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Theorem 2.22.A. C-R and Continuity Imply Differentiability

Theorem 2.22.A

Theorem 2.22.A. The Cauchy-Riemann Equations and Continuity
Imply Differentiability

Let the function f(z) = u(x,y) + iv(x, y) be defined throughout some ¢
neighborhood of a point zy = xp + iyp, and suppose that
(a) the first-order partial derivatives of the functions v and v
with respect to x and y exist everywhere in the
neighborhood, and
(b) those partial derivatives are continuous at (xp, yo) and satisfy
the Cauchy-Riemann equations ux(xo, yo) = vy (X0, yo) and
Yy (%0, ¥0) = —vx(%0, y0)-
Then f'(z0) = ux(x0, y0) + ivx(X0, yo0).
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Theorem 2.22.A

Theorem 2.22.A. The Cauchy-Riemann Equations and Continuity
Imply Differentiability

Let the function f(z) = u(x,y) + iv(x, y) be defined throughout some ¢
neighborhood of a point zy = xp + iyp, and suppose that

(a) the first-order partial derivatives of the functions v and v
with respect to x and y exist everywhere in the
neighborhood, and

(b) those partial derivatives are continuous at (xp, yo) and satisfy
the Cauchy-Riemann equations ux(xo, yo) = vy (X0, yo) and
Yy (%0, ¥0) = —vx(x0, y0)-
Then f'(z0) = ux(x0, ¥0) + ivx(x0, ¥0)-
Proof. We present the proof given by Brown and Churchill. A more

self-contained proof based on the Mean Value Theorem is given in my
notes for Complex Analysis 1 (MATH 5510) on I11.2. Analytic Functions.
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Theorem 2.22A (continued 1)

Proof (continued). Let Az = Ax + iAy where 0 < |Az| < € and let
Aw = f(zp + Az) — f(z). We take Aw = Au+ iAv where

Au = u(xo+Ax, yo+Ayo)—u(xo, yo), Av = v(xo+Ax, yo+Ayo)—Vv(x0, o)

Complex Variables January 3,2020 46
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Theorem 2.22A (continued 1)

Proof (continued). Let Az = Ax + iAy where 0 < |Az| < € and let
Aw = f(zp + Az) — f(z). We take Aw = Au+ iAv where

Au = u(xo+Ax, yo+Ayo)—u(xo, yo), Av = v(xo+Ax, yo+Ayo)—Vv(x0, o)

By (b), the first order partial derivatives of u and v are continuous at
(x0, ¥0), so by a result from advanced calculus (see W. Kaplan's Advanced
Calculus, 5th ed., page 86 (2003)) we may write

Au = ux(x0, ¥0)Ax + uy(x0, o)Ay + e1Ax + e2Ay

Av = v (x0, yo) Ax + vy (x0, Yo) Ay + e3Ax + eaAy
where g; — 0 as (Ax, Ay) — (0,0) for i = 1,2, 3, 4.
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Theorem 2.22A (continued 1)

Proof (continued). Let Az = Ax + iAy where 0 < |Az| < € and let
Aw = f(zp + Az) — f(z). We take Aw = Au+ iAv where

Au = u(xo+Ax, yo+Ayo)—u(xo, yo), Av = v(xo+Ax, yo+Ayo)—Vv(x0, o)

By (b), the first order partial derivatives of u and v are continuous at
(x0, ¥0), so by a result from advanced calculus (see W. Kaplan's Advanced
Calculus, 5th ed., page 86 (2003)) we may write

Au = ux(x0, ¥0)Ax + uy(x0, o)Ay + e1Ax + e2Ay

Av = vy(x0, o) Ax + vy (X0, Yo) Ay + e3Ax + 4Dy
where g; — 0 as (Ax, Ay) — (0,0) for i = 1,2,3,4. So we can express

Aw = (ux(x0, Yo)Ax + uy(x0, y0)Ay + e1Ax + e2Ay)
+i(vi(x0, Y0)Ax + vy (x0, ¥0) Ay + e3Ax + e4Ay).
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Theorem 2.22.A (continued 2)

Proof (continued). Since we hypothesize that the Cauchy-Riemann
equations are satisfied at (xp, yo), then uy(xo0, yo) = —Vvi(X0, yo) and
vy (x0, ¥0) = ux(x0, y0) and so

Aw = (ux(x0, Y0)Ax — vx(x0, Y0)Ay + e1Ax + £2Ay)

+i(vx (X0, Y0) Ax + ux(x0, Yo) Ay + e3Ax + £4Ay)
= ux(x0, Y0)(Ax+iAy)+ive(x0, yo)(Ax+iAy)+(e14ie3) Ax+(ea+ica) Ay
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Theorem 2.22.A (continued 2)

Proof (continued). Since we hypothesize that the Cauchy-Riemann
equations are satisfied at (xp, yo), then uy(xo0, yo) = —Vvi(X0, yo) and
vy (x0, ¥0) = ux(x0, y0) and so

Aw = (ux(x0, Y0)Ax — vx(x0, Y0)Ay + e1Ax + £2Ay)

+i(vx (X0, Y0) Ax + ux(x0, Yo) Ay + e3Ax + £4Ay)
= ux(x0, Y0)(Ax+iAy)+ive(x0, yo)(Ax+iAy)+(e14ie3) Ax+(ea+ica) Ay
and

Aw

A A
A, Ux(x0, Yo) + ivx(x0, yo) + (1 + iss)E)Z( + (€2 + ica) Y

Az’
But |Ax| < |Az| and |Ay| < |Az| (by the Triangle Inequality, say), so
|Ax/Az| <1and |Ay/Az| <1.
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Theorem 2.22.A (continued 3)

Proof (continued). Consequently,

‘ < ey +ies| < le1] + |es|

(e1+i )AX ey + ’A
€1 1€3 As €1 183

and

‘ < e2 4 ieq] < lea] + |eal.

€y + ic €+ e
2 4 2 4 7

So as Az = Az + iAy — 0, we have that |(¢1 + ie3)Ax/Az| — 0 and
|(e2 + ieq)Ax/Az| — 0.
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Theorem 2.22.A (continued 3)

Proof (continued). Consequently,

(e1 + ie3) ‘ le1 + ies| ‘ <le1 +ie3| < [ea] + |e3]

and

Ax
(52—|—/54 ' |€2+I€4‘ AZ‘ < ‘62—!—/84’ < ’82“‘!"54‘

So as Az = Az + iAy — 0, we have that |(¢1 + ie3)Ax/Az| — 0 and
|(e2 + ieq)Ax/Az| — 0. Therefore,
Aw

/ — -
f (ZO) - AIIZ—>0 Az

A A
= Jm (Ux(Xo,)/o) + ivx(x0, Y0) + (€1 + i53)A—)Z< + (62 + is~:4)A)Z/>
= ux(x0, ¥0) + ivx(x0, y0)-
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