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Lemma 2.23.A

Lemma 2.23.A. Let the function f(z) = u(x,y) + iv(x,y) be defined
throughout some ¢ neighborhood of a point zy = xg + iyy, and suppose
that
(a) the first-order partial derivatives of the functions v and v
with respect to x and y exist everywhere in the
neighborhood, and
(b) those partial derivatives are continuous at (xp, yo) and satisfy
the Cauchy-Riemann equations ux(xo, yo) = vy (X0, yo) and
¥y (X0, y0) = —vx(x0, 0)-
Then with zg = rg exp(if) # 0 we have

rour(ro, 60) = vg(ro, o) and ug(ro,00) = —rove(ro, bp).

These are the polar coordinate forms of the Cauchy-Riemann equations.
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Lemma 2.23.A

Lemma 2.23.A. Let the function f(z) = u(x,y) + iv(x,y) be defined
throughout some ¢ neighborhood of a point zy = xg + iyy, and suppose
that
(a) the first-order partial derivatives of the functions v and v
with respect to x and y exist everywhere in the
neighborhood, and
(b) those partial derivatives are continuous at (xp, yo) and satisfy
the Cauchy-Riemann equations ux(xo, yo) = vy (X0, yo) and
¥y (X0, y0) = —vx(x0, 0)-
Then with zg = rg exp(if) # 0 we have

rour(ro, 60) = vg(ro, o) and ug(ro,00) = —rove(ro, bp).
These are the polar coordinate forms of the Cauchy-Riemann equations.

Proof. We have f(z) = f(x + iy) = u(x,y) + iv(x, y) and, for z # 0,
z = rexp(if). Also, x = rcosf and y = rsin6.
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Lemma 2.23.A (continued)

Proof (continued). By the Chain Rule
du_ udx , udy
or  OxOr Oy or
Ou  Oudx 4 o4 dudy
80 9x00 ' Oy oo

= ux cosf 4 uy, sinf and

—uyrsin® 4+ uyrcosf. (2)

Similarly, v = vy cosf+v,sinf and — = —vyrsinf+vyrcosf. (3)

or 89
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Lemma 2.23.A (continued)

Proof (continued). By the Chain Rule

Ou  Oudx 4 o4 Ou dy
ar  Oxor dy Or

Ou  Oudx 4 o4 dudy
80 Ox00 ' dyof

= ux cosf 4 uy, sinf and

—uyrsin® 4+ uyrcosf. (2)

0
Similarly, a—‘; = vx cosO+v, sinf and % —vxrsinf+vyrcosf. (3)
Assuming the Cauchy-Riemann equations in (x,y) hold, we have u, = v,
and u, = —vy at (xp, yo). So from (5)
Vr = vxcos B + v, sinf) = —uy, cosf + uy sin and
Vg = —Vxrsin@ + vyrcosf = u,rsinf + u,rcosf  (5)
at (ro,eo).
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Lemma 2.23.A (continued)

Proof (continued). By the Chain Rule

Ou  Oudx 4 o4 Ou dy
ar  Oxor dy Or

Ou  Oudx 4 o4 dudy
80 Ox00 ' dyof

= ux cosf 4 uy, sinf and

—uyrsin® 4+ uyrcosf. (2)

(3)

0
Similarly, a—‘; = vx cosO+v, sinf and % —Vxrsinf+v,rcosb.
Assuming the Cauchy-Riemann equations in (x,y) hold, we have u, = v,
and u, = —vy at (xp, yo). So from (5)

Vr = vxcos B + v, sinf) = —uy, cosf + uy sin and

Vg = —Vxrsin@ + vyrcosf = u,rsinf + u,rcosf  (5)

at (ro, 6p). Comparing (2) and (5) we have ru, = vy and up = —rv, at
(r0,90).
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