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Abstract

Let f be a normalized eigenform of level N/ for some positive integer o and some
odd prime ¢ satisfying ged(¢,n) = 1. A construction of Deligne, Shimura, et. al., attaches
an f-adic continuous two-dimensional Galois representation to f. The Refined Conjecture of
Serre states that such a representation should in fact arise from a normalized eigenform of
level prime to £.

In this thesis we present a proof of Ribet which allows us to “strip” these powers of
¢ from the level while still retaining the original Galois representation, i.e., the residual of
our new representation arising from level N will remain isomorphic to the residual of our

original representation arising from level N/¢.
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Chapter 1

Elliptic Modular Forms

1.1 Modular forms over the full modular group

In order to define modular forms, we first need to introduce the full modular group,

its congruence subgroups, and a group action which will be used throughout.

a b
Let $ = {x +yi € Clz,y € R,y > 0} and SLy (R) := € Maty(R)|ad — be =1
c d
. . _ az+0b
We will define a group action of SLy(R) on $) by setting v -z = —d
cz
a b
where v = € SLL(R) and z € 9, ie., SLy(R) acts on $ by fractional linear
c d

transformations. We must verify that this satisfies the necessary properties to be a group

action. Note that

b b)(cz+d
Im(y-2z) =Im (%) =Im ((az |—Zz :ECCZ; )) = |ez + d|"*Im (adz + bcz)

and

Im(adz + bez) = (ad — be)lm(z) = Im(z2).



Thus, Im(y - 2) = |cz + d|?Im(z). Hence, § is preserved.

a b a v
Let v = Y = be elements of SLy(R). Then
c d d d
10 1z+0
I z= -z = =z
0 1 0z+1
and
az+b  (ad +bc)z+ (ab + bd
V(Y 2) =7 ! )2+ ):(w’)-Z-

cz+d (ca +dcd)z+ (cbf +dd')
Thus, this is a group action.

However, for our purposes we will restrict our attention to a certain subgroup of SLy(R).

Definition 1. The full modular group is defined to be

a b
SLQ (Z) = € Matg (Z)|ad —bec=1
c d

and will be denoted by T'(1).

Note that since I'(1) is a subgroup of SLy(R), I'(1) acts on $ as well. With this action in

mind, we have the following definition.

Definition 2. Let f : $§ — C be a meromorphic function. We say f is a weakly modular

function of weight k and level T'(1) if it satisfies the following:

b
f(y-2) = (cz+d)*f(2), for every z € $ and v = ¢ e I'(1).
c d

From this definition we can see that to study weakly modular functions, it will be helpful to

know more about the structure of I'(1). In order to do this we will prove the following;:
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11 0 -1
Proposition 1. Let T := and S = . Then, I'(1) =< S, T >.
01 1 0
a b
Proof. First it is clear that since S,7 € I'(1), < S,T >C I'(1). Let v = e I'(1).
c d

Note that if ¢ = 0, i.e., v is upper triangular, then a = d = +1. Also, as b € Z, we see that

1 b
v=HIT = +] , where the sign on I matches the sign of a. Since —I = S? € I'(1),
0 1

we have that v €< ST >. Now, suppose that ¢ # 0. Then it is sufficient to show that
we can transform 7 into an upper triangular matrix using some element of < S, T >. First,

note that

a b 1 n a an-+b
’yTn: =
c d 01 c nc+d

Clearly, we can choose an n € Z such that |nc+d| < |c|/2 < |¢|. Therefore, given (c,d), the
bottom row of 7, we can find a new matrix with bottom row (c,d’), with |d'| < |¢|[/2. Now,

note that,

Using this we can use the bottom row (c¢,d’) from above to find a matrix with bottom
row (d’,—c). Hence, by repeating this process a finite number of times, we see that we
can transform v into an upper triangular matrix using an element of < S,T >. Thus,

v e<T,S >, which completes the proof. O

Let f be weakly modular of weight k& and level I'(1). Then we know that for every z € §, f

satisfies:



Thus, f has period 1, and either £ is even or f is the zero function.

In order to define a modular form we must consider the action of I'(1) on $, where
$H = HUQU {icc}. Note, by Q, we mean the set of complex numbers z + yi, where  is
rational and y is zero. The action of I'(1) on ico is given by, v - ico = a/e, for the same
~ as before, and the action on Q is the same as was defined for £). We can now define an
equivalence relation on the set Q U {ioco}, by x ~ y if there exists some v € I'(1) such that
v-x = y. It is not hard to see that I'(1) acts transitively on the set QU {ico}, i.e., the entire
set becomes one equivalence class under the previously defined relation. While this relation
is somewhat trivial in this case, it will become more important in later sections. We call this
equivalence class the “cusp” at i00.

Let f : $5 — C be a meromorphic period one function. Let D := {z € C: |z| < 1}
be the open unit disk in C, and let D' := D — {0}. Consider the change of variables

2miz

z > q = e ™ where z € §). Note, this map is periodic and sends §) to D’ holomorphically.
Also, this map gives us a function g : D" — C corresponding to f by g(q) = f(z). Since f is
o0

meromorphic, so is g. Let g(q) = Z a,q" be the Laurent expansion of g. We see that as
Im(z) — oo, we have ¢ — 0. We szgfi;‘o is meromorphic at 700 if g extends meromorphically
to the point at zero, i.e., if the coefficients a,, of the Laurent expansion of g are zero for all
but finitely many negative n. Also, we say that f is holomorphic at 700 if a,, = 0 when n is
negative, and finally we say that f vanishes at ico if a,, = 0 when n is not positive. From now
on we will just consider the Fourier expansion f(z) =Y. a,e?™"* directly without referring
to the corresponding function g, although we will still denote e?™* by g.

We saw earlier that our weakly modular functions were meromorphic and of period

one, therefore by the preceding paragraph we can consider the behaviour of such functions

at 200. This leads us to our next definition.

Definition 3. We say a weakly modular function f of weight & and I'(1) is a modular form

of weight k and level I'(1) if f is holomorphic on $ U {ioco}. The set of all modular forms of
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weight &k and level I'(1) is denoted M (I'(1)). Further, we say that a modular form of weight
k and level I'(1) is a cusp form of weight k and level T'(1) if f vanishes at ico. The set of all

cusp forms of weight k and level I'(1) is denoted Sy (I'(1)).

Let f(z), g(2) € Mi(I'(1)). It is clear that cf(z) € Mi(I'(1)) for any ¢ € C, and that
f(z) + g(z) € Mg(I'(1)). Combining these two facts it is not hard to see that My (I'(1))
forms a C-vector space. Note, the same holds for Si(I'(1)). Further, if f(z) € My, (I'(1))
and g(z) € M, (I'(1)), then f(2)g(z) € My, 1, (I'(1)). Once again, the same thing is true
for cusp forms. Therefore, M(I'(1)) := O Mi(T'(1)) and S(I'(1)) := G Sk(I'(1)) are graded
C-algebras. = =

To give an example of a modular form, let £ > 2 with k£ even. Define an Eisenstein Series by

1
Gir(z) = Z )

(m,n)ez?
(m,n)#(0,0)

Proposition 2. The Eisenstein series, Gi(z), is a modular form of weight k and level I'(1).
Proof. Let z € . Define the lattice A := 2Z + Z. Then rewriting we have

Gilz) = Z%.

wEA
w#0

Let P; be the parallelogram with boundary points {—1 — z, —2,1 — 2, 1,1 + 2z, 2, —1 4+ 2z, —1}.
Let r and R denote the minimum and maximum distances from 0 to P;, respectively. Then,
if w is any of these 8 non-zero lattice points in P;, then r < |w| < R. If we now consider the

parallelogram P, with boundary points
{—2—-22,-1-22,-22,1-22,2—22,2— 2,22+ 2,2 + 2z,

1422,22,—14+22, -2+ 22, -2+ 2,—-2, -2 — 2z},
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we see that if w is now any of these 16 new lattice points in P, then 2r < |w| < 2R. In
general, in P, we have 8n new lattice points such that nr < |w| < nR, for any new lattice

point w in P,. Therefore,
1 < 1 < 1
(nR)* = |wlk — (nr)*’

1
for any new lattice point w in P,. Let S,, denote the sum of W over the first n parallelograms
w

n
P, i.e., we take the summation over the 8 Zl non-zero lattice points nearest to the origin.
=1

Then,
“\ 8l 8« 1 8w 1 “ 8l
Z (RI* ﬁz k-1 < S < ﬁz -1 Z (r)*
=1 =1 =1 =1
8¢C(k—1) : . ,
Thus, S, < ————, where ( is the Riemann zeta function. Note, our upper bound does
r
not depend on n, hence
k—1
i 5, < =D
n—00 r

where the final inequality comes from the fact that ((s) converges when the real part of s is
greater than 1. This gives us absolute convergence for Gi(z). Note, that as Gi(z) is abso-
lutely convergent on all of §), then it is not hard to see that Gy(z) is uniformly convergent
on any compact subset of ). Thus, G(z) is holomorphic on .

Now, as S and T generate I'(1), it is sufficient to show that Gi(z + 1) = Gg(z), and
Gr(=1/z) = 2¢G1(2) in order to show that Gy(z) is a weakly modular function over I'(1).

Observe that,

1
G 1) =
bz 1) Z (m(z+1)+n)k
(m,n)€Z?
(m,n)#(0,0)

1
- Z k
mez? (mz 4+ (m+mn))
(m,n)#(0,0)



1
- 2 : (> 1 Ak
(m,d)ez? (mz + d)
(m,n)#(0,0)

and

Z—k

SO = )L TR

(m,n)€Z?
(m,n)#(0,0)

1
B Z (m + nz)k

(m,n)€Z?
(m,n)#(0,0)

= Gk(z)

Thus, Gg(z) is a weakly modular function of weight k& and level I'(1). All that remains is
to show that G(z) is holomorphic at ico. In order to do this we will determine the Fourier
expansion of Gg(z).

Let oy (n) := Z d"' and let By, denote the & Bernoulli number which is given as the
dln

k" coefficient in the Taylor series expansion of We begin by taking the logarithmic

x
et —1°
derivative of the product formula for sina for a € £. We obtain

- 1 1
t = - . 1.1
7 cot ma a+z(a+n+a—n) (1.1)

n=1

Note we have used Hadamard’s formula in this step, which gives that sinma = H(a —n).

ne”Z
We can rewrite the left hand side to get:

2me
tma =7+ ———. 1.2
meotma = mi + e (1.2)



Multiply both sides of (1.2) by a and replace 2mia with x. The right hand side becomes

- 2mia :c+ T
ant + ——— = —
e2mia 1 2 ex—1
T . Bypx*
RPN
k=0

Multiplying the right hand side of (1.1) by a and rewriting yields:

t () = i )

= 1 1
= 1 —
* ; 2min -z 1 :L‘.

m=1 j=1 J
= 1- i 2 ¢(2m) | x*™
(27i)%m
m=1
Our equation now looks like:
T = Bpa® = 2 9
— —=1- —((2 ",
3" L ; ((2m‘)2n€( ”)) v

Now, comparing the coefficients of 2** gives us that By = 1, B; = —1/2, and Ba,; = 0 for

every k > 1. Further, when k£ > 0 and even we have the following well known identity:

((k)  (20)*By
Tk 2 kT

(1.3)



Combining (1.1) and (1.2) yields the following equality

1 1 1 271
— =7+ —. 14
a+;<a—l—n+a—n) 7”_"627”(1_1 (1.4)

Differentiating (1.4) with respect to a a total of (k — 1)-times and replacing a with mz we

get the following equation:

o0

1 2
Z <m2+n 7[_2 Z k—1 27rznmz

n=-—oo

Using the identity (1.3), replacing n by d, and ¢*™* by ¢ on the right hand side we get:

- —2k - k—1 _dm
=B C(k) Y d g™

d=1

Therefore,

Gi(z) = Z Z e T for (m,n) # (0,0)

m=—00 N=—00

h i (n’“)+2z Z (mz +n)k

n=—00 m=1n=—
a +2mz:1nz (mz +n)k
= 20(k) (1 — %i i d*! dm)
m,d=1

Fix a power of ¢, say r. Then d must take the value of every divisor of n. Thus, our coefficient

on ¢" is ox_1(n). Thus,



From here, we can see that the Fourier expansion of Gy (2) has no negative terms, i.e., Gi(z)

is holomorphic at ico. This completes the proof that Gi(z) € M(T'(1)). O

Not only have we proven that the Eisenstein series is a modular form, but in the process we
have derived its Fourier expansion. In the future, we will need to make use of the normalized
Eisenstein series, where normalized means that we multiply by a suitable constant so that

the first Fourier coefficient is one. For this normalized series we get:

E(z) == %(k)(h(z) —1- %’Z ;akl(n)q”.

Equivalently, we can define the normalized Eisenstein series as:

The equivalence of these is not hard to show and will be left as an exercise to the curious
reader. Using these normalized Eisenstein series, we can construct a cusp form of I'(1) level.

For example, consider the following function:

aG) = T By~ B?)

This is called the discriminant modular form, which comes from this function’s application
to elliptic curves. From previous results we see that A(z) is a modular form of I'(1) level
and weight 12. Further, we have that the constant term in the Fourier expansion of Ey(2)?
is cancelled by the constant term in the Fourier expansion of Fg(2)?, hence A(z) is a cusp

form. Using this same idea, we can prove the following:

Proposition 3. For k> 2, M(I'(1)) = Sk(I'(1)) & C - E.
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Proof. Let f(z) = Zanqn € Mi(I'(1)). Then f(z) — apEx(z) has no constant term in its

n=0

Fourier expansion. Hence, f(z) — agEx(2) € Sk(I'(1)). Noting that Ey(z) ¢ Sk(I'(1)), we

have the desired result. O

1.2 Modular forms over congruence subgroups

In Section 1.1 we defined and gave examples of modular forms and cusp forms of full
level. In this section we will be interested in defining modular forms and cusp forms of other

levels. To begin, we must consider a special class of subgroups of I'(1).

Definition 4. For N € Z-, the subgroup

['(N) := €SLy(Z))Ja=d=1 (mod N), b=c=0 (mod N)

of I'(1) is called the principal subgroup of level N.

Note, if N’ is a multiple of N, then I'(N’) < I'(N). We define a group homomorphism

a b a b
Y T(1) — SLy(Z/NZ), by — (mod N).
c d c d

Then, ker(¢)) = I'(IV), so we get that I'(/V) < I'(1).

Definition 5. We define a congruence subgroup of level N to be any subgroup H of I'(1)
satisfying I'(N) < H <T'(1).

Similarly, we have that if H is a congruence subgroup of level N and N’ is a multiple

of N, then H is a congruence subgroup of level N’. Some important congruence subgroups

11



that we will use throughout are:

a b
To(N) = €el'(l)|e=0 (mod N) »,
c d
a b
[(N) = elg(N)la=d=1 (mod N) »,
c d
a b
Co(N, M) := el(N)b=0 (mod M)
c d

Since congruence subgroups are contained in I'(1), it is clear that we once again have a group
action on $. In order to define a modular function in this setting, we will need the weight

k slash operator, which is defined in the following way:

a b
Flel](2) == det /2 (cz + d) ™ f(yz), for v = e GL; (Q),
c d

where GLJ (Q) is the group of all two by two matrices with rational entries and positive
determinant and f : $ — C. Note, given the action of I'(1) on $), the action of GLJ (Q) on
$ is obvious, although at the moment we are only concerned with elements of I'(1). Also, if
k is clear from the context, we omit it. The following proposition gives us a useful property

of the slash operator.

Proposition 4. Let f : § — C, and let k € N. Also, let 7,7 € GL3(Q). Then,
Flelr1(z) = (fle[VD) |k [¥1(2)-

12



a b
Proof. Suppose that v = and 7/ = . Expanding out f|x[v7'](2) yields:

Felr1(z) = det (19)*2((d + ca’)z + (b + dd') ™ F((7)2)
= et () den () (LI ) (k) 00)
= det (v)"*(d2 + d) P (V%)

= (flbD [[v](2)-

Using this operator, we make the following definition.

Definition 6. Let f : $§ — C be a meromorphic function. Let I' < I'(1) be a congruence
subgroup of level N. We say f is a weakly modular function of weight k and level T' if it

satisfies the following:

fle[(z) = f(2), for every z € ,7 €T,

Note. if the subgroup is clear from context, we say that f has level N.

In order to define a modular form in this setting, we will need to examine the be-
haviour of such a function at all cusps. In order to make this more explicit, we must first
define what is meant by a cusp. Note that while I'(1) acts transitively on the cusps, it is not
true that congruence subgroups do the same. For example, it is not hard to see that there is
no v € I'(3) such that v - {ico} = 1/2. Therefore, unlike the full level case, the equivalence

relation defined in §1.1 divides {ico} U Q into multiple equivalence classes.

Definition 7. Let I' < I'(1) be a congruence subgroup. A cusp is defined to be an equivalence

class of {ico} UQ under the action of ' on §.

13



In order to make this behaviour of modular functions at the cusps more precise, we
will first look at the cusp at ioo as we did in §1.1. The major difference in this setting is
that for some congruence subgroups I' < T'(1), we may not have that our translation matrix

T from §1.1 is an element of I'. However, we can see that for some h € Z,

As an example, consider the group I'(N). The group has TV as an element, but not 7.
With this difference in consideration, we see that a weakly modular function f may no
longer have period 1, but will certainly have period h, for some integer h. Then, just as
in the previous section, we see that there is some function g : D’ — C corresponding to
our weakly modular function f, where D’ is the punctured unit disc in the complex plane.

However, we now have that f(z) = g(qs) where g, := e2™*/"

. Note, again we have that the
map z — ¢, is a holomorphic map from C to D’. As in §1.1, we have the Fourier expansion
flz)=>", a,e?™*/" and we say f is meromorphic at ioco if a,, = 0 for all but finitely many
negative n. Also, f is holomorphic at 00 if a,, = 0 for all negative n, and f vanishes at ioo
if a,, = 0 for all non-positive n.

In this setting, it is not enough to consider the behavior of a modular function at
just one cusp since we will require holomorphicity at every cusp in order to define a modular
form for a congruence subgroup. First note that since I'(1) acts transitively on the set
{ico} U Q, we have that for every rational number r, there exists some € I'(1) such that

vr = i00. Using the same f as in the previous paragraph, we will consider the function

g(2) :== fle[y(2). First, we will prove the following:

Proposition 5. Let f be a weakly modular function of weight k and level I' with T'(N) <

I' <T(1). Let v € I'(1). Then, flx[7] is a weakly modular function of weight k and level

14



ATy,

a b
Proof. Note, for v = and z € §, we have that cz + d is never zero or infinity, hence

c d
flely] is still meromorphic with the same zeros and poles as f. Now, let v/ € v~ 'T'y. We

can write 7' = v~ g~ for some g € I'. Then,

(DI = (FlbDIb™97](2)
= fllr'9(2)
= [lrlg1(2)
= flkl(2)

Thus, completing the proof. O

An important fact to note in light of this proposition is that since I'(V) < I'(1), we
have that T'(NV) < 47Ty, i.e., v~y is again a congruence subgroup of the same level as T’
for every v € I'(1). From this we have that our translation matrix 7" is in vy~ 1I'y as well.
Returning to our previous function g(z), we can see that g has period h for some
o0
positive integer h. From this, we get the Fourier expansion g(z) := Z anqy, , which we can
then use to examine the behavior of g at 100. By construction the rlé):eilzvior of g near ioco is
the same as the behavior of our original function f(z) near our rational number r. Thus, we

can use this method to examine the behavior of a weakly modular function at any rational

number, hence at any cusp. This brings us to our main definition:

Definition 8. Let I' < T'(1) be a congruence subgroup. Let k be a positive integer. Let f
be a weakly modular function of weight k£ and level I' which is also holomorphic on $. We
say that f is a modular form of weight k and level T" if f|[v] is holomorphic at ioo for all

v € I'(1). Further, if f|;[y] vanishes at ioco for all v € I'(1) then we say that f is a cusp form

15



of weight k and level T'.

We denote the space of weight k, level I' modular forms by M(T"). Similarly, we
denote the space of weight k, level I cusp forms by Sy (I).
As an example, we again consider an Eisenstein series, although this time of levels

I'(N) and I'y(N), for some N € N. Let ¥ € (Z/NZ)?, and let k > 2 be an integer. Consider

the following series

_ 1
G(z) = —_—.
k
(m%ZQ (mz+n)
(m,n)=v (mod N)
Note, if 7 = (0,0) then remove the point (m,n) = (0,0) from the summation. As in the
previous section we can compute the Fourier expansion of such an Eisenstein series. In order

to explicitly state the Fourier expansion of this Eisenstein series when N > 1 we will need

the following definitions:

1 ifvlz()

0 otherwise

¢ (k) = Z %7

d=vs (mod N)

d#0
(—2mi)*
Cp = =%
g (k-1
gN = e27ri/N7
oy, = Z sgn(m)mreR™.
m|n

n/m=v; (mod N)

Using these definitions we get the Fourier expansion,
U ) Ok - v n
Gi(2) = 8(v)¢™ (k) + 5 D ok 1 ()
n=1
For more details regarding the derivation of this Fourier expansion, one can refer to Chapter
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4, 82 of [5]. It should be mentioned that we can also consider the normalized Eisenstein
series just as in §1. Let ey = 1/2 if N = 2, otherwise let ey = 1. Then, the normalized

Eisenstein series associated to G} (z) is given by:

E}(z) :=en Z !

VRV
(m,n)=v (mod N) (mz T n)

(m,n)=1

The relation between G} (z) and E}(z) is the following:

Gl =— > CWE ).

n€e(Z/NZ)*

1
Where ¢} (k) := Z g is a modified Riemann zeta function. The main thing to note

from this relationship is that G¥ can be represented as a linear combination of normalized

Eisenstein series.

Proposition 6. (/12, Prop. 3.3.21]) G}(z) € Mx(I'(N)). Further, if vy =0 (mod N), then
GI(2) € My(T3(V).

Now, we wish to examine the structure of Mj (I'y(N)) and Sy (I'1(N)) a little more

closely. In order to do this we will need the following definition.

Definition 9. A Dirichlet character modulo N is a group homomorphism,
X: (Z/NZ)* — C~.

Note. For conciseness in the future we will just refer to x as a character modulo N.

Let x be a character modulo N. If we define x(n) = 0 for all non-units n € Z/NZ,

then we can think of x as map from Z/NZ to C. Further, for all n € Z if we define
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x(n) := x(n (mod N)), then we can think of x as a map from Z to C. For a character x

modulo N define the following set

Mi(N,x) = A{f € Mp (T2 (N)) | flely] = x(7).f for v € To(N)}

a b
where x(v) := x(d) for v = . If x'(n) =1 for all n satisfying (n, N) = 1, we call \’
c d

the trivial character modulo N, and My(N,x') = My (I'o(N)). Note, if f € M(N,x), we

say f is a modular form with character x. It is not hard to see that the set My (N, x) = {0}

-1 0
if x(—=1) # (=1)*. To see this let v = . Suppose N > 2. Note, 7 € I'y(N). Let

0 -1
f € Mi(N, x). Then we have the following:

fI = (=D f = x(=1)f.

Therefore, if (—1)% # x(—1) then f = 0. In the future, unless otherwise stated, we will
assume that this parity condition is satisfied by our associated characters.

As an example of such a form we can construct an Eisenstein series which is a certain
linear combination of our previous Eisenstein series . Let x and ¢ be characters modulo
s and t respectively, where st = N. Also, we require that (x1)(—1) = (=1)*. Let ¢ be

primitive. Now define the following Eisenstein series for k£ > 2:

s—1 t—1 s—
GX 1/) X (Cv,d+ev) (Z)
c=0 d=0 e

[y

Il
o

Where 1 denotes the complex conjugate of .

Proposition 7. ([5, Pg. 127]) GX¥(2) € My(N,xv). Note, we are considering x and v

lifted to characters modulo N, so it makes sense to take their product.
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To see the Fourier expansion of this Eisenstein series we will give the Fourier expansion
of the corresponding normalized Eisenstein series and the constant multiple which yields

Gz’d’(z). First, define the following normalized Eisenstein series by its Fourier expansion:

EX"(2) = 0()L(1 =k, ) +2) o (n)g",
n=1

where §(x) = 1 if x is the trivial character, otherwise d(x) = 0. Also, set

oxti(n) =Y x(n/m)g(m)m* =",
mln

Theorem 8. ([5, Thm. 4.5.1]) We have

.
Gr*(e) = S gy,

This property of being able to explicitly compute the Fourier coefficients of Eisenstein
series will be very useful in later sections.
Concerning the structure of the sets My (I''(N)) and Sy (I'; (V) we have the following

proposition.

Proposition 9. (12, Prop. 3.3.28]) The spaces My (I'1(N)) and Sy (I't1(N)) have the fol-

lowing decompositions

My (T1(N)) = @) Mi(N, x),

Sk (I (N)) = @Sk(Na X)

where the definition of Si(N, x) should be clear from above and the summation is taken over

all characters modulo N.
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1.3 Hecke Operators

In this section we will define and examine a certain set of operators on our space
M, (T"). Throughout let f € M (N, x) unless otherwise stated. To begin, we will need some

preliminary operators, namely, the U,, and V,, operators, defined as follows:

n—1
U, = "2y

u=0 0 n

n 0
f‘vn = n_k/2f|
01

Of particular interest with these operators is their affect on the Fourier expansion of a given

modular form.

Proposition 10. Let f(z Zanq € My (T") for some congruence subgroup I'. Then we

have the following:

1.
(1Un)(2) = tmng”™
2.

(Vi) Zanq
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Proof. Expanding out the definition of the U, operator gives the following:

m—1
1 wu
(lUn)(z) = m*>71 Y | (2)
u=0 0 m
s z+u
k/2—1 k)2, —k
m UZ:O m"* m=" f ( — )
m—1 oo
_ -1 Z 2min(z+u)/m
= m ape
u=0 n=0
m—1 oo
— ! Zane%rznz/m 2mwinu/m
u=0 n=0
m—1 m—1 m—1
Note if m|n then Z ™ mu/m — iy and if (m,n) = d < m then Z e2rinu/m — Z ey =
u=0 u=0

th

0 as this would be (%) summations of all (%)"" roots of unity. Using this fact we get the

following:

(flU)(2) = m™ Zmane2mnz/m

n=0

0o
_ § an€27rmz/m ]

n=0

This gives us the following Fourier expansion,

(f1Unm) anq ,

where b,, := a,,,, which is the desired result.

Note, part (2) follows from a similar argument. O

Notice, from the Fourier expansions of f|U,, and f|V,, it is clear that the U and V'

operators preserve the property of “vanishing at cusps”. Let p be a prime. Using the U and
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V' operators define the following operator:

f|Up if (p,N)#1
U + x()p* IV, if (p,N) = 1.

The operator T}, is known as the p™™ Hecke operator. We have the following lemma, which

we will not prove.

Lemma 11. ([5, Prop. 5.2.2]) If f € My(N,x) then so is T,f. Further, if f € Sk(N,x)

then so is T, f.
We will prove the following basic fact about the commutativity of Hecke operators.
Lemma 12. Let p and q be distinct primes. Then T, T, = T,T,.

Proof. To begin, we denote the n'* Fourier coefficient of a modular form f by a,(f). In
order to prove this fact we will simply prove that the n'™ Fourier coefficient of T,(T,f) is
the same as the n'" Fourier coefficient of T,(T},f). Suppose that (p, N) # 1 and (¢, N) # 1
where N is the level of f. Note, we will only prove this case since the other two cases follow

similarly and are in fact easier. We have the following,

an(Tp(Tyf)) = anp(Tyf) + X(p)pkilan/p(Tqﬁ
= aupg(f) + X(Q) 0" anpsg () + X(0)P* g (F) + X (00) (0)" ™ g ()
= anq(Tpf> + X<Q)qk71an/q<Tpf)

= an(Ty(T,1))-

This completes the proof. n

We extend our definition to 7}, where n is not necessarily prime. In order to do this

,
let n = H p;" be the prime factorization of n. Define 77 to be the identity operator. For an
i=1

22



integer s > 2, define the following:
Ty =TTy — pk_lx(p)Tpsfg.

This gives a way to inductively deal with powers of primes. Further, for any positive integers

1,7 and ¢ a prime different from p we define
Tpiqj = Tpiqu.

Combining these two gives us the following:

T, = ﬁTpfi.
i=1

Note, from above we also easily get that T,,T,, = T,,T,, for m, n integers such that (m,n) = 1.
Just as with the U and V' operators we will be interested in looking at the Fourier expansion

of T, f. With regards to this we have the following proposition.

Proposition 13. ([5, Prop. 5.3.1]) Let f € My(N,x). Then,

an(Tuf) = Y (DA e (f).

d| ged(m,n)

Proof. This proof is similar to the proof of the Fourier expansion of f|U,, albeit slightly

more involved. [l

1.4 Eigenforms

In this section we will delve deeper into the structure of the spaces M (') and Si(T'),

where I' is a congruence subgroup. To begin, we will define an inner product on the space
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Sk(T"). We will need the following definition.

Definition 10. Let F be a closed region in . Let [ be congruence subgroup. We say F is
a fundamental domain for I if for every z € b there exists some v € I and 2’ € F such that
~v-z =2, and if for any two interior points z1, zo € F there is no v € I' such that v-z; = z5.

We will denote a fundamental domain for I' by I'\h.

As an example we have the following fundamental domain for I'(1):
F(O\b={ze€bh] —1/2 <Re(z) <1/2 and |z| > 1}.

We define an inner product on Si(I') for I' a congruence subgroup as follows.

Definition 11. Let I be a congruence subgroup. Define T'(1) := I'(1)/ & I, and let T be

defined to be the image of T in T'(1). We define the Petersson inner product
<, >r: Mk(F) X Sk(F) — (C,

given by

— 1 —— pdrdy
< == L SR

We will drop the subscript on <, > when it is clear from context.

It is clear that <, >r is linear in the first term and anti-linear in the second term, and
that < f,g >r= < g, f >p. These are the properties necessary for <, > to be a Hermitian
inner product. Therefore, with <, > we have that Si(I') is an inner product space. We
should also note that if both f and ¢ are not cusp forms then the integral will not converge.
Recall that if we have an operator 7" on an inner product space then we define the adjoint

of T' to be the operator T* satisfying

<Tf,g>=<f,Tg>.
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We have the following result describing the adjoints of the Hecke operators with respect to

the Petersson inner product

Proposition 14. ([12, Prop. 48]) Let f,g € My(N, x) with at least one a cusp form. Then

for n prime to N we have < T, f, g >= x(n) < f,T,g >.

From the previous proposition we see that for n prime to N, then T = x(n)T,.
Therefore, T,,TF = T;T,, i.e., T,, is a normal operator on My(N, x). The spectral theorem
from linear algebra tells us that we can find an orthogonal basis of My (N, x) where each
basis element is a simultaneous eigenfunction of all Hecke operators T;, for (n, N) = 1. Since
these eigenfunctions are also modular forms, we will refer to them as eigenforms.

We can further refine our view of this basis by considering the subspaces Si(N, x)
and &,(N, x) := Si(N, x)*, where the orthogonal complement is taken with respect to the

Petersson inner product in the space My (N, x). By construction we have that

which should be reminiscent of Proposition 3 from §1.1. Naturally, we call £¢(N, x) the space
of weight k, level N, Eisenstein series with associated character x.

To conclude this section we will show that the Eisenstein series E§’¢ € Mi(N,xv)
from §1.2 is in fact an eigenform for all Hecke operators. We will need the following properties

of the generalized divisor sum

o (mn) = )% (m)o, () for (m,n)
% (np) = x(p)o® (n) + (P (pt)E 1Y (m) for n = mp® and (m, p)

XU (p)pF Lo (n/p) = v(p)pF Lo (n) — w(p=th) (pe o (m)  for n = mp© and (m, p)

where the proof of these properties is left as an exercise to the interested reader. Using these
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three properties we have the following for p 1 N

ot (np) + x¥ (p)p* Lo (n/p) = (x(p) + Y ()P o (n),

where n = p®m. Using this for p prime and n > 0 yields

an(TpEl?w) = anp(E§’¢)+X@/J(p)pk_1an/p(El§’¢)
= 20" (np) + 2x0(p)p" o (n/p)
= 2(x(p) + ¥(p)p" ot (n)

= (x(p) + ¥(p)p" Han (EXY).

It remains to check that the same result holds for n = 0, which will be left as an exercise.
Hence, we have that E,?’w is an eigenform for all Hecke operators. Notice, we do not require
the condition that the Hecke operator be away from the level. This is a phenomenon we will

explore for cuspidal eigenforms in the next section.

1.5 Newforms

Up until this point we have been concerned only with modular forms at a fixed level
N. In this section we will discuss what it means for a cusp form at level N to come from a
lower level M|N. Our goal will be to make explicit what is meant by a cusp form which is
“new” at a given level.

Note, we can trivially move between levels by noting that for M|N we have that
Si(T1(M)) C Sp(I'1(N)). However, there is a more interesting embedding of Sy (I'; (M)) into
Sp(T'1(N)) using the V operator from §1.3. In fact we have the following propositions from

[14], the first of which will be useful in Chapter 2, and the second we will use in this section.
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Proposition 15. V, : M(I'1(N)) — Mp(T'o(r) NT1(N)).

Proof. Let f € Mi(I'y(N)). From Prop 5 we know that

-1

r 0 r 0 1/r 0 r 0
fIV. € My ['1(N) = M;, I'y(N)
01 01 0 1 01
a b
Now, let e I'1(N).
c d
Then,
I/r 0) (a b) [r O a bfr
0 1 c d 01 cr d
-1
a b/r r 0 r 0
As the set of all matrices of the form contains I'1(N) we can
cr d 01 0 1
see
a b/r
€ (Lo(r) NT1(N)).
cr d
This completes the proof. O

Proposition 16. Let M|N and let r = N/M. For f € Sy(M,x) we have that f|V, €

a b a br
Proof. Let v = € I'o(N). Note, V4V = € I'o(M). Therefore,
crM d cM d
fIVily = (fIViyV, HIVL
= x(@)f[V;.
Thus, fIV; € Se(NV, x). .
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The following definition will use the previous proposition to make explicit what is

meant by a cusp form which comes from a lower level.

Definition 12. For each divisor r of N, let 7, be the map
ir : (SH(TL(NT1)))? = Sp(Ty(N))

given by

(f,9) = f+glV..

The subspace of oldforms at level N is

STV = Y ip(Sk(Tu(Np™))?)

pIN
p prime

and the subspace of newforms at level N, denoted Si(I'1(IV))"®V, is the orthogonal comple-

ment of Sg(I';(N))°d with respect to the Petersson inner product.

The following proposition gives an important property with regards to the Hecke

operators.

Proposition 17. ([5, Prop. 5.6.2]) The subspaces Sy,(T'1(N))® and Sp(T1(N))"™ are stable

under the Hecke operators T, for all n.

The following corollary of this proposition follows from the same argument as in the

previous section.

Corollary 18. (/5, Cor. 5.6.3]) The subspaces Sp(T'1(N))° and Si(T1(N))™ each have

an orthogonal basis of eigenforms for all Hecke operators away from the level.

We are concerned primarily with the space of newforms, since we can relax the con-
dition that our basis elements are only eigenforms away from the level. In order to make

this more explicit we will need to following theorem.
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Theorem 19. (/5, §5.7]) If f € Sp(I'1(N)) has Fourier expansion f(z) = Zanq" with
n=1

a, = 0 whenever (n, N) = 1, then f takes the form f = Z Vo fp with each f, € Sp(I'1(N/p)).

p|N

This theorem gives us a way to test if a cusp form is an oldform, which we will need

in the following discussion.

new

We are now ready to define explicitly our basis elements of Si(I'1(V))

Definition 13. A newform, is an eigenform for the Hecke operators T,,, for all n, which is

normalized so that the first Fourier coefficient is equal to 1.

Suppose that f € Sp(I'1(IV)) is an eigenform for Hecke operators away from the level.
Further, suppose that a;(f) = 0, i.e., we can not normalize f in the sense of the previous
definition. We want to show that this forces f € Si(I'y(NN))°4. Recall Proposition 13 in §1.3,

this gives us that for all n € Z*,

al(Tnf) = (ln<f)

Since f is an eigenform away from the level, we also have that

a1 (Tnf) = Anar(f),

where (n, N) =1 and )\, is the eigenvalue of f associated to T;,. These combine to yield

an(f) = Anai(f)

where (n, N) = 1. Since a;(f) = 0 we have a,(f) = 0 when (n, N) = 1, and by Thm.
19, f € Sp(T'1(N))°. We are now ready to prove the following theorem which will give the

desired result for eigenforms in the subspace of newforms.

Theorem 20. Let f € Si(I'1(N))"Y be a nonzero eigenform for all Hecke operators away

from the level. Then,
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1. f 1s an eigenform for all Hecke operators and some suitable multiple of f is a newform.

2. If f satisfies the same condition as f and has the same eigenvalues, then f = cf for

some constant c.

The set of newforms in the space f € Si(I'1(N))"*V form an orthogonal basis of this space.
Fach such newform lies in Sx(N,x), for some character x, and satisfies T,,f = a,(f) for all

n € 7Z+.

Proof. From the argument given before this theorem we may assume that we can normalize
f so that a,(f) = 1. Without loss of generality assume that f is normalized in this way. Let

m € Z*. Define the following function,

Im = Tonf — am(f)f.

Then, by Proposition 17 we know that g,, € Si(I'1(V))*". Computing the first Fourier

coefficient of ¢, yields

a1(gm) = a1(Tof) — ar(am(f)f) = am(f) — am(f) = 0.

Hence, g, € Sp(T1(N))4. We have that g, € Sp(L1(N))2¥ N Sy (T1(N))°4 = {0} . Thus,
Tof = an(f)f for all m € Z*. This completes the proof of part 1. It should be clear that

part 2 follows immediately from part 1. Note, this property is known as the Multiplicity One

new

property of newforms. We will conclude by showing that the set of newforms in S, (I'; (N))
is linearly independent and the rest will be left as an exercise. Suppose there is a nontrivial

linear relation
n

Z cifi =0,

=1

where ¢; € C are nonzero and n is taken to be as small as possible. For any prime p, we will
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apply T}, — a,(f1) to the relation, this yields

n

S cilap(f1) — ap(f))f: = 0.

=2

Since this summation contains fewer terms we know this is a trivial relation, i.e., a,(f1) =
a,(f;) for all primes p. Hence, f; = fi for all 4, which is a contradiction. This completes the

proof. O
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Chapter 2

Galois Representations and Modular

Forms

In this chapter we will give a brief introduction to Galois representations and their
connection with modular forms by way of a construction of Deligne, Shimura, et. al. [3], and
a conjecture of Serre [20]. We will conclude with a theorem of Ribet from [17] on lowering

the level of modular Galois representations.

2.1 Galois Representations

Throughout we will use Gg to denote Gal(Q/Q), the absolute Galois group of Q. Our
goal is to better understand this group. A standard technique in number theory for under-
standing rather unwieldy objects is to examine them “locally”; i.e., look at their behaviour
with respect to a single prime. Our technique for understanding G will follow along this
line. In order to do this we will first fix an embedding of Q, < C. We will now need the

following definitions.

Definition 14. Let G = lim G;, where each G; is a finite group with the discrete topology.

7
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Note, G C H G;. Endow HG" with the product topology and let G have the subspace

topology. Then we say G has the profinite.

A special case of this topology is given by placing the profinite topology on the f-adic
integers Z, = limZ/("Z. Recall that Gg can also be expressed as an inverse limit of finite

groups, hence the following definition is another special case of the profinite topology. The

proof that these two topologies are equivalent is left as an exercise.

Definition 15. The Krull topology on Gg is given by the following. Let U C Gg. Then
U is open in Gy if for every o € U there exists an intermediate field K C Q satisfying the

following:
1. [K:Q] < o0,
2. if o’ € Gg, and 0|k = 0’|k then o’ € U.

To make this definition more clear, consider the following subgroup Gal(Q/Q(v/2)) < Gyg.
Note, Q C Q(v/2) is a finite field extension and for any two elements 0,0’ € Gal(Q/Q(v/2))
we have that o|g 5 = 0'|gz) = id. Thus, Cal(Q/Q(+/2)) is an open set of Gg. Further,

as Gal(Q/Q(v/2)) is a subgroup we have that it is a closed set of Gg as well.
Now, we come to our objects of primary interest in this section.

Definition 16. Let d be a positive integer, and let ¢ be prime. Suppose that Q, C K is
a field extension. Let Gg be endowed with the Krull topology and GL4(K) be endowed
with the profinite topology. A d-dimensional (-adic Galois representation is a continuous

homomorphism

where Q, C K.
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If p and p’ are both d-dimensional ¢-adic Galois representations such that for some
M € GL4(L) we have p'(c) = M~p(c)M for every o € Gg, then we say p is isomorphic to

p'. The following proposition gives a nice property which we will need later.

Proposition 21. Let p : Go — GL4(K) be an l-adic Galois representation. Then p is
isomorphic to a Galois representation p' : Gg — GL4(Ok), where Ok is the ring of integers

of K.

Proof. Let A := O%. Then A is a lattice of K% hence A is a finitely generated Z,-module.

Therefore, A is compact in K. Note, we can use p to construct a continuous map

K?x Gg — K% given by (v,0) + p(c) - v.

Since our map is continuous and Gg is compact, we have that the image A" of A x G is
compact under the above map. Let A be a uniformizer of O lying over ¢. Then, A’ lies in
A7"A for some r € ZT. This gives us that A’ is finitely generated. Since A’ contains A, its
rank is at least d. As Ok is an integral domain, we have that A’ is free, and it follows that
its rank is exactly d. Note, by construction A’ contains all elements of A and all of their
Galois conjugates. Thus, for every x € A’ and every o € Gg, we have that p(o) - x € A

Therefore, we have that by choosing an Ok basis of A’ we obtain the desired representation,

P Gg — GL4(Ok).

The following three definitions will also be needed later.

Definition 17. Let p be an (-adic Galois representation. Note that complex conjugation is
an automorphism of Q which fixes Q, i.e., complex conjugation is an element of Gg. Denote

this element by conj. We say that p is odd if det p(conj) = —1.
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Definition 18. Let G be a group and V' a vector space. We say that a representation
p: G — Aut(V) is irreducible if p has no nontrivial invariant subspaces, i.e, if there does

not exist a nontrivial subspace W C V such that p(g) - W = W for every g € G.

To make this more clear we will give an explicit example of a reducible representation.

We will consider the representation of (R, +) on R? given by

1 a
pla) =
0 1
Then,
T T+ ay
pla) =
Yy Y

and we see that the subspace y = 0 of R? is fixed, i.e., p is reducible.
Let the ring of integers of Q be denoted by Z. Suppose that p C Z is a maximal ideal
with pNZ = p. We can use p as the kernel to define the reduction map Z — Fp. Recall that

the decomposition group of p is defined to be:

D, = {0 € Golp” = p}.

We have that D, acts on Z/p, which can in turn be viewed as an action of D, on F,. This

action gives us a surjective map

¢ : Dy — Gal(F,/F,).

From this map we define an absolute Frobenius element over p to be any element of the
preimage of the Frobenius automorphism o, € Gal(F,/F,), and we denote such an element

as Frob,. Hence, Frob, is defined only up to the kernel of ¢. This kernel is called the inertia
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group of p, and by definition is the following set

I,:={0c€Dy|z° =2 (modp) forallz € Z}.

Definition 19. Let p be an f-adic Galois representation and let p # ¢ be a prime. We say

that p is unramified at p if I, C ker p for any maximal ideal p C Z lying over p.

With regards to the importance of these absolute Frobenius elements when deal-
ing with continuous representations we have the following theorem, which follows from the

Tchebotarov Density Theorem ([5, Thm. 9.1.2]).

Theorem 22. (/5, Thm. 9.3.1]) For each mazimal ideal p C Z lying over any but a finite
set of rational primes, choose an absolute Frobenius element Frob,. The set of such elements

forms a dense subset of Gg.

As an example consider the following maps

Go — Gal (Q(ue)/Q) — (Z/{Z) — Z,

where 7 is the projection to Gg/ Gal (Q/Q(x)) = Gal (Q(u¢)/Q), and wy is the Teichmiiller
character, i.e., the unique character of order ¢ — 1, conductor ¢, which maps each element of
(Z/0Z) to a distinct (¢ — 1) root of unity in Z,. Note, the subscript may be omitted when
it is clear from context. If we take the composition of these maps we get the ¢ cyclotomic
character

Xe - GQ —)Z?

This is a continuous, odd, one-dimensional, ¢-adic representation. Note that for p # ¢ we
have that p is unramified in Gal (Q(u)/Q), i.e., for any p lying over p in Q(p) we have that

the inertia group I, is trivial. Therefore, I, C ker x;, hence x, is unramified at each rational
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prime p # (. In fact, for any maximal ideal p C Z lying over a rational prime p # ¢ we have

the following

xe(Froby) = p,

which from our previous theorem determines y, completely on Gg.

Now, we will give another example which is a little more involved and will be more
interesting for our purposes. Let F/Q be an elliptic curve of conductor N. For m a positive
integer, define the multiplication by m map to be

m-times
———
m|: P -P+ ..+ P

where P € E(Q) and P + P is the usual addition law on E(Q). Define the m-torsion

subgroup to be
Elm] == {P € E(Q)|[m](P) = 0},

where 0 is the identity element of the abelian group of Q-points on E. It is well known
that E[m] & (Z/mZ)®, for instance see chapter 3 of [23]. Note, we can define an action of
G on the points of an elliptic curve as follows. For P = (z,y) we have that z,y € Q and
we can define the action by P? = (27,47), and it is clear that P? € F (@) since o is a
homomorphism. Using this it is not hard to see that G acts on E[m], i.e., let P € E[m],

then we have
m-times m-times
A

A

m](P°) =P’ +..+P°= |P+.+P| =0 =0.

From this we have a mod m representation

P - Go — Aut(E[m]) = GLy(Z/mZ),
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where the isomorphism involves a choice of basis. The following proposition will be needed

in the future.

Proposition 23. p,, p is continuous, where Gg has the Krull topology and GLa(Z/mZ) has

the discrete topology.

Proof. Note, as GLy(Z/mZ) has the discrete topology and the operations of multiplication
and of inversion are continuous we know that the identity of GLy(Z/mZ) is a topological
basis. Therefore, it is sufficient to show that (7, )~ (e) is open in G, where e is the identity
automorphism. By definition (5, z) ' (e) = Gal (Q/Q(E[m])), where by Q(E[m]) we mean
that we have adjoined the x and y coordinates of each point in E[m]. It is not hard to see
that [Q(E[m]) : Q] < oo since we have adjoined a finite set of algebraic numbers. Also, by
definition we have that any o € Gg which fixes Q(E[m]) will be in Gal (Q/Q(E[m])). Thus,
Gal (@/ Q(E [m])) is open in Gg, which completes the proof. ]

While this is a representation of G, it is not yet an f-adic representation. However,

we can use this representation to construct an f-adic representation.

Definition 20. The ¢-adic Tate module of an elliptic curve E is the group
Ty(E) = lim E[("],

where the inverse limit is taken with respect to the maps
Bl 9 grem.

Note, it should be clear that T;(E) = Z?. Further, we have that for P € E[("] and

o & GQ
¢-times ¢-times

[()P? =P’ + ...+ PP=(P+ ..+ P)°

([ap).
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Therefore, from our action of Gg on the ¢"-torsion subgroup, we acquire a natural action
of Gg on Ty(E). Note, this action identifies each element of Gy with an element of the

automorphisms of T;(E), i.e., we have the following representation,
PLE - GQ — Aut(Tg(E)) = GLQ(Z@),

where once again the latter isomorphism requires a choice of basis for T,(F). The first
property to note about p, g is that it is continuous. To see this, note that we have the

following commutative diagram for every n

PR

Aut (E[(™ —g Aut (E[(™])

where the subscripts on p are omitted as it should be clear which map is meant. We have

that the following diagram commutes for every n

Go : Aut (Ty(E))

SN A

Aut (E[e])

where 7 is the projection mapping and p is the map p, p. Now, we state a universal property
satisfied by the inverse limit.

Proposition 24. (16, Prop. IV.2.5.]) Let G = lim G; with homomorphisms gi; : G; — Gi.
If H is a topological group and h; : H — G; is a family of continuous homomorphisms such

that h; = gij o hj for i < j, then there exists a unique continuous homomorphism h : H — G

satisfying h; = g; o h for all 1.
We know that the projection map 7 and the representations p are continuous, hence
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by the previous proposition we have py g is continuous. Thus, py g is an ¢-adic representation.
Regarding the other properties of interest which these representations exhibit, we have the

following theorem.

Theorem 25. (/5, Thm. 9.4.1]) Let £ be prime and E be as above. The Galois representation
pei is irreducible and unramified at every prime p { {N. Further, for any such p, let p C Z

be any mazimal ideal lying over p. Then the characteristic polynomial of py i (Froby) is

2? —a,(E)x +p

where a,(E) := p+1— |E(F,)| is the so called “trace of Frobenius”.

From this theorem and the fact that our representation p, g is continuous and two-
dimensional, we see that p, g is now completely determined on Gg.
To conclude this section, we will give a definition and some related results which will

be needed in the next section.

Definition 21. A representation p : G — GL4(K) is semi-simple if K¢ can be written as a

direct sum of simple G-modules Kj, ie.,

KiK. ek,

For our purposes consider the Galois representation

P GQ — GLd(K)

Then, as K% is a Gg-module, by [21, 1-10] we know that K% has a composition series of

p-invariant subspaces given by

Kd:KODK13...DKn,1:O
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n—2
such that each K;/K; ; is simple. Let K’ := @ K;/K;.1 and define a new d-dimensional

i=0
representation

pss : GQ — GL(K’)

The new Galois representation p*® is called the semi-simplification of p. As an example, let

k, k' be integers and consider the four dimensional Galois representation given by,

Xi(o)  x *
p(o) = 0 pe.r(0) * )
0 0 x¥ (o)

where x; is the f-adic cyclotomic character and py g is the irreducible ¢-adic representation
associated to an elliptic curve E of conductor prime to ¢. After choosing a basis we may
take Ko = Zj, K1 = Z3, Ky = Zy, and K3 = 0. Then, the semi-simplification p* : Gg —

Zo ® 72 @ Zy of pis given by,

xi(e) 0 0
p*@)=| 0 ppl) 0O
0 0 x¥(o)

Note, if our representation p is irreducible then p* = p.

2.2 Motivation

Let f € Sk(I'y(N)) be an eigenform for all of the Hecke operators with associated
character x. It is a well-known result that the Fourier coefficients of f are algebraic integers
and along with the values of x generate a finite extension of Q, denote this extension by

Q(f). To prevent cumbersome notation, we will denote Q(f) by K in this section. We have
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a construction of Deligne, Shimura, et. al., in [3] which attaches to f a family of continuous,
irreducible representations

PrA - GQ — GLQ(K)\),

where A runs over the set of maximal ideals of K, and K denotes the completion of K at
A. Note, these are precisely the ¢-adic representations defined in the previous section, where
¢ is the rational prime which A lies over. Also, these representations are characterized up to
isomorphism by

trace(pys . (Frob,)) = a,,

det (py(Froby)) = x(p)p* ",

for primes p which are relatively prime to N and to the norm of \.

Using Proposition 21 from the previous section we may consider ps ) as a represen-
tation on (0y)?2, where O, is the ring of integers of K. Note, we also have the reduction
map

GLQ(O)\) — GL2 (]F)J,

where ) := O, /)0, is the residue field of \. Composing these two maps gives a represen-
tation

pf,)\ . GQ — GLQ(F/\)

However, there is some ambiguity attached to our representation p; , since it depended on a
choice of basis in Proposition 21. This ambiguity is removed by taking the semisimplification
of this representation to obtain p%’,, which we shall also refer to as the residual of py . Note,
regardless of our choice of basis, the semisimplifications of p; , are all isomorphic. This pj’y

is the desired representation for our purposes.
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Fixing a rational prime ¢ we have a canonical inclusion
IF)\ — ]Fg,

where A is a maximal ideal lying over ¢ in K. Using this inclusion we can view our previous
representation py’ as taking values in GLy(F,). Note, with F, having the discrete topology
our representation is still continuous. This brings us to the main question of this section,
namely, if we are given a continuous semisimple representation p : Gg — GLy(F,), then
when can we expect p to be isomorphic to one of our pj, from above? In order to answer
this question we will need the following argument.

Identify our character x with a character defined on G using a similar argument as

in the previous section for the cyclotomic character, i.e., by composing the following maps
Go — Gal (Q(un)/Q) = (Z/NZ)* 2 C*.

As it should not cause any confusion, we will just call this character y as well. Using work
from the previous section and the fact that det (ps(Frob,)) = x(p)p*~* for primes p prime

to the level of f and the norm of A, we have the following identity

det psy = xx§

where x, is the cyclotomic character defined in the previous section. If we reduce this

identity mod A, we have detp;x = X - /" .

Note, X7 is the mod /¢-cyclotomic character,
i.e., the character which maps Gg to (Z/¢Z)*. Let conj € Gg denote complex conjugation as
before. From §2.1 we know that y, is odd, i.e., x¢(conj) = —1. Further, with regards to our

character y, we have that when we restrict Gg to Gal(Q(uy)/Q), our element conj is sent

to the automorphism gy — py'. Therefore, x(conj) = x(—1). From our parity condition on
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characters associated to modular forms we have that xy(—1) = —1*. Combining these yields

detp; \(conj) = —1.

In other words, our representation p7’, is odd. In [20], J.P. Serre conjectured that this parity

condition was sufficient to answer the question above. This resulted in the following theorem

Theorem 26. (Serre’s Conjecture) Let p : Go — GLy(F,) be an irreducible, odd rep-

resentation. Then p is isomorphic to the representation py’y associated to some eigenform

f € Sp(T1(NV)).

Further, in [20], Serre states a stronger result, in which he computes explicitly the
level I'y (N (p)) and weight k(p) of such an eigenform. This so called Refined Conjecture was
proven in 2006 by C. Khare and J.P. Wintenberger in [10] and [11].

Our goal is to provide a connection between the Serre conjecture and the Refined
conjecture in a particular case by way of a theorem of K. Ribet presented in [17]. To
this end we will be primarily concerned with the level of such an eigenform. In particular,
suppose that p is an f-adic representation which arises from an eigenform of level T'; (M),
where M = N/® and (N, ¢) = 1. While we have not stated the Refined conjecture, we will
need to note that (N(p),¢) = 1. The theorem of Ribet, which is stated explicitly and proven
in the next section, will allow us to show that our original representation p is isomorphic to
the residual of a representation which arises from a form of level I';(N). This will be done
by showing that we can find an eigenform of the lower level which has Fourier coefficients

congruent to the Fourier coefficients of the original eigenform modulo .
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2.3 The Deligne-Serre Lifting Lemma

In this section our goal is to prove the Deligne-Serre lifting lemma ([4, Lemme 6.11])
which will be used in the proof of our main result. Note, the proof of this lemma is from
([4],[18]). To begin we will recall some definitions and results from commutative algebra.

Throughout, let R be a commutative ring with unity and M an R-module.

Definition 22. A discrete valuation ring is a principal ideal domain with a unique maximal

ideal.

Definition 23. We R is Artinian if R satisfies the descending chain condition for ideals,
ie., if

Ihy2L,D..
is an infinite chain of ideals in R, then for some n € N, I,, = I, for every n’ > n.

We have the following lemma which we will need in the proof of the Deligne Serre

lifting lemma.

Lemma 27. Let R be an Artinian ring. Then any prime ideal of R is also a mazimal ideal.
In order to prove this we will need the following lemma.

Lemma 28. If R is an Artinian integral domain then R is a field.

Proof. Let x € R be non-zero and consider the chain (z) D (2%) D .... Since R is Artinian
we know that this chain must eventually stabilize. Therefore, (z"*1) = (2") for some n € Z.
Hence, 2" = az™*! for some a € R. As R is an integral domain we can conclude that 1 = ax,

i.e., x is a unit. Thus, R is a field as desired. ]

We are now ready to prove lemma 27.
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Proof. Let ¢ C R be a prime ideal. Then R/p is an Artinian integral domain, hence a field.

Thus, p is a maximal ideal. O

Definition 24. Let x € M. Then the annihilator of x over R, denoted Anng(x), is defined

to be the set of all » € R such that r -2 = 0.

Definition 25. A prime ideal p C R is said to be associated to M if @ is the annihilator of

an element of M.

Definition 26. Let U C R be a multiplicatively closed subset. We define the localization
of M at U, denoted U~*M, to be the set of equivalence classes of pairs (m,u) with m € M
and u € U where the equivalence relation is given to be (m,u) ~ (m/, ') if there exists an
element v € U such that v(mu’ — um’) = 0. Note, there is a natural map = : M — UM

given by r — (r,1).

Proposition 29. ([6, Prop. 2.1]) An element m € M maps to zero under m iff m is
annihilated by an element w € U. In particular, if M is finitely generated, then UM = 0

iff M is annihilated by an element of U.

Definition 27. Let o C R be a prime ideal and let U := R — p. Note, U is multiplicatively

closed since p is a prime ideal. We say g is in the support of M, denoted Supp(M), if
M, :=U"'M#0.

Lemma 30. Let M be an R-module. Then the set of prime ideals of R which are associated

primes of M is contained in the set of prime ideals of R which are in the support of M.

Proof. Let P be an associated prime of M. Then P is the annihilator of some m € M. If
Mp = 0 then there exists s € R — P such that sm = 0. But, that would mean s is in P

which is a contradiction. Thus, Mp # 0, i.e., P is a support prime of M. O

Lemma 31. Let A be a Noetherian ring, M be a non-zero A-module,and o € Supp(M).

Then, @ contains an associated prime of M.
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Proof. Since p is a support prime, M, # 0. Then, there exists some x € M such that
(Ax),, # 0. Since A is Noetherian, by Theorem 3.1 of [6] we have that the set of associated
primes of (Az),, is non-empty. From the previous lemma we have that the set of associated
primes of (Az),, is contained in the set of support primes of (Ax),. Let A be an associated
prime of (Ax),. Hence, there is a non-zero element Yot (Az), with y € Az and s € R — p

S

such that A is the annihilator of y Note, if there exists b € A — p, then by = 0 implies that
S S

Y~ 0 since b is a unit in (Ax),. This is a contradiction, so no such b exists.

s

As A is Noetherian we have that any A is finitely generated. Say {bi,...,b,} is a set of
generators of \. Then, for each b;, there exists t; € A — g such that b;t;y = 0. Let t = t;...t,,.

Then ) is the annihilator of ty € M, hence is an associated prime of M. n
Now, we are prepared to present the main result of this section.

Theorem 32. (Deligne-Serre Lifting Lemma): Let © be a discrete valuation ring with
field of fractions K, mazximal ideal m, and residue field k = D /m. Let M be a free ©-module
of finite rank and T a set of commuting ©-endomorphisms of M. Let f € M/mM = k& M be
a non-zero eigenvector for all T € T with eigenvalues ap € k. Then, there exists a discrete
valuation ring ®' containing and finite over ®, with mazximal ideal m’' such that ® Nm’ = m
and a nonzero element f' € M = ®' ®o M which is an eigenvector for all T € T with

eigenvalue a/p such that a/p = ar (mod m').

Proof. Let H be the ®-subalgebra of Endg (M) generated by T over ©. Since M is a free
D-module of finite rank, say r, we have that Endg (M) is a free ®-module of rank r?. Since
H is a subalgebra of Endg (M), H is a free ®-module of finite rank. Choosing a basis for H,
we may assume that our generating set T is finite, say T = {11, 75, ..., T,}. Note, in order
to prove our desired result for all of H, it will be sufficient to show it is true for the basis
elements. Let mp, be the minimal polynomial of 7;. By adjoining all the roots of each mr,

to K, we have a finite field extension K’ of K such that each my, splits over K’. Taking the
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integral closure of © in K’ gives us a discrete valuation ring ®’. The ring ®’ has maximal
ideal m’ lying over m, i.e., ® Nm’ = m. Further, ®’ has residue field k£’ containing k. Also,
the analogous module to M in this setting is ®’ ®5 M, which we shall continue to denote as
M. The analogous subalgebra of the endomorphisms of M is ©’ ®gp H, which we shall also

continue to denote as just H. Now, consider the homomorphism of ®’-algebras,

wp:H— K, given by my: T — ar (mod m’).

Note, ®" — H by a — a ® Iy, where I3 is the multiplicative identity of H and a € ®’.
Hence, 7y is surjective. Further, using Zorn’s lemma we can choose a minimal non-zero

prime ideal (with respect to inclusion) p C H contained in the maximal ideal ker 7y.

Claim 33. The prime ideal p is a subset of the set of zero divisors of H.

Proof. Let Z denote the set of zero divisors of H. Let D := H — Z. Note, if z,y € D then,
xy € D, ie., D is closed under multiplication. Consider the set S := H — p. Since p is a
prime ideal, we have that S is a multiplicatively closed set. Suppose that S C S’, where
S’ is a multiplicatively closed set. Then, either S" = H or 8" = H — p/, for some prime
ideal p’. To see this note that if S’ £ H and p’ is not prime then there are two elements
x,y € " =H — p’ such that xy € p’, i.e., S’ is not multiplicatively closed. If S’ = H — p’,
then p’ C p, which contradicts the minimality of p. Hence, S’ = H and S is a maximal
multiplicatively closed set. Note, if D ¢ S, then SD is a multiplicatively closed set that is

strictly larger than S. Thus, D C S, which gives us that p C Z, as desired. O

Using the claim and the fact that H is free over ©’ and that @’ is an integral domain,
we have that pN®’ = 0. Note, once again we are considering ®’ < H. Note, as H is finitely
generated over @', so is H/pH, hence D’[h] is finitely generated for every h € H. Therefore,
H/pH is a finite integral extension of . Let L be the field of fractions of H/pH, and let
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9, denote the integral closure of ®’ in L. Let m; be the maximal ideal of ®;, and [ the

residue field. Note, m’ = ®’Nmy. Consider the projection map

i " — H/pH (— D),

where the final injection just follows from D being the integral closure of D’ in the field of
fractions of H/pH, and H /pH being an integral extension of ®'. Let 7} (T) = ay € H/pH C
9y, for all T' € H. Define the map,

T H =D (= H/pH)

given by reduction mod p. Since ker 7 is a maximal ideal in #H, by Proposition 4.15 of [6], we
have that there exists a prime ideal in Z C ®©, such that Z N H /pH = ker 7y. By Corollary

4.17 of [6], we have that T is maximal, hence Z = my. Thus, 7 (ker7) C mz. Notice,

7)(T —apl) =74(T) —arms(I) =ar —ar =0, ie, T —ar € kermy

Therefore,

mp, 3 (T —arl) = 7(T) — arm(I) = ap — arl.

Thus, /. = ar (mod my).

Let P be the prime ideal in K’ ®g H generated by p. Note, since p is a minimal
prime, so is 8. We want to show that P is an associated prime of K’ ®g/ M, i.e., that P
is the annihilator of some nonzero element of K’ ®g M. We begin by showing that that
Anngrgn(K' @ M) C B. First, we will need that K’ ® H is Artinian and has all maximal

ideals isomorphic. To see this note that H is free and of finite rank over ®’, so we can think
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of H as a finite direct sum of copies of ®’. Hence, we have
K Qo9 H 2K Qo @@’ o~ @(K’ Do D) @K’.

Note, the second isomorphism is obtained by noting that the tensor product distributes over
direct sums, and the third isomorphism is obtained by noting that K ®z R = K where R is
an arbitrary ring and K is the field of fractions of R. Now, @ K’ clearly has all maximal
ideals isomorphic and is an Artinian ring since K’ is Artinian.

Note that Anngrgy (K’ @ M) is an ideal of K’ ® H, hence it is contained in some
maximal ideal of K’ ® H. Using Lemma 27 and the fact that 3 is prime, we have that B
is a maximal ideal of K’ ® H. Since all maximal ideals of K’ ® H are isomorphic, we may
assume that Anngrgy (K’ ® M) C B. By Corollary 2.7 from [6] we have that 9 is in the
support of K ® M. Using Lemma 31 we see that 8 contains an associated prime. As P is a
minimal prime, we have that 3 is an associated prime of K’ ®gp M. Therefore, there exists
a nonzero f” € K ®g M which is annihilated by 8. Hence we can find a nonzero multiple
of f”, say f’, which is an element of M and is annihilated by . Note, T'— a/. € B. Thus,
(T'—ap)f =0, ie, Tf = alf'. We have already shown that a/. = ar (mod my), hence

this is our desired eigenform. O

Corollary 34. Let M := S,(To(¢") NT1(N)). Note, by firing an embedding of Q, — Q,
we can think of M as a Zy-module. Let f € M/IM =F,® M be a simultaneous eigenform
for all Hecke operators, i.e., T,f = a,(f)f (mod £). Then, there exists a discrete valuation
ring Oy that contains Z, and has mazimal ideal \ satisfying Zy N A = £ so that there exists
a nonzero f' € M' =9\ ®z, M which is a simultaneous eigenform for all Hecke operators,

with eigenvalues a,(f') satisfying a,(f') = ap(f) (mod A).

Corollary 35. Let M := Si(I'1(N)). Let f € M/IM =F,@M be a simultaneous eigenform

for all Hecke operators, i.e., T,f = a,(f)f (mod ). Then, there exists a discrete valuation
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ring Oy that contains Zy and has maximal ideal \ satisfying Zy " A = £ so that there exists
a nonzero f' € M' =9\ ®z, M which is a simultaneous eigenform for all Hecke operators,

with eigenvalues ay,(f') satisfying a,(f') = ap(f) (mod A).

2.4 Level-lowering for elliptic modular forms

In this section we present our main result.

Theorem 36. (/17, Thm. 2.1]) Let k > 2 and let £ > 3 be prime. Let f(z) =Y 7 a,q" €
Sk (T1(NL€*)) be a normalized eigenform where o > 0, and N € N with (N,¢) = 1. Let X\ be
a prime lying above { in Q(f). Then, there exists a normalized eigenform g € Sk (I'1(INV))

with g =¢, f (mod \), i.e., a,(g) = a,(f) (mod \) when (n, N¢) =1,

Proof. We will prove this theorem in four steps.

Step 1: There exists an eigenform g € Sy, (To(¢") NT1(NY)) such that g =., f (mod \), for
some r > 0.

Let f € S (I'1(N¢*)) with associated Dirichlet character x. Then x : (Z/N{(“Z)* — C*.
Note, since N and ¢ are relatively prime, we have (Z/N(*Z) = (Z/NZ)* x (Z/(“Z)".
Hence, we can write x = kX', where k : (Z/NZ)* — C*, and x' : (Z/(*Z)" — C*. As,
(Z/0°Z)) = ¢(¢*) = ¢>71(¢ — 1), Sylow’s Theorem gives that there exists a subgroup
H C (Z/t~7Z)" with |H| = ¢~~'. Clearly, H is a normal subgroup, and ‘(Z/WZ)X/H| =/—-1.
Now, we can write X' = nw’, where n : H — C*, and w : (Z/(Z)* — Zj is the Teichmiiller
character as defined in §2.1. We see now that y = sknw’. Since 1 has /-power order, and / is
odd, we can write n”?"*1(h) = 1, for every h € H and some m € N. Let £ := n~ (1), We have
n = £ % where ¢ has (-power order and ¢-power conductor. Let f¢(z) :=>°7 &(n)a,g". By
[12, Prop. II1.17] we know that fe € Sy (I'1(N(")) and has associated character sw’ for any

r > asuch that ¢" is greater than the square of the conductor of £. Note, for v € T'g (N{7), we
have fe|i[v] = kw'(7) fe(2). Therefore, if v € To(¢") NT1(NY), fel[y] = kw' () fe(2) = fe(2).
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Hence, fe(2) € S (Fo(¢") N1 (NY?)). All that remains is to show that fe =, f (mod A). In
order to show that a,(f) = a,(fe) (mod A), it is sufficient to show {(n) =1 (mod A) when
(n,f) = 1, since a,(fe) = &(n)a,(f). First, we will show {(n) =1 (mod X'), where X' is a
prime lying above £ in Q(¢), ¢ a primitive (£")" root of unity. In this extension, ¢ is totally
ramified, and ' = (1 — ¢’), for any primitive (¢") root of unity ¢’. Take ¢’ = £(n) with

(n,f) =1 to see that £(n) € (1 — X'). Now, consider \' = A?rd*l(*/)...A?fdAm“'

), the prime
factorization of X in Q((, f). Since {(n) =1 (mod X') we see that {(n) = 1 (mod A\, )
for 1 < i < m. Hence, {(n) =1 (mod \;), for 1 < i < m. Thus, f(z) = fe(2) (mod ).

This concludes Step 1.

Step 2: There exists an eigenform g € Si (Io(¢") NT1(NN)) such that g =, fe (mod A), for
some r > 0.

Note, from step one we have that fe € Sy (I'o(¢") NT'1(IN/)) is an eigenform with associated
character sw®. If i = 0,1,2, then choose a new i > 3 such that 7 = 0,1,2 (mod £ — 1),

respectively. From [15, Lemma. 7.1.2] and [15, Thm. 7.1.3], we have that the Eisenstein

series
G(z) = L(1 —i,w")/2 + Z Zwi(d)di_l q"
n=1 dn
. a b
is in M,-(I‘O(ET),w_’). Let Y= € I‘0<€r) N F1<N)
c d
Then,

F(y2)G(v2) = (cz + )Tk (Nw™ (N f(2)G(2) = (2 + d) 'k (7) f(2)G(2).

This gives us that fG € S;1x(Fo(¢") NT'1(N)), with associated character k. Now, we want
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to show that the order at A of L(1 —i,w") is negative. From [9, Thm. 3.4.2], we have that

_Bi,w*i

L(1 —i,w') =
]

Since, 1 < ¢ < £ — 1, it is sufficient to show that the order at A of B, ,-: is negative.

Expanding out the generalized Bernoulli number using [25, page 31] gives us

y4
Biu- = (') w(a)Bi(a/l)
a=1

7

¢ .
= (1 Z w(a) Z (;) Bjai_jéj_i
a=1

j=0
/-1 7, 7 ’l
— ;w_z(a) (a’é‘l + §az_1 + ]z:; (j) Bja’_J€]_1>

Note, we need not consider when a = ¢ since /¢ is the conductor of w. Also, we need not
consider when j > 3 and odd, since in this case B; = 0. Let
F = (a0~ + %ai_l + Z;:Q (;) Bja™ 70771, Note, by a corollary [8, page 233] to the theorem

of Clausen and von-Staudt,

\¢Bjl; = 1,when (¢ —1)j

¢B;l; < 1,when ({—1)1j

This gives us that /F = @’ mod ¢ and since a # 0 (mod ¢) we have that the order at /
of F, hence ), is negative. Thus, the order of L(1 —4,w")/2 at X is negative. Let ¢ :=
L(1—14,w")/2. Then, E := ¢ 'G is a modular form with A-integral coefficients. Note, £ =1
(mod A). Hence, fE =., f (mod A), i.e., fE is an eigenform when viewed mod A. Further,
fE € Sik(Lo(f7)NT1(N), k). Using the Deligne-Serre lifting lemma (see Corollary 34) we

can find an eigenform in T'o(¢") N Ty (N) with eigenvalues congruent modulo A to fE, hence
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f. This concludes step 2.

Step 3: There exists an eigenform g € Sy (Io(¢) NT1(N)) such that g =., f (mod A),
where f € S,qu (Co(7) NT1(N)) is the desired eigenform from step 2.

Let f(z Z anq" € S(Ty(£")NT'1(N)) be an eigenform, with » > 1. Let K be the Galois
closure of Q(f), and let 0 € Gk g be a Frobenius element for \. Thus, ca = a’ (mod \)
for all a € Ok, the ring of integers of K. By Corollary 2 of [7] the series ial(an)qn is
the Fourier expansion of a normalized eigenform =1 f(z) of the same Weigrilzt1 as f(z). We
want to show that f(z) is congruent mod A to an eigenform on T'o(¢"~) N T (N). Consider
g(2) := (071 f(2))"|Uq, where U, is the £'" Hecke operator. By Lemma 37, g(2) is an eigenform
on Ty(=1)NTy(N). Fuither, we have that,

(Za ) ) U, = <Z<a—1(an)qn)ﬂ) |U; (mod \).

n=1
Note that,

(Z(U‘l(an)q")e> U, = (Z(U‘l(an))g é") 1%

n=1 n=1

- (Z(w%aen))@q@")

n=1

Il
VR
[~
S
3
Q:
N~
=)
o
Q.
=

By repeating this process r—1 times we get an eigenform on I'g(¢)NI'; (IV), which is congruent

to our original eigenform f(z).

Step 4: There exists an eigenform g € Si(I'1(N)) such that g =., f (mod ), where f is
the desired eigenform from step 3.
In order to prove this final step we will use an argument given by Serre in [19]. Let V; be

the operator Y a,q" — >_ a,¢"™, which by Proposition 15 takes forms on I'; (V) to forms on

o4



lx y
Lo(¢) N1 (V). Further, let W be the operator given by the matrix , where z, vy,

Niz ¢
and z are integers such that fx — Nyz = 1. Note, that W is the operator denoted by V'

in [14]. Let F'(z) be an eigenform on I'g(¢) N I'; (V) of weight k with associated character
x of conductor N. First, note that by Lemma 38, we have that F|W € Sp(T'o(¢) NT'1(N)).
Further, by Lemma 2 of [14], F|W? = x({)F(z).

Define the trace of F' to be the function:
Te(F) = F + &L (002 F|W|U,.

We want to show that Tr(F) € Si(I'1(N)). By applying Lemma 39 to F|W € Sp(I'o(¢) N
['1(N)) we have that (F|W|U, + ¥~ 1F|W|W) € S,(T';(N)). Hence,

KU OCTHR(PIWIU + FPRWIW) = kT OO (EIW U + w0 F)
= F+r "0 RW|U,

= Tr(F) € Si(I'(N))

Further, if G € M, (I'y(N)) with character x, Prop 1.5 of [1] gives us that G|W = £*/2x(0)G|V,.
If ¢ > 3, let E(z) = Ey—1(2), the normalized Eisenstein series of weight ¢ —1 on I'(1).

200 — 1) &
Note, E(z) has Fourier expansion 1 — ( ) Z ok—1(n)q", where o;_1(n) = Z d*~!. By
By i

the corollary to the theorem of Clausen and Von-Staudt used in step 2, we have that the

order at ¢ of B,_; is negative. Hence, E =1 (mod ¢). Similarly, if £ = 3, let E(z) = E4(2),
the normalized Eisenstein series of weight 4 on SLy(Z), and we once again have that F =1

(mod /). Let a denote the weight of F(z). As in [19] we introduce:

9(z) .= E —(*?E|W = E — (“E|V}.

95



It is clear that g(z) =1 (mod ¢). Further, from [19] we have that
g|W = E|W — (**E = (**(E|V, — E).

Since, E|V; = E =1 (mod /), we see that g|lW =0 (mod ¢'%/2).

Let f(z) be the eigenform on I'g(¢) NI';(N) obtained from step 3, let the weight of f

be denoted as k. Consider Tr(fg*") where m is a positive integer. We have that Tr(fg"") €
Sk, (T1(N)), where k,, := k + {™a is the weight of f¢g*". All that remains is to show that
Tr(fg"") = f (mod £). First, for any modular form F = " a,q", we define ord,(F) :=
ir;f ordy(ay,). In order to show the desired congruence, we will follow §3.2 of [19] to show that
nlbl_rgo ordy(Tr(fg"") — f) = oo. Note this shows that for sufficiently large m, we have that
Tr(fg"") and f are congruent modulo any power of £. To prove that the limit goes to infinity,
we will show that ord,(Tr(fg"") — f) > inf (m + 1+ ordy(f), £™ + 1 + ord,(f|W) — k/2),
which clearly increases as m increases.
Before we can begin, we must have that ordy(f) > —oo. In other words, the order of ¢
in the denominators of the Fourier coefficients of f must be bounded above. This result
follows from Theorem 3.52 of [22], which says that we can find a basis for Sy (I'1(NV)) that
consists of cusp forms for which the Fourier coefficients are rational integers. Note, since the
denominators of the Fourier coefficients of f are restricted in this sense, we also have that
the denominators of the Fourier coefficients of f|WW are restricted.

In order to get the desired result begin by writing Tr(f¢"" ) — f = (Tr(f¢"" ) — fg*" ) +
f(g™" —1). As stated previously, we have that g = 1 (mod (), therefore ¢*" = 1 (mod ¢™*1).

Hence, ord,(f(g"" — 1)) > m + 1 + ordy(f).

o6



We know that Tr(fg"") — fg'" = k=1 (£)*=F=/2(f¢" |W|U,). This gives us the following;

ordy(Tr(fg™™)) — fg*" 1 — kpm/2 4 ordy(fg"" [W|U,)

v

v

1 — kpm/2 4 ordy(fg"" W)
= 1—kn/24 ord,(f|W) + £Mordy(g|W)
> 1=k /24 ord,(f]W) + ™ (1 4 a/2)

= 1+0"+ord,(f|W) —k/2

Therefore, lim ord,(Tr(fg"")—f) = oo, and we have that for sufficiently large m, Tr(fg™) =,
m—0o0

f (mod /). Finally, we have the desired eigenform by using Corollary 35.

2.5 Required Lemmas

Lemma 37. ([14, Lemma 1.]) Let f(z) € Si.(L'o(¢") NT'1(N)) with associated character r of
conductor N, and r > 1. Then, f|U; € Sp((To(¢"1) NT1(N)).

1 u 10
Proof. Note that f|U, = (%271 f| Z = (21 ] E
u (mod ¢) 0 ¢ 0 ¢ u (mod ¢£) 0 1

10
First, we will prove that (/2 f| € Sy (To(er1,4) NT1(N)).

0 /¢
a b
Let e I'y(¢")NI'1(N). From Proposition 5 we know that
c d
%/ 10 1 0 10
2 € Sy (To(£") N Ty (N))
0 ¢ 0 1/¢ 0 ¢
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Note,

1 0 a b 10 a bl
- S F()(g'r—ljg) N Fl(N)
0 1/¢ c d] \0 ¢ c/t d
Thus,
1 0 10 »
(Fo(ﬁr)ﬂFl(N)) :FO(W ,K)ﬂfl(N),
0 1/¢ 0 ¢

which proves the claim.
Note, a set of right coset representatives of (I'(¢"~1,£) NT1(N))\ (To(¢"~1) NT1(N)) is given
1 u a b

by 0<wu</{p. Let e To(r—1)NTy(N).
01 c d
It is clear that
1 u a b a, by 1 o
01 c d Cy dy 0 1
for some
a, b

o8



Hence, we have:

a b 10 1 w a b
f‘Ud _ gk’/2—1f|
c d 0 ) u (modey \O 1 c d
10 a, by 1

_ Ek/2_1f| Z

0 0] w (mod £) \ Cy dy 0 1

— fk/2_1f|

0 g Cy du u'  (mod £) 0 1

_ gk/2—1f| Z

= f|Us.

[
Lemma 38. ([14, Lemma 2.]) Let f(z) € Sy, (I'o(¢) NT'1(N)). Then, (f]W)(z) € Sk (I'o(¢) NT'1(N)).

Proof. From Proposition 5 we have that,

(FIW)(2) € Sy (W (To(£) NI (N)) W) .

What remains is to show that

W HTo() NT(N)) W =To(£) NT1(N).

Let,

29



First, note that

1 —y/l a b lx
Wl — y/ y

—Nz T c d Niz ¢

a—cy/l b—dy/t lr vy

cx —aNz dxr —bNz Nbz ¢

alx — cxy + bNlz — dNy alr — cxy + bl — dy

clx? — aNlxz + dNlxz — bN?02%  cay — aNyz + dlx — bN{z

Hence, W71’7W € Fo(g) N Fl(N), i.e., Wil (Fo(é) N F1<N)) w Q F()(g) N Fl(N) Finally,

notice that
v =WWAyw—tw.
It is clear that WAW ™1 € Ty(¢) NT1(N), thus v € W= (To(¢) NT1(N)) W. From this we

see that To(¢) NT1(N) = W= (Ty(¢) NTy(N)) W, Which completes the proof. O

Lemma 39. ([14, Lemma 3.]) Suppose that f(z) € Sk (Fo(£) NT1(N)) with associated
character k of conductor N. Then, f|(U, 4 €*27'W) € Sip(T'1(N).

Proof. First, note that

= n
S OS
~ <
e
~ o
28
_

10
From Lemma 37 we know that f]| € Sk (To(1,0) NT1(N)) . It is clear that for a set
0 ¢
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{~;} of right coset representatives of (I'o(1,¢) NI';(N))\I'; (V) we have that

10
> |/l | € Se(T1(N)).
J 0 ¢
Ly
For our coset representatives we will use the matrices v, = for 0 < j < /£ and
01
lx vy
Yo = . Using these representatives we have:
Nz 1
¢ -1 ~
B 10 10 1 g 10 xl oy
CEY L | =/l | + /1 |
§=0 0 ¢ 0 ¢] j=0\0 1 0 ¢ Nz 1

= PO+ fIW)

= U+ W),

2.6 Example

To conclude this chapter we compute an example of these pairs of congruent eigen-
forms which we now know exist by Ribet’s theorem. The main tool we will use to make this

comparison is the following.

Corollary 40. ([2, Cor. 2.]) Let fi and fy be normalized cusp forms of level T'1(N),
weights k1 and ko, respectively. Further, suppose that both fi and fs have trivial associated
characters. Let X\ lie over an odd prime { in the number field Q(f1, f2). Then, a,(f1) =

ay(f2) (mod N) for all primes p 1 {N if and only if this congruence holds for all primes
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< max {ky, ko }[['(1) : T'1(N)]

< D with p{ (N and k1 = ko (mod ¢ — 1).

Before we compute our example, we must verify that the two weights satisfy the
congruence condition. Let ¢ > 3 be a prime. Let f € Si(I'1(¢*N)) with trivial associated
character. Let g be the desired form from Theorem 36. Then, we have that g € Sy (N) with

trivial associated character, and weight k&' = ¢/(¢ — 1) + (k. Therefore,

K= 0(0—1)+ 0k

= (k (mod?¢—1)

kE  (mod ¢ —1).

Note, if we let £ = 3 then the weight of ¢ is k' = 37(4) + 3k which is clearly congruent to k
(mod 2). For our example we begin with a normalized eigenform f € Si(I';(¢*N)). Then,
we use SAGE to search at the lower level N and our higher weight &’ to find some candidate
forms. Finally, using SAGE again, we make the comparison of Fourier coefficients up to the
bound given in Corollary 40 to determine if our candidate form is our desired form from

Theorem 36. Note, in order to use Corollary 40 we are considering our candidate forms as

elements of Si(I'1(¢*N)).

Example 1. Let f be the normalized eigenform in the one dimensional space S¢(I'1(3)) .
Note, in this example we are letting £ = 3 and N = 1. We see from above that our desired
form g € Sp(T(1)), must have weight ¥ = 4 - 3/ + 18 for some non-negative j. Choosing
j = 0 gives the space Ss(T'(1)), which is dimension one. Using Corollary 40, we see that in

order to show that f = ¢g (mod 3) we need only verify that a,(f) = a,(g) (mod 3) for all

K0 - T1(3)]
12

of f which we will need to make our comparison,

primes p < = 14%, such that p # 3. Below are listed the Fourier coefficients
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p | ap(f) | ap(f) (mod 3)
2 | -6 0
51 6 0
7| -40 2
11 | -564 0
13| 638 2

Let g be the single normalized eigenform of this space. The Fourier coefficients of g are listed

below:

p ap(g) ap(g) (mod 3)
2 -288 0
5 | 21640950 0
7 | -768078808 2
11 | -94724929188 0
13 | -80621789794 2

Comparing these two tables we see that a,(f) = a,(g) (mod 3) for all primes p < 142 with
p # 3. Thus, by our corollary we have that in fact a,(f) = a,(g) (mod 3) for all primes
p 1 3. Therefore, using the multiplicativity of the Fourier coefficients we have that f =., g
(mod 3) in the sense of Theorem 36.
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Chapter 3

Future Work

Analogous to the work of Deligne, Shimura, et. al., we know that there exist four
dimensional Galois representations associated to Siegel modular forms of degree 2 from the
work of Laumon [13] and Weissauer [26]. Given this, it is natural to ask if there is an analog
to Serre’s conjecture and the associated Refined conjecture in this four dimensional setting.
In order to understand what such an analog would look like, I plan to generalize the level
lowering argument given in §2.3 to the four dimensional setting. The first case I plan to
consider is lowering the level of a Siegel modular form in the Maass space, i.e., a Siegel

modular form which arises from the Saito-Kurokawa correspondence.
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