Section 2.8

Implicit Differentiation
MATH 1190

Previously, we dealt with functions where y was an explicit function of x (y was was written explicitly
in terms of x). For example,

1. y=322—-4
2. y = (4o — 5)'/?
But, y may be an implicit function of x (y not written explicitly in terms of z). For example,
1. 32y —2=0
2.y —a?+ay=3

Note that even with implicit functions of x, y still depends on z and the change in y depends on how
x changes.

In number 1 above, we could rewrite the equation, so y was written as an explicit function of x:

3zy—2=0
3y =2
y=s5
In this form, we can rewrite y as
y= ;w‘l

Hence, the derivative would be
;o 2:v_2 =2
R R 2
In number 2, we cannot rewrite y as an explicit function of x; however, we can still find % using
implicit differentiation.

Implicit differentiation uses a special form of the chain rule. We assume y is a function of x (i.e. y =
f(x)), so

d n __ d n __ n—1 / _ n—ldy
Syt = (@) = (@) S ) =y
More simply,
i n— n—1 @
d;vy - dx
Simple example:
d 3 _ 2 dy
&zl =

Notice, we are taking the derivative with respect to z, so we take the derivative like we normally do

and get 3y2, but since we have y and we are taking the derivative with respect to 2, we have to multiply
d

by £

Another simple example:

a
dz

(zy) = x%y + yd%(x) using the product rule
= (1) Z4y-(1) b/c in the first term, we need to take the derivative of y
with respect to z. The normal derivative would be 1
but since it is the derivative of y with respect to x
we have to multiply by the term %.
In the second term, we simply are taking the derivative of x

with respect to z, so we simply get 1

= x% +y simplifying



e Now, let’s use implicit differentiation to differentiate the first equation above:

3zy —2=0

We will break this into several steps:

— Step 1: Differentiate both sides (all terms) of the equation with respect to x:

4 (Bay) — 4£(2) = 4£(0)
32 (y) +yL(3z) —0=0
302 +y(3) =0

3x4Y + 3y =0

using product rule

— Step 2: Collect all terms containing % on one side and all other terms on the other side.

dy
3r— = -3
dx 4
— Step 3: Factor out % from all terms containing it. Note that this step is not necessary in this
problem.
— Step 4: Solve for %
dy _ =3y
dr — 3z
dy _ —y
dx T

Notice that this is equivalent to what we got above. Since we know y can be written explicitly

(from above) as y = ==, then

dy -y —3; —2

de  x =z 3r-x

This is the same as above.

-2

=32

e However, in example 2, we cannot write out y explicitly, but we may still need to understand how y
changes as a function of z (remember, Z—'z means the change of y with respect to x). Therefore, in

example 2, there is no other way to find % except by using implicit differentiation. Let’s go through

the same steps with this problem:
v -4+ aoy=3

— Step 1: Differentiate both sides (all terms) of the equation with respect to x:

(P —a?+ay) = L(3)

Product rule

3y2% - 2:c+x%(y) +y%(x) =0

3y? % — 2z + a2l +y(1) =0

392 _2p 42 4y =0

— Step 2: Collect all terms containing % on one side and all other terms on the other side.

dy

d
3y2—+x—y=2m—y

dxr dx



— Step 3: Factor out % from all terms containing it.

d
ﬁ(?)yz—l—m):?x—y
— Step 4: Solve for %
dy 2r—y
dr 32 +ux

e Example: Obtain % using implicit differentiation.

2?2 —y? =225
Go through the steps:

£ =1?) = (2w =)

@) = &) = & (22) - £

2z —2y5Y =2 -0 Notice that we have % in the second
term, because we took the derivative of a
y term w.r.t x

2x — 2y% =2 simplifying
So, you get
dy _

2y =2-2
dy _ 2-—2x
dr — 2y
dy _ —2(=1+a)
dr — —2y
dy _ (=1+x)
de — Yy
dy _ z—1
de —  y

e Example: Find the equation of the tangent line to the curve
Yy — 3y = 22

at the point (4,-2).

In order to find the equation for the tangent line, we first need to find the slope of the tangent line.
Remember,

mtan:—yatx:a
dx

So, we first need to find the derivative %. To do this, use implicit differentiation:



W (3r9L +y(3)) =0
Gy _3pd 3y =0

%—Bm%—&z/
%(173@:3@/

dy _ 3y
dx 1-3x

So, we have % = % To find the slope, we need to plug in the point given: x =4, y = —2 to get

dy  3(=2) 6
dr  1-3(4) 11

Then, the equation for the line is

or

6
y—(-2)= ﬁ(fﬂ—‘l)
Simplifying, we get
6,
LT

as the equation for the tangent line.

e Group Work:

— Problems:
1. Find % using implicit differentiation.
(a) ¥° +a%y® =1+ ye”
(b) 1+ x = sin (zy?)
(c) ysin (2?) = zsin (y?)
2. If g(x) + xsin (g(z)) = 22, find ¢'(0).
3. Use implicit differentiation to find the equation for the tangent line to

242y —yP =2

at the point (1,2).

— Answers:
2
1 (a) dy _  2xye” —2zy°
. dz 5y4+3w2y2—em2

dy _ 1—y2 cos (zy?)
dr —  2zycos (zy?)

dx sin (z2)—2zy cos (y2)

/(0) = — sin (g(0)).
%

)
(C) dy __ sin (y?)—2xy cos (z2)
(

_ 3
r—3



