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Abstract. In this paper, we consider the class P, ,, of polynomials of the form P(z) =
ao + Z;L:“ ajz?. We impose hypotheses on the coefficients of such a polynomial and then
restrict the number of zeros in a disk centered at the origin.
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1 Introduction

While studying Bernstein type inequalities, Chan and Malik [5] introduced the class of
polynomials of the form P(2) = ap+)_7_, a;jz7. We denote the class of all of such polynomials
as Pp,. Notice that when p = 1, we simply have the class of all polynomials of degree n.
This class has been extensively studied in connection with Bernstein type inequalities (see,
for example, [3, 8, 9, 15, 10]).

The purpose of this paper is to study the number of zeros in a disk of a polynomial in
the class P, . The first result concerning counting zeros which is of relevance to our study

can be found in Titchmarsh’s The Theory of Functions [16]:

Theorem 1.1 If all of the zeros of polynomial p(z) = Zakzk, ap # 0, lie in |z| < R and
k=0
Ip(2)] < M for |z| < R, then the number of zeros in |z| < R, where 0 < 6 < 1, does not

exceed
1 M

log —.
log 1/5° |ao|




2 Results

In this section, we provide three main theorems and several corollaries. We consider poly-
nomials in P, , and put restrictions on the moduli of the coefficients (in Theorem 2.1), the
real parts of the coefficients (in Theorem 2.5), and on both the real and imaginary parts of
the coefficients (in Theorem 2.9). Each result puts a bound on the number of zeros of the

polynomial in a disk centered about 0.

Theorem 2.1 Let P(z) = ap + Zajzj where ag # 0 and for some t > 0 and some k with
J=p
pw<k<n,

t"au < - <o | < Flag] > P aga ] > > apo | > 8]

and |arga; — B < o < w/2 for p < j < n and for some real o and 3. Then for 0 < <1

the number of zeros of P(z) in the disk |z| < t does not exceed

L oM
log 176 % Jag|

where M = 2|ag|t + |a,|t" (1 — cos a — sin a) + 2|ag|t* ! cos a + |a, [t" T (1 — cos a — sin ) +

2370 lag|t* sina.
With ¢ =1 in Theorem 2.1 we get the following.

Corollary 2.2 Let P(z) = ap + Z a;z’ where ag # 0 and for some t > 0 and some k with
J=p
pw<k<n,

ja,] < - <laga| < larl 2 age| = -+ = fan-a| = Jan|

and |arga; — B| < o < /2 for p < j < n and for some real o and 3. Then for 0 < <1

the number of zeros of P(z) in the disk |z| < § does not exceed

1M
log 1768 Ja|

where M = 2ag|+a,|(1—cos a—sin o) +2|ag| cos a+|a,|(1—cosa—sina)+2 377 |a;]sina.

2



With k& = n in Corollary 2.2 we get:

Corollary 2.3 Let P(z) = ap + Z a;z’ where ag # 0,

J=Hu

jap] <o <Hana| < anl

and |arga; — B < o < /2 for p < j < n and for some real o and 3. Then for 0 < <1

the number of zeros of P(z) in the disk |z| < § does not exceed

L e M
log 1/0° Jag)

where M = 2|ag| + |a,|(1 — cosa —sina) + [a,|(1 + cosa — sina) + 2377 [a ] sina.
With k£ = p in Corollary 2.2 we get:

Corollary 2.4 Let P(z) = ap + Z a;z’ where ag # 0,

J=Hu

N I

and |arga; — B < o < /2 for p < j < n and for some real o and 3. Then for 0 < § <1

the number of zeros of P(z) in the disk |z| < § does not exceed

1 .M
log 1768 Jay|

where M = 2|ag| + |a,|(1 + cosa — sina) + |a,|(1 — cosa —sina) + 2377 |a;[sina.

Theorem 2.1 requires the moduli of the coefficients of a polynomial in P, , to satisfy the
monotonicity condition as stated in the theorem. We now modify the hypotheses of Theorem

2.1 by imposing the monotonicity condition only on the real parts of the coefficients.

Theorem 2.5 Let P(z) = ap + Zajzj where ay # 0, Rea; = a; and Ima; = [; for
J=p
w < j <n. Suppose that for somet >0 and some k with p < k <n we have
thay, < - <tFlagy <t > g > > ag o > a,

3



Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0t does not exceed

Lo M
log 1/5 % Jao|’

where M = 2(|ao| 4 |Bol)t 4 (] — a)t* ™ + 205" + (|an| — )™ + 2370 B[
With t = 1 in Theorem 2.5, we get:

Corollary 2.6 Let P(z) = ao + Zajzj where ag # 0, Rea; = a; and Ima; = ; for
J=p
uw<j <n. Suppose that we have

oy < S ap1 SQp 2 Qg 20 2 Q1 2 Q.

Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0 does not exceed

1 | M
log 176 8 Jag|

where M = 2(|ao] 4 |Bo]) + (lou| — ) + 200 + (Jon| — an) + 2377 (641

Example. Consider the polynomial P(z) = 0.1 + 0.001z% + 223 + 0.0022* + 0.0022° +
0.0012%. The zeros of P are approximately z; = —0.368602, 2o = 0.184076 + 0.3190103,
z3 = 0.184076 — 0.3190107, and z4 = 5.62344 + 10.92507i, z; = 5.62344 — 10.92507i, and
26 = —13.2464. Corollary 2.6 applies to P with u =2 and k£ = 3. With § = 0.37 we see that
it predicts no more than 3.75928 zeros in |z| < 0.37. In other words, Corollary 2.6 predicts
at most three zeros in |z| < 0.37 In fact, P does have exactly three zeros in |z| < 0.37,

namely zq, 29, and z3. So Corollary 2.6 is sharp for this example.

With k£ = n in Corollary 2.6 we get:

Corollary 2.7 Let P(z) = ao + Zajzj where ag # 0, Rea; = a; and Ima; = f3; for
J=p
w<j <n. Suppose that we have

O‘pﬁ"'ﬁan—lgan-



Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0 does not exceed

.M
log 1/5 % Jao|’

where M = 2(|ao| + |Gol) + (Jovu| — o) + (la| + ) + 2377, 1551
With k£ = p in Corollary 2.6 we get:

Corollary 2.8 Let P(z) = ao + Zajzj where ag # 0, Rea; = a; and Ima; = 3 for
J=p
u<j <n. Suppose that we have

O‘,uZ"'zan—lzan-

Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0 does not exceed

11M
log 1/5 % Jao|’

where M = 2(|awo| + |Go]) + (lau] + ) + (lan| — ) + 2375, 1651

We now state a final theorem in the same style as Theorems 2.1 and 2.5. If we have a
monotonicity condition on both the real and imaginary parts of the coefficients (separately),

then we have the potential of improving on Theorem 2.5. This leads us to the following.

Theorem 2.9 Let P(z) = ap + Zajzj where ay # 0, Rea; = a; and Ima; = [; for

uw<j <n. Suppose that for somejt:“> 0 and some k with p < k < n we have
tra, <. <t lapy <trap >t o > >t a2 tan,
and for some p < ¢ < n we have
0, <o ST By B 2t By > 2T B 2 17

Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0t does not exceed

I M
log 1/0 % Jag

where M = 2(|ao| + |Bo|)t + (|| — v +18u] — B)t* ! + 2(ant™ + Bet™) + (|| — o +
|ﬁn| - ﬁn)tm—l'




In Theorem 2.9 if we let t = 1 we get the following.

Corollary 2.10 Let P(z) = ag + Zajzj where ag # 0, Rea; = «a; and Ima; = B; for

J=n
w < j <n. Suppose that for some k with p < k <n we have

0y < Sp S Z Qg1 2 2 Q1 2 Qy
and for some p < £ < n we have

Bu< - <P < fe =B = 2 Pt 2 P

Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0 does not exceed

11M
log 1/5 % Jao|’

where M = 2(|ao| + |Fo]) + (lovu| — a4 18ul = Bu) + 2(a + Be) + (lan| = on + |8l = Bn).
In Corollary 2.10 if we let k = ¢ = n we get the following.

Corollary 2.11 Let P(z) = ag + Zajzj where ag # 0, Rea; = a; and Ima; = B; for

w < j <n. Suppose that for some k:j_zi)lith u <k <n we have
ay < S apo S o
and for some p < ¢ < n we have
Bu <o < Ba1 < B

Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0 does not exceed

1 M

1 .
log 1/0° Jag)

where M = 2(|ao| + [Bo|) + (lovu] — ap +|8ul — B) + (Jaw| + an + |Bal + Bn)-

In Corollary 2.10 if we let k = ¢ = p we get the following.



Corollary 2.12 Let P(z) = ag + iajzj where ag # 0, Rea; = «a; and Ima; = (3; for
w < j <n. Suppose that for some l{?jgith u <k <n we have

Qu 2 2 Qpo 2 Oy
and for some p < £ < n we have

ﬁuEZﬁn—lzﬁn

Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < 0 does not exceed
1 M

| .
log 1/5° |ao|
where M = 2(|ao| + |Bo]) + (o] + @ + |Bal + B) + (Jan] = ctn + |Ba] — Ba)-

In Corollary 2.10, we get similar corollaries by letting k = n and ¢ = u, or k = p and
{=n.
3 Proof of the Results

The following is due to Govil and Rahman and appears in [11].

Lemma 3.1 Let z,2' € C with |z| > |Z/|. Suppose |argz* — (| < a < w/2 for z* € {z,2'}

and for some real o and (3. Then
|z — 2| < (|z| = |7]) cosa + (|z] + |2']) sin cv.
We now give proofs of our results.

Proof of Theorem 2.1. Consider

F(z) = (t—2)P(2)=(t—2)(ao+ Z a;z’) = apt + Z ajtz’) —apz — Z a;z "
J=p J=p J=p

n n+1
= qo(t—2)+ E ajtz’ — E aj_17’
J=n j=ptl

= ao(t—2) +autz" + Z (ajt —aj_1)z — a,z"".
J=p+l



For |z| =t we have

F()] < 2laolt +laut™ + ) last — a1 |t/ + lanlt™!
J=p+l

k n
= 2laglt + |au[t T + D fajt —a;alt + D lajor — agtt + |an |t

j=pt j=k+1
k
< 2lalt + |a,|t"t + Z {(laj|t = |aj-1]) cosa + (Jaj—1| + |a;|t) sina} ¢!
J=p+l

+ Z {(Jaj_1] — |a;|t) cos a + (|aj|t + |aj—1|) sina} 7 + |a,|t" !
j=k+1
by Lemma 3.1 with z = a;t and 2’ = a;_; when 1 < j <k,

and with z =a;_; and 2’ =a;t when k+1<j<n

k k k
= 2|aolt + |a,|t"! + Z |a;[t7 T cos v — Z la;_1|t? cosa + Z a1 |t! sin
J=p+l J=p+l J=p+l
k n n
- Z |a |7t sin o + Z laj_1|t? cosa — Z |a |7t cos o
J=ptl j=k+1 j=k+1

n n
+ Z |a [t/ sina + Z la;_1 |t sina + |a,[t"

j=k+1 j=k+1
= 2ag|t + |ay|t"t — |au|t" ™ cos a + |apt" T cos a + |a,[t" T sina
k-1
+|ag|t" sin o 4 2 Z |a; [t sin o + |ag[t* cos a — [an, [t" T cos a + |ag|t" T sin
J=p+1
n—1
+an|t" ™ sina + 2 Z ;|7 sina + |a, [t" T
j=k+1
n—1
= 2laplt + |a,|t" + |a,[t" T (sina — cos a) + 2 Z |a [t sin o
J=p+l

+2]ag |t cosa + (sina — cos o 4 1)]a, [t
= 2aglt + |ay|t" T (1 — cos a — sin @) + 2|ax[t* cos a
+an[t" (1 — cosa — sina) + 2 Z |a [t sin o

J=Hu

= M.

Now F(z) is analytic in |2| < ¢, and |F(2)] < M for |z| = t. So by Theorem A and the

Maximum Modulus Theorem, the number of zeros of F' (and hence of P) in |z| < 0t is less

8



than or equal to
1 M

1
log 1768 Ja|

The theorem follows. n

Proof of Theorem 2.5. As in the proof of Theorem 2.1,

F(z)=(t—2)P(2) = ao(t — 2) + autzt + Z (ajt —aj—1)2" —az",
J=p+l

F(z) = (ao+iBo)(t—2)+ (au+iB)tz" + > ((ay + i)t — (aj1 +iB1))2
J=p+1
—(an + i) 2"

= (a0 +iBo)(t — 2) + (o +iBu)tz" + > (gt —a; 1) +i Y (Bt — Bj-1)7

j=p+1 J=p+l
—(ovn +iBn) 2"

For |z| =t we have

IF(2)] < 2(|ao + [Bo])t + (ol + 18D+ D oyt — i [t/ + > (18]t + 18- )
J=p+l J=p+l
+(an| + [Ba])t

k n
= 2(laol + Bo)t + (ol + [Bu )T + D (et — )t + Y (o1 — agt)t?

j=p+1 j=k+1
n—1
FB T 2 ) G+ 1Bt + (o] + 1 Bal)E
J=p+l

= 2(Jaol + 8ot + (ol + Bt — "™ + 200t — ™ 4 |3, [t

+2 ) BT+ |ag |t
J=p+l

= 2(laol + [Bol)t + (Jol — )t 4+ 2005 + (|| — @)t 42> |37

J=Hu

= M.

The result now follows as in the proof of Theorem 2.1. n



Proof of Theorem 2.9. As in the proof of Theorem 2.1,

F(z) = (t—2)P(2) = aot — 2) + alz" + > (ajt — a;j-1)2" — a2,

J=Hu

F(2) = (ag+ifo)(t— 2)+ (ay +iB,)tz" + Z ((a; +iB;)t — (a1 +iB;-1))7

—(a, + iﬁn)z"H

= (a0 +iBo)(t — 2) + (ap +iBu)tz" + > (gt —a; 1) +i Y (Bt — Bj-1)7

j=p+1 J=ptl
—(ay + iﬁn)z"H

For |z| =t we have

[FEI < (laol + 18012t + (Jvul + 18"+ Y st —aga [+ D (188 + B )P

J=p+l J=p+l
+(an| + [Ba])t "

k n
= 2(|ao| + [Bol)t + (ol + [Bu )T + D (it — )t/ + D (ajo1 — agt)t?
J=p+1 Jj=k+1

l n
+ Y Bt =Bt + > (B — B + (Jam| + Bt

j=p+1 j=t+1
= 2(|ao| + |Bol)t + (|| + Bt — '™ + 20yt — q,t" T — BT

+2Bt = But™ + (Jon| + [Ba] )"
= 2ol + 180t + (Jou| =+ 1Bl = Bt + 2(ont™ + Bt™1)
+(|an| — an + [Bn] — ﬁn)tm—l

= M.

The result now follows as in the proof of Theorem 2.1. n
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