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Theorem 4.38

Theorem 4.38

Proposition 4.38. Given two closed subspaces M and N, the projection
PM and PN satisfy PM ≤ PN if and only if M ⊆ N.

Proof. Suppose M ⊆ N.

Then for any x ∈ H we have

〈PMx , x〉 = 〈PMPMx , x〉 since P2
M = PM

= 〈PMx ,PMx〉 since P∗
M = PM

= ‖PMx‖2‖
≤ ‖PNx‖2 since M ⊆ N

= 〈PNx , x〉 (as above for PM).

So 〈PNx , x〉 − 〈PMx , x〉 ≥ 0, or 〈(PN − PM)x , x , 〉 ≥ 0 for all x ∈ H, and
hence PM ≤ PN .
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Theorem 4.38

Theorem 4.38 (continued)

Proposition 4.38. Given two closed subspaces M and N, the projection
PM and PN satisfy PM ≤ PN if and only if M ⊆ N.

Proof (continued). For the converse, we consider the contrapositive.
Suppose M 6⊆ N. Then for some unit vector x ∈ M we have that x 6∈ N.

Then 〈PMx , x〉 = 〈x , x〉 = 1, but

〈Pnx , x〉 = 〈PNx ,PNx〉 (as above)

+ ‖PNx‖2 < 1 since x 6∈ N.

Then for this x we have that

〈(PN − PM)x , x〉 = 〈PNx , x〉 − 〈PMx , x〉 < 0

and so we do not have PM ≤ PN . The result follows.
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