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Chapter 5. Series
Section 5.55. Convergence of Sequences—Proofs of Theorems
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|21+ 23] < |21 [+ 22|

Theorem 5.55.A (continued)

Theorem 5.55.A. Suppose that z, = x, + iy, and z = x + jy. Then
lim,—oo 2o = z if and only if lim,_oo X, = x and lim, oo yn = .

Proof (continued). Conversely, suppose that lim,_,o z, = z. Let ¢ > 0.
Then there is ng € N such that |(x, + iyn) — (x + iy)| < € whenever
n > ng. But

pr=x] < 1/ G = %)+ (v = ¥)2 = [(xa=X)+i(yn=Y)| = [ (a-iyn) — (x|

and

yn—yl < \/(Xn = X)F(yn = y)? = |(a=x)+i(ya=y)| = [(xatiya) = (x+iy)l,

so both |x, — x| < € and |y, — y| < € whenever n > ng. That is
liMmp—oo Xp = x and lim,_oo v = v. ]
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Theorem 5.55.A

Theorem 5.55.A. Suppose that z, = x, + iy, and z = x + jy. Then
lim, oo 2o = z if and only if lim, oo X, = x and lim, oo yn = V.

Proof. Suppose lim, ..o X, = x and lim, .o, ¥, = y. Let € > 0. Then for
some ny, ny € N, |x, — x| < £/2 whenever n > ny and |y, — y| < ¢/2
whenever n > ny. Let ng = max{ny, nx}. Then for n > ny we have

|2n—=2| = [(xn+iyn) = (x+iy)| = [(xn =x) +1

—~~

Yo=Y)| < Xa—x|+i(yn—y)|

=P —x[+lyn—yl=5+5=¢

N ™
N ™

Therefore lim,_ o z, = z.
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