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V.2. Residues

Note. Given our previous experience with integrals over closed and rectifiable
curves, we expect lots of integrals to be 0, except those related to 1/(z —a). Hence,
in a Laurent expansion, our attention is drawn to a_;. In this section, we also
develop some techniques with which we can evaluate integrals of functions of a real

variable.

Definition V.2.1. Let f have an isolated singularity at z = a and let f(z) =

Z a,(z — a)" be its Laurent expansion about z = a. The residue of f at z = a

is the coefficient a_1, denoted Res(f;a) = a_;.
Note. The following relates residues to integrals and winding numbers.

Theorem V.2.2. Residue Theorem.

Let f be analytic in the region G, except for the isolated singularities a1, as, . . . a,,.
If v is a closed rectifiable curve in G which does not pass through any of the points
ap and if v~ 0 in G then

L/f = Zn(’y; ag) Res(f; ay).
2l k=1

271



V.2. Residues 2

Note. The Residue Theorem allows us to evaluate certain integrals, provided
we can evaluate winding numbers and residues. The following result allows us to

compute residues in terms of derivatives.

Proposition V.2.4. Suppose f has a pole of order m at z = a. Let g(z) =
(z—a)"f(z). Then

Res(f;a) = 9" (a).

(m —1)!

Note V.2.A. If z = a is a simple pole of f, then

f(z) = Zaila + kz_;ak(z — a)k and Res(f;a) = l’EIClL(Z —a)f(z) =a_1.
Example V.2.5. Show /oo 2’ dp —
ple V.2.5. Lty

Solution. With f(z) = 22/(1 + 2%), f has simple poles at the 4th roots of —1,
a1 = exp(mi/4), as = exp(3mi/4), ag = exp(bmi/4), and ay = exp(77i/4). So by

Note V.2.A,

22

Res(f;a1) = zh—{gl(z —a)/(z) = zh—{]cftll(z —a) (2 —a1)(z — az)(z — a3)(z — as)

(a1 — az)(ar — ag)(a1 — aa)  (2/3/2)(2/V2 + 2i/v/2)(2i//2)
V2 2-2\  4V2(1—d)  1—i
4i(2 4 20) (2—2@) 48 42

22

and

Res(fia2) = lim (= = a2) s e e S =)
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" (az—a)(as — ag)(az — as)  (—2/v/2)(2i/v2)(—2/v2 + 2i/v/2)
—24/2i V2 1+ . —1—i
T (@) (-2+2)  —4(1—1i) (m) = V248 =~
Let R > 1 and let v be the closed path:
Y
o o
a, aq
> | > |
—R 0 R

Then by the Residue Theorem (Theorem V.2.2),

1—i —1-i
42 42 22

But breaking «y into the interval [-R, R] C R and the semicircle { Re” |0 <t < 7}

2m/f )dz = Res(f;a1) + Res(f;a9) =

gives
R 2 1 T R2e2it

Ydz = — dr + — | —————iRe" dt
27TZ/f “ T o _pl+at x+2m’ 0 14 Riett' ™"

and so

For 0 <t <, |1+ R >R'—1,s0

T 3elt TR3
R3 ——dt| < )
ZA1+WM MRhl

. s ™ €3it
i ([ ) =0

So
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and

00 332 R 332 T s €3it T
dr = i dr | = 1i — iR —dt)| = —.
/_Ool+334 o REI;O(/_R1+$4 :E) REEO(\@ t /0 1+R4€4zt ) \/5

Notice that this was evaluated using residues and no mention is made of antideriva-

tives!

—C

L dr =

for 0 <c< 1.
l+a sin(mc) o ¢

Example V.2.12. Show that /
0

Solution. We want to use residues and circles around 0 to set up a contour
integral that produces the desired real definite integral in the limit. However,
27¢ = exp(—clog z) requires a branch of the logarithm and so a branch cut from 0
to oo.

Let G ={z | z# 0 and 0 < arg(z) < 27 }. Define a branch of the logarithm on G
of £(z) = L(re?) = log(r) + i where 0 < § < 27. Then on G, f(z) = exp(—cl(z))

c

is a branch of z27°. Now we define contour v over which we will integrate. Let
0<r<a< Randlet 6 >0. Let L; be the line segment [r + i, R 4 §i], let yg be
the part of the circle |z| = R from R + i counterclockwise to R — di, let Ly be the
line segment [R — 0,7 — §1], and let 7, be the part of the circle |z| = r from r — i

clockwise to r 4+ di. Put v = L1 + yg + Lo + . See figure the figure below.

YR

dht
r! ! R
Yr LZ
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Then {7} C G, v ~ 0 in G, and —1 is inside . Now z7¢/(1 + z) has a simple
pole at z = —1 so by Note V.2.A,

Res(z7/(1+2);—1) = lim (1 +2)(z /(1 + 2)) = lim 2~

z——1 z——1

— F(=1) = exp(—c(log(1) +i(r))) = .

By the Residue Theorem (Theorem V.2.2),

/ © = 2miRes(z7¢/(1 4 2)) = 2mie “".
s 1+ z

Now Ly = [r 4 07, R 4 0i] can be parameterized as L,(t) = t + 61 for t € [r, R].
Then with f(2) = 27¢,

R .
@), [T

L, 1+2 °T . L+t+i0

To deal with this integral, we define g(t,d) on compact set [r, R] x [0,7/2] as

ft+io) | .
g(t,5) _ 1+t+i0 1+t if 6 € (0777/2]
0 if 6 = 0.

Then g is continuous and so, by Theorem I1.5.15, uniformly continuous. So if ¢ > 0
then there is g > 0 such that if (t—#')*+(6—0")? < 63 then |g(t,8)—g(t',0")| < /R.
In particular, with t = ¢ and ¢’ = 0, we have g(t',d') = g(t',0) = 0 and so for
(t—=t)2+(6—0) =06 < (or § < &), |g(t,0) —g(t',8)| = g(t,0) < e/R. So for
§ < &y we have fTRg(t,(S) dt < (¢/R)R = €. So lims_¢+ fTRg(t,(S) dt = 0 and

R . R ,—¢ R . —c
f(t+z§) dt_/ 2 / f(t+z§) t ot
. l+t+1id . 1+t o—ot | f, \1+t+id 1+t

R ) —c R
< 5132% (/T f(E+ i) ! dt) = lim (/T g(t, o) dt) =0,

1+t4+i6 14+t

lim
0—0*t
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R t—C
dt.
c) = [ i

and so

R . R ;—¢
lim M dt | = / t dt or lim /
§—0t . 1+t+140 . 1+t d—0t

Similarly, as is to be shown in Exercise V.2.A,

Comi /R te / f(z
—e = dz
. 1+ t 5—>O+ —f— Z

e .
v 14z

—TC

= 2mie and this is independent of ¢ so letting

As shown above,

0 — 0" we have

e N E f(Z) f f(Z)
amie _515](%(71%—2 >_511>%1+(/ LR1+de

+ f(z)zdz+/ lf()dz>

R 4 R 4
:/ dt—e_mc/ f (2) dz). (2.16)
1+t T T 1tz

Now if p > 0 and p # 1 and if ~, is the part of the circle |z| = p from /p? — §2 +140
to \/p* — 0% — i) then

—C

(2) |/ (2)]
%1+Zdz‘</|1 ||al|_|1 |27Tp.

Since this bound is independent of §, from (2.16), we have

dmie I — (1 — ¢ ') / e oy o
mie —(1—e r TR.
, 14+t |1—r| 11— R|
Now taking limits » — 07 and R — oo, |1T |27TT — 0 and 1 RIQWR — 0 since
JR— /'“ —_

0 < c< 1. Hence

. 00 4—c .
(1 — e72mic) / — dt = 2mie ™™
0



V.2. Residues 7

or

dt = = =

1+t 1 — e 2ime  gimc — gine 9 sin(mc)  sin(7c)

/Oo t=¢ Qmie ¢ 271 271 T
0

since sin z = (e — e7%) /(2i).

Note. A much easier solution to the previous example is given in Schaum’s Outline
Series, Complex Variables by Murray Spiegel [1964], page 185. Unfortunately, it is
incorrect! Effectively, Spiegel takes 6 = 0 in our notation. But then v, and vz both
must contain points on the branch cut of the logarithm (and hence on the branch

cut of 27¢).
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