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Lemma 3.32.A

Lemma 3.32.A. For the multiple-valued “function” log z defined in
Section 3.30, we have for all nonzero z;, z € C that

log(z122) = log z1 + log zo.
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Lemma 3.32.A.

Lemma 3.32.A

Lemma 3.32.A. For the multiple-valued “function” log z defined in
Section 3.30, we have for all nonzero z;, z € C that

log(z122) = log z1 + log zo.
Proof. Since we have by definition, log z = In|z| + iarg(z), and by Lemma
1.8.1, arg(z12z2) = arg(z1) + arg(zz2), then
log(z122) = In|z122| + iarg(z122) = In|z1] + In | 22| + iarg(z1) + iarg(z2)

= (In|z1|+7iarg(z1))+(In|z2|+iarg(z2)) = log z1+log z>.
L]

Complex Variables April 4,2024 3 /6



Lemma 3.32.C

Lemma 3.32.C. For any nonzero z € C, for all n € Z we have
N — enlogz‘

Complex Variables el D



Lemma 3.32.C

Lemma 3.32.C. For any nonzero z € C, for all n € Z we have
N — enlogz‘

Proof. First, for z = re’? = \z[eiarg Z notice that

elogz — gln|zl+iarg z _ gln|z| giarg z |Z|eiarg zZ — 7 So for n > 0 we have

L — (elogz)n — (elogz)(elogz) . (elogz)
n times

= ¢"'%87 by Lemma 3.29.A.
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Lemma 3.32.C

Lemma 3.32.C. For any nonzero z € C, for all n € Z we have
N — enlogz‘

Proof. First, for z = re’? = \z[eiarg Z notice that
elogz — gln|zl+iarg z _ gln|z| giarg z |z|e@"8 2 = z. So for n > 0 we have

L — (elogz)n — (elogz)(elogz) . (elogz)
n times

= ¢"'%87 by Lemma 3.29.A.

For n < 0 we have

P — (elogz)n — (e—logz)—n _ (e—logz)(e—logZ) . (e—logz)

—n times

= e (=Mlez by | emma 3.29.A
— enlogz' 0
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Lemma 3.32.D

Lemma 3.32.D

Lemma 3.32.D. For any nonzero z € C, we have that for n =1,2,3,...

(+s2)
exp | —logz
n

is a set consisting of n distinct elements each of which is an nth root of z
(that is, when raised to the nth power gives z).
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Lemma 3.32.D

Lemma 3.32.D. For any nonzero z € C, we have that for n =1,2,3,...

(+s2)
exp | —logz
n

is a set consisting of n distinct elements each of which is an nth root of z
(that is, when raised to the nth power gives z).

Proof. Let z = rexp(i©) = |z| exp(i©) where © is the principal value of

arg(z) (thatis, © € arg(z) and —7 < © < ). Then
1 1
exp (n log z) = exp (n (In|z| +i(© + 2k7r))> where k € Z
1 .© + 2km
= exp|—In|z|+i—
n n
1 2k
= exp <n |z|> exp( @—{_nw> by Lemma 3.29.A. (7)

Complex Variables April 4,2024 56



Lemma 3.32.D

Lemma 3.32.D (continued)

Proof (continued). Now

exp (i (©/n+ 2km/n)) = cos(©/n + 2km/n) + isin(©/n + 2km /n) and
this results in n distinct values as k ranges over the distinct values modulo
n(say, k=0,1,...,n—1).

Complex Variables April 4,2024 66



Lemma 3.32.D (continued)

Proof (continued). Now

exp (i (©/n+ 2km/n)) = cos(©/n + 2km/n) + isin(©/n + 2km /n) and
this results in n distinct values as k ranges over the distinct values modulo
n (say, k =0,1,...,n—1). For each value given in (7), we have

e (Lro)|” = [op (L) e (12227)
 [so (2] o (027

exp(In|z|) exp(i(© + 2km)) by Lemma 3.29.A

’Z|ei(®+2k7r) — ’Z|ei@ = 2z

1
So the result follows, which we denote as z/" = exp < log z). O
n
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