 2.21.A (continued 3)

Proof (continued). Second, with Az — 0 along the imaginary axis so
that Az = iAy, Ay — 0, and Ax = 0, we have

Aw  u(xo,yo + Ay) — v(x0, y0) n I.V(Xo>)/o + Ay) — v(x0, y0)

Az iAy iAy
_ V(0,50 + Ay) — v(xo,y0) . ulx0,y0 + Ay) — ulx0, v0)
Ay Ay
and so
: Aw . v(x0,¥0 + Ay) — v(x0, ¥0)
I Re[—) = | =
(AX,A}I/r)n—>(O,O) © ( Az > A;I/rzo Ay (%o, yo)
and
lim Im ﬂ = lim —U(Xo’yo +Ay) = b0, 0) = —uy(x0, Y0)
(Ax,Ay)—(0,0) Az Ay—0 Ay yAT IR
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Theorem 2.21.A (continued 3)

Proof (continued). Second, with Az — 0 along the imaginary axis so
that Az = iAy, Ay — 0, and Ax = 0, we have

Aw  u(xo,yo + Ay) — v(x0, y0) n I.V(Xo>)/o + Ay) — v(x0, y0)

Az iAy iAy
_ V(0,50 + Ay) — v(xo,y0) . ulx0,y0 + Ay) — ulx0, v0)
Ay Ay
and so
: Aw . v(x0,¥0 + Ay) — v(x0, ¥0)
I Re[—) = | =
(AX,A}I/r)n—>(O,0) © ( Az > A;/rgo Ay (%o, yo)
and
lim Im ﬂ = lim _u(xo,yo +Ay) = b0, 0) = —uy(x0, Y0)
(Ax,Ay)—(0,0) Az Ay—0 Ay yAT IR

So by (3), '(20) = vy(x0, y0) — iy (x0, y0).
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Theorem 2.21.A. Differentiable Implies the C-R Equations

Theorem 2.21.A (continued 4)

Theorem 2.21.A. Differentiable Implies the Cauchy-Riemann
Equations

Suppose that f(z) = u(x,y) + iv(x,y) and that f exists at a point

2z = Xg + iyp. Then the first-order partial derivatives of u and v must exist
at (xo, y0), and they must satisfy the Cauchy-Riemann equations:

Selube ) = 5wl and 2 lux,y)] = =5 [veoy)]

(or with subscripts representing partial derivatives, u, = v, and u, = —vy)
at (x0, y0). Also, f'(z0) = ux(x0, o) + ivx(x0, ¥0)-

Proof (continued). Since
'(20) = ux(x0, ¥0) + ivx(x0, Y0) = vy (X0, ¥0) — ity (x0, ¥o), then we must
have ux(xo0, Yo) = vy(x0,¥0) and vx(xo, Yo) = —uy(x0, yo)- O
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