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Abstract

In this paper we consider stripping primes from the level of degree
2 cuspidal Siegel eigenforms. Specifically, given an eigenform of level
N`r under certain restrictions, where ` - N is a prime, we construct an
eigenform of level N which is congruent in eigenvalues to our original form.
To obtain our results, we use constructions of Eisenstein series and theta
functions to adapt ideas from a level stripping result on elliptic modular
forms.

1 Introduction

Throughout we fix a prime ` ≥ 5, and let N be a positive integer coprime to `.
Let K be a number field with ν a prime lying over ` and let

ρ : Gal(Q/Q)→ GL2(OKν )

be a Galois representation, where Kν is the completion of K at ν. Let ρ de-
note the residual representation of ρ obtained by composition with the map
GL2(OKν ) → GL2(Fν), where Fν is the residue field of OK at ν. By Serre’s
conjecture (Theorem 1.2, [14]) we know precisely the conditions necessary for
the semisimplification of ρ to arise from a cuspidal elliptic Hecke eigenform in
the sense of Deligne [8]. Furthermore, Serre’s refined conjecture (3.2.4?,[21])
tells us the precise character, level, and weight of such an eigenform. Note, the
equivalence of Serre’s conjecture and Serre’s refined conjecture is known by the
work of Coleman-Voloch [7], Gross [11], Ribet [19], and others (see [10]). In the
process of proving this equivalence, Ribet presented the following result which
we will be interested in extending.

Theorem 1. [20, Theorem 2.1]
Let ` ≥ 3 be a prime. Suppose that f is an eigenform of level Γ1(N`r) with
r > 0 and (N, `) = 1. Then, there exists an eigenform of level Γ1(N) whose
eigenvalues are congruent to the eigenvalues f modulo ν away from the level of
f , where ν lies over ` in some number field.

In order to transfer to the setting we will primarily be interested in, we let

ρ : Gal(Q/Q)→ GSp4(OKν )
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be a Galois representation, where we are keeping the same notation as above.
In this setting there is a conjecture of Herzig and Tilouine which gives condi-
tions on when the residual representation should arise from a degree 2 Siegel
eigenform, see Section 7 for details. Given a conjecture of this form it is natural
to want some type of refined conjecture to make precise the character, level,
and weight of such an eigenform. The desired weight is discussed in detail in
[13]. Concerning the level, a natural starting place is Theorem 8, which is our
analogue to Theorem 1 in the degree 2 setting.

Similar results have been obtained using an extension of Hida theory to Siegel
modular forms, see Theorem 3.2 in [23]. However, the proof of Theorem 1 given
by Ribet uses strictly classical methods. It is this approach which we adapt to
the degree 2 setting. Note, we also do not require an ordinarity assumption for
our argument, which is necessary for the proof of Theorem 3.2 in [23].

2 Preliminaries

In this section we will introduce some basic facts about Siegel modular forms.
For more details the interested reader is referred to [2].

Let n > 1 be an integer. Let hn denote the Siegel upper half space of degree
n, and let GSp+

2n(Z) denote the set of 2n×2n symplectic matrices with integral
entries and positive similitude factor. We have an action of GSp+

2n(Z) on hn
given by,

γ · Z = (AZ +B)(CZ +D)−1,

for Z ∈ hn, γ =

(
A B
C D

)
∈ GSp+

2n(Z). Let k be an integer, and F be a

holomorphic complex valued function on hn. We define the weight k slash
operator by,

(F |kγ)(Z) := µ(γ)nk−
n(n+1)

2 det (CZ +D)
−k
F (γ · Z),

where γ is as above with similitude factor µ(γ) and k is an integer greater than
or equal to n. Note, we will drop the k when the weight is clear.

In general, for a subgroup Γ ≤ Sp2n(Z) of finite index, we say that F is a
Siegel modular form of weight k and level Γ if (F |γ)(Z) = F for every γ ∈ Γ.
However, we will be primarily interested in a certain subset of such functions.

Let M ∈ Z be strictly positive, and let χ be a Dirichlet character modulo
M . We define Q(χ) to be the number field obtained by adjoining all the values
of χ to Q. Define the following two “level M” subgroups of Sp2n(Z),

Γn0 (M) :=

{(
A B
C D

)
∈ Sp2n(Z) : C ≡ 0 (mod M)

}
,

Γn1 (M) :=

{(
A B
C D

)
∈ Γ0(M) : detD ≡ 1 (mod M)

}
.
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We say that our F from above is a Siegel modular form of character χ, degree
n, level M , and weight k if it satisfies,

(F |γ)(Z) = χ(det(D))F (Z), for all γ ∈ Γn0 (M).

We denote the space of such functions by Mn
k (M,χ). From the above transfor-

mation we see that any F ∈ Mn
k (M,χ) is periodic with respect to symmetric

n× n integral matrices. Hence, F has a Fourier expansion of the form,

F (Z) =
∑

0≤T∈Λn

aF (T )qtr(TZ),

where q := exp(2π
√
−1), tr(·) denotes the trace, and our summation is over all

half-integral positive semi-definite matrices. Furthermore, it can be shown that
F |γ has a Fourier expansion of the above form for every γ ∈ Sp2n(Z). We say
that F is a cusp form if for every γ ∈ Sp2n(Z), we have aF |γ(T ) = 0 whenever
T is not positive definite. We denote this subspace by Snk (M,χ). Furthermore,
for a ring R ⊆ C, we will use Mn

k (M,χ;R) (resp. Snk (M,χ;R)) to denote the
space of modular forms (resp. cusp forms) which have Fourier coefficients in R.

3 Hecke Operators

It is well known that Mn
k (M,χ) admits a commutative set of linear operators

known as the Hecke operators. The space of all Hecke operators is generated by
the elements

T (p) := Γ1(M)diag(1n, p1n)Γ1(M),

Ti(p
2) := Γ1(M)diag(1i, p1n−i, p

21i, p1n−i)Γ1(M),

for 1 ≤ i ≤ n, and p ranges over all primes. We will denote the algebra generated
by these operators over a ring R by HR. Note, we have suppressed the n from
the notation as the degree should be clear from context. Furthermore, if Σ is
a finite set of rational primes, then we define HΣ

R to be the subalgebra of HR
which is generated by the operators above with satisfy p /∈ Σ.

Note that the operator Tn(p2) is sometimes referred to as the “diamond”
operator. We have defined our modular forms so that every character χ, degree
n, weight k form is an eigenvector for Tn(p2) with eigenvalue pn(k−n−1)/2χ(p).
As a result of this, we will be primarily interested in the operators T (p) and
Ti(p

2) for 1 ≤ i < n.
As these operators are self-adjoint with respect to the Petersson inner prod-

uct, we can find an orthogonal basis of Snk (M,χ) which consists of simultaneous
eigenvectors for all of the Hecke operators. We refer to these basis elements
as eigenforms. For F an eigenform, we define Q(λF ) to be the extension of Q
obtained by adjoining all of the eigenvalues of F . It is well known that such an
extension is finite and totally real.

The following lemma provides us with a necessary result concerning the
Fourier coefficients of cuspidal eigenforms.
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Lemma 2. Let F ∈ Snk (M,χ) be an eigenform and define K to be Q(λF , χ).
Set

Snk (M,χ)F := {G ∈ Snk (M,χ) : λG(p) = λF (p) for all p}.

Then,
Snk (M,χ)F = Snk (M,χ;OK)F ⊗OK C.

Proof. By Corollary 2.1 of [23] we have

Snk (M,χ) = Snk (M,χ;Z)⊗Z C.

Let {F1, . . . , Fr} be a Z basis for Snk (M,χ;Z). By Theorem 6.1 in [12] we have
for every t ∈ HQ that

tFi =
r∑
j=1

cij(t)Fj ,

where cij ∈ Q(χ). The remainder of the proof follows precisely as in the proof
of Theorem 2 in [16] with Q replaced by Q(χ).

Due to this lemma, we may suppose that the field obtained by adjoining all
Fourier coefficients of an eigenform F to Q, denoted Q(F ), is a finite extension.

When M is the level of our form and `|M , we have that our Hecke operator
T (`) simplifies to the operator U(`), which we define by its action on Fourier
expansions,

U(`) :
∑

0≥T∈Λn

aF (T )qtr(TZ) 7→
∑

0≥T∈Λn

aF (`T )qtr(TZ).

For our main result we will need the following two properties of the U(`) oper-
ator.

Lemma 3. [5, Theorem 1]
If `||M , the operator U(`) is an injective map from Mn

k (M,χ) to itself.

Lemma 4. If `2|M and χ is defined modulo M
` , the operator U(`) maps Mn

k (M,χ)
to Mn

k (M/`, χ).

Proof. Here we have adapted a proof of Andrianov [1].
Let F ∈Mn

k (M,χ). From [3] we have that the operator U(`) is given by,

F |U(`) = `
n(n+1)

2

∑
S

F |
(

1 S
0 `

)
,

where the summation runs over all symmetric matrices in Mn(Z/`Z). Then, we
have

F |U(`) = `
n(n+1)

2

∑
S

F |
(

1 S
0 `

)
= `

n(n+1)
2 F |

(
1 0
0 `

)∑
S

(
1 S
0 1

)
.
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Define the following subgroup of Γ0(M/`),

Γ(M/`, `) :=

{(
A B
C D

)
∈ Γ0(M/`) : B ≡ 0 (mod `)

}
.

Then, for γ ∈ Γ(M/`, `), it is not hard to show that

F |
(

1 0
0 `

)
|γ = χ(γ)F |

(
1 0
0 `

)
.

Note, a complete set of right coset representatives for

Γ(M/`, `)\Γ0(M/`)

is given by {(
1 S
0 1

)
: TS = S, S ∈Mn(Z/`Z)

}
.

Let γ ∈ Γ0(M/`), and let S ∈Mn(Z/`Z) be symmetric. Set S′ to be the unique
symmetric matrix in Mn(Z/`Z) which is congruent to (A + SC)−1(B + SD)
(mod `). Then, there exists γS ∈ Γ(M/`, `) such that,(

1 S
0 1

)
γ = γS

(
1 S′

0 1

)
.

Note, such a γS also satisfies χ(γ) = χ(γS). Thus,

F |U(`)|γ = `
n(n+1)

2

∑
S

F |
(

1 0
0 `

)(
1 S
0 1

)
γ

= `
n(n+1)

2

∑
S

F |
(

1 0
0 `

)
γS

(
1 S′

0 1

)
= `

n(n+1)
2 χ(γS)F |

(
1 0
0 `

)∑
S′

(
1 S′

0 1

)
= χ(γ)F |U(`).

This completes the proof.

4 Congruences

In this section we will introduce two different notions of congruence between
Siegel modular forms.

Let F and G be eigenforms of the same degree. Let λF (p), λF (p2, i), for
1 ≤ i < n, denote the eigenvalues of F with respect to T (p), Ti(p

2) respectively
and similarly for G. Let Σ denote a finite set of rational primes as in the previous
section. Then, we say that F ≡Σ G (mod `) if for all primes p /∈ Σ we have

λF (p) ≡ λG(p) (mod ν),

5



λF (p2, i) ≡ λG(p2, i) (mod ν), for 1 ≤ i ≤ n− 1,

where ν is a prime lying over ` in Q(λF , λG). We will refer to this congruence
a congruence of eigenvalues.

Our second notion of congruence we will refer to as the congruence of Fourier
coefficients, which we define as in [5]. Define the `-adic valuation of F as

ord`(F ) := inf
T
{ord`(aF (T ))} .

Note, it should be understood throughout that we extend the valuation ord` to
Q(F ) if necessary. If we let G be another form of the same degree as F , then
we say that F ≡fc G (mod `r) if ord`(F −G) ≥ r.

For n = 1 our two notions of congruence agree since (up to normalization)
the pth Fourier coefficient is precisely the eigenvalue of T (p). For n > 1 we have
the following lemma, which says that the congruence of Fourier coefficients is
stronger than the congruence of eigenvalues.

Lemma 5. Let Σ be a finite set of primes containing ` and suppose that F and
G are eigenforms. If F ≡fc G (mod `), then F ≡Σ G (mod `).

Proof. Note, this proof follows exactly the same as the proof of Theorem A.1 in
[18]. We only include it here to emphasize that we are interested in the case of
arbitrary level, not just the level one case as in [18].

Define K to be the compositum of Q(F ) and Q(G). Let c ∈ K so that
at least one of the Fourier coefficients of cF is an `-unit. Without loss of
generality we replace F and G by cF and cG respectively. Let T be the index
of the `-unit Fourier coefficient of F . Let t ∈ HΣ

Z . Then there exist algebraic
numbers λF (t), λG(t), such that F |t = λF (t)F and G|t = λG(t)G. Define a
form H := F −G. Then,

λF (t)F − λG(t)G = (F −G)|t = H|t.

Note, by Theorem 6.1 of [12] we have that Q(H|t) ⊆ K. Hence,

λF (t)aF (T ) ≡ λG(t)aG(T ) (mod ν),

where ν is a prime lying above ` in K. Since aF (T ) ≡ aG(T ) (mod ν) and
aF (T ) is an `-unit, we have that λF (t) ≡ λG(t) (mod ν). This completes the
proof.

5 The Trace Operator

In this section we introduce the trace operator from [4] in the degree 2 setting.
Let F ∈M2

k (N`, χ). We define the trace of F to be

Tr
Γ2
1(N`)

Γ2
1(N)

(F ) :=
1

[Γ2
1(N) : Γ2

1(N`)]

∑
γ∈Γ2

1(N`)\Γ2
1(N)

χ−1(γ)F |γ,
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where the summation is taken over a complete set of coset representatives. Note,
when the levels are clear from context we will simply write Tr(F ). The following
proposition gives us a necessary result on the level of Tr(F ).

Proposition 6. [4, Prop. 2.1]
Let F be as above. Then,

1. If the conductor of χ does not divide N we have

Tr
Γ2
1(N`)

Γ2
1(N)

(F ) = 0.

2. If the conductor of χ divides N we have

Tr
Γ2
1(N`)

Γ2
1(N)

(F ) ∈Mk(N,χ) and Tr
Γ2
0(N`)

Γ2
0(N)

(F ) = Tr
Γ2
1(N`)

Γ2
1(N)

(F ).

For our main result we will need an explicit set of representatives for Γ2
1(N`)\Γ2

0(N).
We recall the following construction given in the proof of Theorem 4.6 in [4].

Let

P :=

{(
A B
0 D

)
∈ Sp4(F`)

}
be the Siegel parabolic and define

ωj :=


12−j 0 02−j 0

0 0j 0 −1j
02−j 0 12−j 0

0 1j 0 0j

 ∈ Sp4(F`),

for 0 ≤ j ≤ 2. Using these matrices we have the Bruhat decomposition

Sp4(F`) =

2⊔
j=0

PωjP.

Furthermore, we have the Levi decomposition P = MN , where the Levi factor
is given by

M :=

{
m(A) :=

(
A 0
0 TA−1

)
: A ∈ GL2(F`)

}
,

and the unipotent radical is given by

N :=

{
n(B) :=

(
1 B
0 1

)
: TB = B, B ∈ Mat2(F`)

}
.

Combining these we have that a complete set of representatives of P\PωjP is
given by{

ωjn(Bj)m(A) : TBj = Bj , Bj ∈ Matj(F`), A ∈ P2,j(F`)\GL2(F`)
}
,
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where Matj is embedded into Mat2 by Bj 7→
(

0 0
0 Bj

)
, and

P2,j(F`) :=

{
γ ∈ GL2(F`) : γ =

(
∗ ∗

0j,2−j ∗

)}
.

Note, P2,j(F`) = GL2(F`) when j 6= 1. We can lift these representatives to
representatives of Γ2

0(N`)\Γ2
0(N) using strong approximation, where we identify

the lifts with their image modulo `. Thus, for ωj satisfying

ωj ≡ 14 (mod N) and ωj ≡


12−j 0 02−j 0

0 0j 0 −1j
02−j 0 12−j 0

0 1j 0 0j

 (mod `),

we have that
{ωjn(Bj)m(A) : 0 ≤ j ≤ 2}

is a complete set of representatives for Γ2
0(N`)\Γ2

0(N). Furthermore, we may
assume for our lifted m(A) that detA = 1. This gives us that χ−1 is trivial on
our set of representatives. Using these representatives we rewrite

Tr(F ) := F +

`−1∑
b=1

∑
A

F |ω1n(b)m(A) +
∑

TB=B
B (mod `)

F |ω2n(B).

To complete this section, we give a more explicit expression for the last term
in the trace, which we will need later. Note, since F is a cusp form, we have that
F |ω2 is also a cusp form. In particular, we know that the Fourier expansion is
of the following form,

F |ω2(Z) =
∑

T∈ 1
`Λ2

a(T )qtr(TZ).

From [5] we have that∑
TB=B

B (mod `)

F |ω2n(B) = `3
∑
T∈Λ2

a(T )qtr(TZ).

Using this we obtain∑
TB=B

B (mod `)

F |ω2n(B) = `3F |ω2

(
`2 0
0 12

)
U(`).

We will need the following lemma, which is from [5], in the next section. We
prove it here for completeness.
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Lemma 7. Let F ∈ S2
k(N`, χ) be an eigenform with associated character χ

defined modulo N . Then, for some integer k′ there exists G ∈ S2
k′(N,χ) such

that F ≡fc G (mod ν), where ν is a prime lying above `.

Proof. Note, as we are only proving this for degree 2 Siegel modular forms, we
will drop the 2 from the superscript for the remainder of this proof.

By Lemma 3 we have that the Hecke operator U(`) is an injective map from
Sk(N`) into itself. Thus, we can find a g ∈ Sk(N`) such that g|U(`) = F . Using
this g, define the following form

G = g|
(

1
` · 12 0

0 12

)
|ω−1

2 .

Let K`−1 := `2Θ2
L, where Θ2

L is the theta series associated to an `-special lattice
L of rank 2`− 2 and determinant `2, see [6]. Then, K`−1 satisfies

K`−1 ≡fc K`−1|ω1 ≡fc 0 (mod `),

K`−1|ω2 ≡fc 1 (mod `).

Furthermore, K`−1 has integral Fourier coefficients. Applying our formula for
the trace we may write

Tr(GK`
m

`−1) = GK`
m

`−1 +

`−1∑
b=1

∑
A

(GK`
m

`−1)|ω1n(b)m(A)

+
∑

TB=B
B (mod `)

(GK`
m

`−1)|ω2n(B),

for an arbitrary constant m. Our goal is to show that

ord`(Tr(GK`
m

`−1))→∞ as m→∞.

To this end we will examine each piece of the summation separately. Note,
throughout we will use the fact that ord`(G|ωi) > −∞ for i = 0, 1, 2, which
follows from Lemma 2.1 in [23]. First,

ord`(GK`
m

`−1) = ord`(G) + `m ord`(K`−1),

which becomes arbitrarily large as m grows.
Second,

ord`

(
`−1∑
b=1

∑
A

(GK`
m

`−1)|ω1n(b)m(A)

)
≥ 1 + ord`(G|ω1) + `m ord`(K`−1|ω1),

which also becomes arbitrarily large as m grows.
Third, to examine the last term of the summation we rewrite K`m`−1 = 1 +
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`m+1X, where X is a Fourier series with integral Fourier coefficients. Then,∑
TB=B

B (mod `)

(GK`
m

`−1)|ω2n(B) = G|ω2|
(
` · 12 0

0 12

)
U(`)

+ `m+1(G|ω2 ·X)|
(
` · 12 0

0 12

)
U(`)

= F + `m+1(G|ω2 ·X)|
(
` · 12 0

0 12

)
U(`).

Note, ord`(X) ≥ 0. Combining we have,

ord`(F − Tr(GK`
m

`−1) ≥ m+ 1 + ord`(G|ω2),

which goes to infinity as m does. Thus, for large enough m we have that

Tr(GK`
m

`−1) ≡fc F (mod ν),

where ν is a prime lying over ` in Q(F ).

6 Level Stripping

In this section we will prove the following theorem, which is our main result.

Theorem 8. Let F ∈ Sk(Γ2
1(N`r)) be an eigenform with associated character

χ defined modulo N` and let Σ be the set of rational primes which divide N`.
Then, for some integer k′ > 2 there exists an eigenform G ∈ Sk′(Γ2

1(N)) such
that F ≡Σ G (mod `).

Proof. Note that throughout we are working with degree 2 Siegel modular forms,
so we will drop the superscript. Furthermore, throughout the proof we will not
be explicit about the weights of the intermediate forms, but we will make a note
about the final weight k′ at the end. Finally, we will take finite extensions of Q
as needed and let ν always denote a prime lying above `.

As χ is a character modulo N` we obtain a factorization χ = ωiκ, where
ω is the unique character of conductor ` and order ` − 1 and κ is a character
modulo N .

Let E ∈Mk1(`, ω−i) be a form from the sequence in Theorem 1.2 of [15] such
that E ≡fc 1 (mod `), where our congruence is in the number field containing
the Fourier coefficients of E. Consider the product of Siegel modular forms FE.

We first want to show that this product transforms under the action of
Γ0(`r) ∩ Γ1(N). Let γ ∈ Γ0(`r) ∩ Γ1(N). Then,

(F (Z)E(Z))|γ = κωi(γ)ω−i(γ) det(CZ +D)−k−k1F (γZ)E(γZ)

= F (Z)E(Z).
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Thus, the product is a form of the desired level, character κ, and weight k+ k1.
Furthermore, as E ≡fc 1 (mod `) we have that

FE ≡fc F (mod ν),

where this congruence in the number field which contains the Fourier coefficients
of both F and E. Thus, FE is an eigenform modulo ν, and Lemma 5 gives us

FE ≡Σ F (mod `).

LetOν be the extension of Z` which has ν as its maximal ideal. As Sk+k1(Γ0(`r)∩
Γ1(N)) is a finite, free Oν module, we can apply the Deligne-Serre lifting lemma
(Lemme 6.11, [9]) to obtain an eigenform F1 ∈ Sk+k1(Γ0(`r)∩Γ1(N)) and with
character κ such that

F1 ≡Σ F (mod `),

where we may need to take a further field extension to obtain this congruence.
Now, consider the form F1|U(`). By Lemma 4 we have that

F1|U(`) ∈ Sk+k1(Γ0(`r−1) ∩ Γ1(N)).

Using the commutativity of Hecke operators we see that

F |U(`) ≡Σ F1 (mod `),

in fact we have equality of eigenvalues away from `N . Thus, by applying the
U(`) operator r−1 times to F1 we have an eigenform F2 ∈ Sk+k1(Γ0(`)∩Γ1(N))
with character κ such that

F2 ≡Σ F1 (mod `).

Applying Lemma 7 to F2 we obtain a form G ∈ Sk′(N,χ) satisfying

G ≡fc F (mod ν).

Just as before, we use Lemma 5 and the Deligne-Serre lifting lemma a second
time to obtain an eigenform G1 ∈ Sk′(N,χ) such that

G1 ≡Σ F (mod `).

Finally, with regards to weight k′, we simply note that

k′ ≡ k − i (mod `− 1),

where ωi was the character obtained from the factorization of χ.
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7 Application to Galois Representations

In this section we present an application of Theorem 8 which provides evidence
for a conjecture of Herzig and Tilouine.

We begin with the following result which gives the existence of a Galois
representation attached to a cuspidal Siegel eigenform of degree 2 as well as the
characteristic polynomial of the images of the Frobenius elements with respect
to this representation. Note, this result is stated in [22], however the proof is
essentially due to Laumon in [17] and Weissauer in [25],[26]. Where the last
reference is necessary to conclude that the associated Galois representation is
symplectic.

Theorem 9. Let F ∈ S2
k(M,χ) be an eigenform. Let K = Q(λF ) and let ν be

a prime lying above ` in K. Then, there exists a continuous, semi-simple Galois
representation

ρF,` : GQ → GSp4(OKν )

such that for all primes p - `M we have the characteristic polynomial of ρF,`(Frobp)
is given by

x4 − λF (p)x3 + (pλF (p2, 1) + (pk + pk−2)χ(p))x2 − pkλF (p)x+ p2kχ(p),

and ρF,` is unramified at p.

As we have chosen a lattice so that our representation takes values in GSp4(OKν ),
we may form the residual representation of ρF,` at `, i.e., the representation

ρF,` : GQ → GSp4(F`),

by reducing the image of ρF,` modulo ν. If ρ is a representation which is iso-
morphic to ρF,` then we say that ρ is modular of level M . Note, if we need to
specify that ρ arises from a form of character χ, then we will simply say that ρ
has character χ.

With this in mind, we can ask when is a representation

ρ : GQ → GSp4(F`)

modular?
In a partial answer to this question, Herzig and Tilouine have given sufficient

conditions under which ρ is conjectured be modular. The reason this is a partial
answer is that Herzig and Tilouine restrict to the ordinary setting. In order
to state precisely the conjecture of Herzig and Tilouine we will need a bit of
background. For more details the reader is referred to [13].

First, we say that ρ is odd if µ ◦ ρ(c) = −1, where c ∈ GQ is complex
conjugation and µ is the similitude factor. Note, to see that this is necessary
for a representation to be modular, the reader is referred to Section 9 of [24].

Second, we will need the following definition.
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Definition 10. Let F be a degree 2, level M eigenform of weight k. We say that
F is ordinary at ` if the roots of the characteristic polynomial of ρF,`(Frob`),
denoted r1, r2, r3, r4 satisfy

ord`(r1) = 0, ord`(r2) = k − 2, ord`(r3) = k − 1, ord`(r4) = 2k − 3.

Let D` be the decomposition group of ` in GQ. Let χ` denote the `-adic
cyclotomic character and for an `-adic number u, we set ε(u) to be the unramified
character of D` which sends Frob` to u. Then, for F ordinary at ` as in the
definition, we have

ρF,`|D` ∼


χ2k−3
` ε(r4/`

2k−3) ∗ ∗ ∗
0 χk−1

` ε(r3/`
k−1) ∗ ∗

0 0 χk−2
` ε(r2/`

k−2) ∗
0 0 0 ε(r1)

 .

With this definition in mind, for a representation

ρ : GQ → GSp4(F`),

we will say ρ is ordinary at ` if up to conjugation we have

ρ|D` ∼


χe3` ε(u3) ∗ ∗ ∗

0 χe2` ε(u2) ∗ ∗
0 0 χe1` ε(u1) ∗
0 0 0 χe0` ε(u0)

 ,

where χ` is the reduction of χ` modulo `, the exponents satisfy e3 ≥ e2 ≥ e1 ≥
e0, ε is as above, and u3, u2, u1, u0 ∈ Fx

`. We will denote such a representation
as (ρ, {ej}). Note, after twisting by an appropriate power of χ` we may assume
e0 = 0 and that ej ≤ j(`−2) for j = 1, 2, 3. This brings us to the next definition.

Definition 11. For a representation (ρ, {ej}) as above, we say that the expo-
nents {ej} are `-small if we can twist ρ by a power of χ` so that 0 = e0 ≤ e1 ≤
e2 ≤ e3 < p− 1.

Furthermore, if we can write e1 = k − 2 and e2 = k − 1 for some integer
k ≥ 2 then we call k the modular weight of (ρ, {ej}) .

We are now prepared to state the following conjecture.

Conjecture 12. [13, Conj. 0] Let (ρ, {ej}) be an irreducible, odd Galois rep-
resentation which is ordinary at ` and has modular weight k. Suppose further
that the exponents {ej} are `-small. Then, ρ is modular of level N with ` - N .

Note, we have specialized to our setting, as the conjecture is actually stated
in the more general setting of vector-valued modular forms.

As evidence for this conjecture, we can state the following corollary which
follows from Theorem 8.
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Corollary 13. Suppose that ρ is modular of level `rN and character χ of con-
ductor `N with ` - N . Then, ρ is modular of level N .

Proof. Suppose that ρ arises from F ∈ Sk(`rN). Then, we can apply Theorem 8
to obtain a representation ρ′ of level N such that the characteristic polynomials
of ρ(Frobp) and ρ′(Frobp) are equal for all p - `N . Thus, the characteristic poly-
nomials of ρ and ρ′ are equal everywhere by the Chebotarev Density Theorem.
Thus, the Brauer-Nesbitt Theorem gives us that ρ is isomorphic to ρ′.

8 Future Work

In this section we mention some open problems related to generalizing our result.

1. Let F be the eigenform from Theorem 8 with corresponding character of
conductor N`r for r ≥ 1. Is there a way to construct an eigenform with
corresponding character of conductor N` whose eigenvalues are congruent
to those of F away from the level?
In the proof of Theorem 1, Ribet is able to twist the form so that the
conductor of the character is lowered. However, this is for elliptic modu-
lar forms, and the generalization of this twisting to the degree 2 setting is
not obvious. If one could answer this question affirmatively then we could
relax our restriction on the character of F .

2. Can we find an Eisenstein series of arbitrary degree analogous to the one
used in the proof of Theorem 8, i.e., can we find an Eisenstein series, E,
of degree n, level `, and character ω−i (as in the proof) such that E ≡fc 1
(mod `)?
Note, this is closely related to Problem 4.1 from [15]. If one could answer
this question affirmatively then we could generalize Theorem 8 to arbi-
trary degree.
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