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ABSTRACT
As a preliminary step in deducing and log (g) of Mira variables as a function of phase, a compari-Teffson is made between spectra synthesized from LTE stellar atmosphere models and observed spectra. The

observed spectra show obvious vanadium oxide (VO) absorption bands. However, the molecular line list
used to produce the synthetic spectra does not include the bound-bound VO opacities. The wavenum-
bers, line oscillator strengths, and lowest energy levels are needed to calculate these opacities. The equa-
tions, constants, and experimentally determined factors required to calculate the line oscillator strengths
and lowest energy levels from experimentally determined wavenumbers are presented. The e†ect of
including the wavenumbers, line oscillator strengths, and lowest energy levels of the VO BÈX (0, 0) band
are calculated and show the expected absorption features observed in the spectra of Mira variables. In
the VO BÈX (0, 0) band the line oscillator strengths range from about 0.05 to 3.
Subject headings : line : identiÐcation È molecular data È stars : late-type È stars : variables : other

1. INTRODUCTION

Over the last 4 years, we have made spectroscopic mea-
surements of 20 Mira variable stars as a function of phase,
probing their stellar atmospheres and underlying pulsation
mechanisms (Castelaz et al. 2000 ; Castelaz & Luttermoser
1997). Figure 1 shows the phase-dependent spectra of R Leo
as an example (Castelaz et al. 2000). In order to determine
e†ective temperatures and surface gravities [log (g)] of(Teff)three Mira variables (R Leo, V CVn, and R CVn) as a
function of phase, Piontek & Luttermoser (1999) compared
synthetic and observed spectra. As a Ðrst approximation of

and log (g), they use the LTE stellar atmosphere modelTeffATLAS (Kurucz 1970 ; Johnson, Luttermoser, & Faulkner
1988 ; Brown et al. 1989) to synthesize spectra in the wave-
length range of the observed spectra, 6000È9200 StellarA� .
atmospheric models were chosen from 7615 Kurucz models
(Kurucz 1979) and 162 Indiana University (IU) models
(Brown et al. 1989) that had been previously converged.
Models were generally available in 200 or 250 K
increments, with log (g) ranging by 0.5 from 0.0 to 2.0 and
occasionally 2.5. The spectra synthesized with LTE stellar
atmosphere models use the 6.6 million IU atomic and
molecular line data set. Piontek & Luttermoser (1999) point
out that the IU data set does not include vanadium oxide
(VO). Thus, there is a noticeable di†erence between the syn-
thetic and observed spectra corresponding to the BÈX
bands of VO (Mahanti 1935 ; Keenan & Schroeder 1952) in
the wavelength regions 7300È7600 7800È8150 andA� , A� ,
8450È8900 Figure 2 compares the synthetic with theA� .
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2 Participated in the Summer 1998 Southeastern Association for
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Sponsored by the National Science Foundation.

observed spectrum of R Leo at phase 0.4, which clearly
shows the di†erence. The observed spectrum shows strong
VO absorption bands, whereas the synthetic spectrum does
not. Hence, the addition of a VO line list to the IU data set
would result in much more accurately produced spectra for
Mira variables. Brett (1989) uses the just-overlapping line
approximation (Tsuji 1966) to incorporate opacities for VO
band heads, but not lines, in late M stars. The e†ects that
VO had on BrettÏs synthetic spectra were very similar to the
di†erences between Piontek & LuttermoserÏs synthetic and
our observed spectra.

This paper reports on our initial work to include the
bound-bound opacities of VO to our line list of atomic and
molecular opacities. For this preliminary work, we will
assume the atmosphere of these stars is a static, plane-
parallel geometry and is in LTE. Section 2 presents the
physics of the line oscillator strengths, ° 3 discusses the
results, and ° 4 summarizes our results.

2. THE VANADIUM OXIDE LINE OSCILLATOR STRENGTH

CALCULATIONS

In order to incorporate the VO line absorption in the
synthetic spectra, we need to determine tables of wavenum-
bers, line oscillator strengths, and lowest energy levels,
which are not readily available. The line oscillator strength,

is given byf \ f
v{J{v{{J{{

,

f \ 8n2mc
3he2 [(u)(q

v{v{{
)R

e
2]
A S"{{J{{"{J{
2J@@] 1

B
, (1)

where u is the wavenumber of the line in a transition from a
lower electronic state with vibrational and rotational
quantum numbers v@@ and J@@ to upper electronic state v@@ and
J@. Both u and J@@ for the AÈX, BÈX, and CÈX bands of VO
are experimentally determined and given by the references
in Table 1. The are the Franck-Condon factors, isq

v{v{{
R

e
2
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FIG. 1.ÈPhase-dependent spectra of R Leo. The name of the star, date,
and phase are given on each spectrum. The Ñux is normalized to 1. Above
each set of spectra are markers for the major spectral features and terres-
trial oxygen. Ha is weak or not seen in most of the spectra. Note the strong
VO absorption features at D7400 and D7900 A� .

the sum of the components of the electronic transition
moment, and are the factors. TheS"{{J{{"{J{ Ho� nl-London
equations, constants, and experimentally determined
factors required to calculate the line oscillator strengths
given by equation (1) are found in a number of di†erent
chemistry and astrophysical publications (e.g., Huber &
Herzberg 1979 ; Nicholls 1981 ; Larsson 1983 ; Brett 1989).

FIG. 2.ÈSynthetic spectrum (solid line) and observed spectrum (dashed
line) of R Leo. The synthetic spectrum represents a star with KTeff \ 3400
and log g \ 2.5 that best Ðts this observed spectrum of R Leo at phase
0.23. The synthetic and observed spectra have the greatest di†erence over
the BÈX VO bands (e.g., D7400 and D7900 The synthetic spectrumA� ).
has been convolved with a 2.0 Gaussian to represent the instrumentA�
proÐle and does not include VO molecule line opacities.

TABLE 1

SOURCES OF J@@ AND u

Band Approximate Wavenumber
VO Transition (v@, v@@) Range (cm~1) Reference

A4%ÈX4&~ . . . . (0, 0) 9550È9250 1
A4%ÈX4&~ . . . . (0, 1) 8550È8350 1
B4%ÈX4&~ . . . . (0, 0) 12,710È12,400 2
B4%ÈX4&~ . . . . (1, 0) 13,630È13,350 3
C4%ÈX4&~ . . . . (0, 0) 17,430È17,350 1

REFERENCES.È(1) Cheung et al. 1982 ; (2) Adam et al. 1995 ; (3) Cheung et
al. 1994.

We have collected the factors together here into a concise
paper with the aim to report the methods for determining

and for VO. The same methods can beq
v{v{{

, R
e
2, S"{{J{{"{J{

applied to other diatomic molecules but must be modiÐed
to reÑect di†erent constants of the molecules. Also, since we
require the lowest energy levels of VO in the IU data set, we
include those calculations.

2.1. Franck-Condon Factors
The Franck-Condon factors are calculated using(q

v{v{{
)

the closed form, approximate, analytic equations given by
Nicholls (1981). For the VO A 4%ÈX 4&~, B 4%ÈX 4&~, and
C 4%ÈX 4&~ vibrational states (v@, v@@) \ (0, 0) and (1, 0).
Note that (v@, v@@) \ (1, 0)\ (0, 1). We can write

q(0, 0)\ exp ([S2/2) , (2)

q(1, 0)\ (S2/2) exp ([S2/2) , (3)

where S \ (k
A

u8
e
)1@2*r

e
/5.807.

The equations require the molecular constants *r
e
, u8

e
,

and the reduced mass (12.176 amu for VO). Table 2 listsk
Athe di†erence between radii, (cm~1) which is the*r

e
, u8

emean and the results of our calculations of the Franck-u
e
,

Condon factors of the (0, 0) and (1, 0) bands. The molecular
constants are from Huber & Herzberg (1979) and Cheung et
al. (1982).

2.2. T he Sum of the Components of the Electronic
Transition Moment, R

e
2

In the calculation of we made use of the fact that allR
e
2,

AÈX (0Èv@@) bands have a constant value and all BÈX (0Èv@@)
bands have a constant value (Davis, Littleton, & Phillips
1986). From the band oscillator strength equation given by

f
v{v{{

\ 8n2mc
3he2 [(u)(q

v{v{{
)R

e
2] , (4)

with the band oscillator strengths determined empirically by
Brett (1990) and the Franck-Condon factors given in Table
2, we calculate The Ðrst two rows in Table 3 give BrettÏsR

e
2.

(1990) values of the wavenumber of the band head (u),f
v{v{{

,
and resulting in units of where is the Bohrq

v{v{{
, R

e
2 a02 e2, a0

TABLE 2

THE FRANCK-CONDON FACTORS

*r
e

u8
e

VO Transition (]10~2 A� ) (cm~1) q00 q10
A4%ÈX4&~ . . . . . . 4.74 937.4 0.684 0.260
B4%ÈX4&~ . . . . . . 5.16 960.0 0.630 0.291
C4%ÈX4&~ . . . . . . 8.26 937.4 0.315 0.364
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TABLE 3

VALUES OF R
e
2

u
v{v{{

A
v{v{{

R
e
2

Band v@, v@@ f
v{v{{

(cm~1) q
v{v{{

(]106 s~1) (a02 e2)

AÈX . . . 0, 0 0.005 9500 0.684 . . . 0.253
BÈX . . . 1, 0 0.08 13,420 0.291 . . . 6.744
AÈX . . . 0, 0 . . . 9500 0.684 0.167 0.141
BÈX . . . 0, 0 . . . 12,550 0.630 2.703 0.878
BÈX . . . 1, 0 . . . 13,420 0.291 2.500 1.755
CÈX . . . 0, 0 . . . 17,390 0.315 13.70 4.082

radius and e is the charge of an electron. Brett (1990) gives
the for only the AÈX (0, 0) and BÈX (1, 0) transitions.f

v{v{{The sum of the components of the electronic transition
moment can also be calculated from the band transition
probability (Larsson 1983),A

v{v{{
R

e
2\ 4.936] 105u3A

v{v{{
/q

v{v{{
. (5)

Karlsson et al. (1997) report lifetime measurements of 6^ 1
ks, 0.37 ^ 0.05 ks, and 73 ^ 2 ns of the A 4%, B 4%, and
C 4&~ states of VO for the v\ 0 levels and 0.4 ks for the
B4% state of VO for the v\ 1 level. The last four rows of
Table 3 give the band transition probabilities based on
these lifetimes per lifetime) for the AÈX (0, 0), BÈX(A

v{v{{
\ 1

(0, 0), BÈX (1, 0), and CÈX (0, 0) transitions.

2.3. T he FactorsHo� nl-L ondon S"{{J{{"{J{
The factors for the R, Q, and P branches ofHo� nl-London

the VO AÈX, BÈX, and CÈX bands are given by HerzbergÏs
(1950) equations (IV-81)È(IV-83). In HerzbergÏs equations,
we need *"\ "@@[ "@. For the VO transitions we are
interested in, "@@\ % and "@\ &. The % and & states refer
to the components of the electronic angular momenta. The
% states are ^1, and the & state is 0. So, *"\ ^1, and the
equations of the factors become for eachHo� nl-London
branch and J@@

S
J{{
R \ (J@@] 3)(J@@] 2)

4(J@@] 1)
, (6)

S
J{{
Q \ (J@@] 2)(J@@[ 1)(2J@@] 1)

4J@@(J@@] 1)
, (7)

S
J{{
P \J@@(J@@[ 1)

4J@@
. (8)

2.4. T he Vanadium Oxide L owest Energy L evel,
CalculationsE

J{{
From Herzberg (1950), whereE

J{{
+ B

v
J@@(J@@] 1), B

v
+

and and are given by Huber &B
e
[ a

e
(v ] 12) B

e
a
eHerzberg (1979). For the VO B 4%ÈX 4&~ (0, 0) band, B

e
\

0.5246 cm~1 and So, cm~1, and thea
e
\ 0.004. B

v
\ 0.5226

lowest energy level equation for the BÈX (0, 0) band
becomes

E
J{{

\ 0.5226J@@(J@@] 1) . (9)

3. RESULTS AND DISCUSSION

The sum of the components of the electronic transition
moment is the most uncertain term used in the calculation

of the line oscillator strengths. The depend on labor-R
e
2

atory measurements of either the band oscillator strength or
lifetime measurements. Brett (1990) calibrated opacity
strengths to match observations of M giants by Ðtting band
oscillator strengths ; these relative strengths were then com-
bined with known laboratory values of some TiO systems
in their code to estimate the absolute band oscillator
strength for the VO AÈX and BÈX systems. However, Brett
(1990) warns that the absolute band oscillator strengths are
lower than laboratory values for TiO by about one-half. No
comparison is made with VO since VO laboratory values
were not available. We use BrettÏs absolute band oscillator
strengths for the VO AÈX (0, 0) and BÈX (1, 0) calculations
of implying an uncertainty proportional to the uncer-R

e
2,

tainty in the absolute band oscillator strength.
The lifetime measurements are more direct. The uncer-

tainty in our calculation of for the VO AÈX (0, 0), BÈXR
e
2

(0, 0), and CÈX (0, 0) systems depends primarily on the
uncertainty of the lifetime measurements which are 17%,
14%, and 3%, respectively.

We can compare our calculations of with those ofR
e
2

Alvarez & Plez (1998), who also use both the band oscil-
lator strengths and lifetime measurements to calculate the
sum of the components of the electronic transition moments
of the VO AÈX (0, 0) and BÈX (0, 0) systems. For the VO
AÈX (0, 0) system, Alvarez & Plez (1998) calculate R

e
2\

0.207 and using the Brett (1990) band oscillatorR
e
2\ 0.106

strength and the Karlsson et al. (1997) lifetime measure-
ments, respectively. We calculate for the VOR

e
2\ 0.253

AÈX (0, 0) system, based on BrettÏs band oscillator strength
and consistent with Alvarez & Plez (1998). The di†erence,
0.207 versus 0.253, lies in the di†erence in the selection of
the average wavenumber. When comparing to R

e
2\ 0.106

determined from lifetime measurements ; however, we Ðnd
our value of is di†erent by about a factor of 2. This isR

e
2

consistent with our expected uncertainty.
For the VO BÈX (0, 0) system, Alvarez & Plez (1998)

calculate and using the Brett (1990)R
e
2 \ 2.590 R

e
2\ 0.735

band oscillator strength and the Karlsson et al. (1997) life-
time measurements, respectively. Our calculation of the VO
BÈX (0, 0) is 0.878 and is consistent with the Alvarez &R

e
2

Plez value determined by the lifetime measurements. The
di†erence between our value of 0.878 and the Alvarez &
Plez value of 0.735 can again be attributed to the di†erence
in selected average wavenumbers. As in the case of the VO
AÈX (0, 0) system, our value of is about a factor of 3R

e
2

lower than the value Alvarez & Plez derive using the absol-
ute band oscillator strengths given by Brett (1990). This is
also consistent with our uncertainty in R

e
2.

Alvarez & Plez (1998) do not report the sum of the com-
ponents of the electronic transition moments for the VO
BÈX (1, 0) and CÈX (0, 0) systems, which we have calculated
and give in Table 3. So, we cannot make a comparison.
However, based on the other system comparisons, we
expect the VO BÈX (1, 0) and CÈX (0, 0) to have similarR

e
2

uncertainties.

3.1. L ine Oscillator Strengths
Line oscillator strengths for about 500 wavenumbers of

the VO BÈX (0, 0) band are calculated using equation (1)
and are shown graphically in Figure 3. We use the values of

calculated from the lifetimes measured by Karlsson et al.R
e
2

(1997). As an example of the calculation, the Franck-
Condon factor is 0.630 (Table 2) and of BÈX (0, 0) isR

e
2
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FIG. 3.ÈOur calculated oscillator strengths of VO BÈX (0, 0) are shown
in the lower plot. The upper plot shows the observed spectrum of R Leo.
The arrows mark the locations of the VO lines. Note that inclusion of the
VO oscillator strengths in the calculation of synthetic spectra can now
account for these absorption features.

0.878 (Table 3). We choose in this calculation examplea02 e2
the R-branch, J@@\ 1.5, u\ 12,712.7150 cm~1 from the list
of wavenumbers, and J@@ given by Adam et al. (1995). Using
these values, the factor is 1.575. SubstitutingHo� nl-London
the Franck-Condon factor, the factor,R

e
2, Ho� nl-London

and u\ 12,712.7150 cm~1 into equation (1), we Ðnd the
line oscillator strength to be 0.2583. The oscillator strengths
of line in the VO BÈX (0, 0) band range from about 0.05 to
about 3. These line oscillator strengths are similar with
oscillator strengths of TiO, which range from 0.1 to 10.

Figure 4 shows the synthetic spectrum of a cool star
K, log (g)\ 2.0] calculated with ATLAS, with[Teff \ 3200

and without the VO BÈX (0, 0) band. The dashed line shows
a synthetic spectrum without VO, whereas the thin solid
line shows one with VO at solar abundance. Finally, the
thick solid line shows a synthetic spectrum with VO calcu-
lated with an enhancement of the vanadium 10 times solar
abundance.

3.2. L owest Energy L evels
Table 4 shows our calculations of of the J@@\ 0.5, 1.5,E

J{{2.5, and 3.5 levels of the B 4% and X 4&~ v\ 0 states com-
pared with those given by Adam et al. (1995) for the same J@@
levels. Adam et al. analyzed the BÈX (0, 0) band from
Doppler-limited Fourier transform emission spectra, along
with wavelength-resolved laser-induced Ñuorescence and
sub-Doppler intermodulated Ñuorescence spectra. A least-
squares Ðt of the sub-Doppler data with more than 3000
hyperÐne transition frequencies to 38 parameters gives the
energy levels. Adam et al. (1995) show a plot of the energy

FIG. 4.ÈE†ects of VO shown in synthetic spectra of a 3200 K model
with log g \ 2.0. The thin solid line has the VO BÈX (0, 0) lines included
with vanadium set at the solar abundance, whereas the dashed line shows
spectra from the same model with the VO lines turned o†. The thick solid
line repeats the VO calculations, but with the vanadium abundance set to
10 times the solar value. All of the synthetic spectra are convolved with a
3.0 FWHM Gaussian. The synthetic spectra with VO only include theA�
BÈX (0, 0) bands so that all of the observed VO features are not modeled at
this time.

levels for from 0 to 6000 and lists the energies for(J ] 12)2
J \ 0.5, 1.5, 2.5, and 3.5. Our calculations of are withinE

J{{
D10% of the values given by Adam et al. (1995). Also, as a
result of the Ðt, Adam et al. (1995) give the rotation constant

cm~1. If we use this value, rather thanB
v
\ 0.512652 B

v
\

0.5246 cm~1 calculated from molecular constants, then the
energy levels for J \ 0.5, 1.5, 2.5, and 3.5 are 0.385, 1.922,
4.485, and 8.074 cm~1. These are consistent with our calcu-
lations of the energy levels, but still within 10% of those
given by Adam et al.

For further comparison, we also calculated usingE
J{{(Herzberg 1950, eq. [III-147])

E
J{{

\ BJ@@(J@@] 1)] (A[ B)"2 , (10)

where

B\ h
8n2ck

A
r
e
2 ,

A\ h
8n2cR

e
2 .

For the BÈX band, "\ 0 and so B\ 0.548r
e
\ 1.589 A� ,

cm~1 and A\ 1.40 cm~1. With these values, we calculate
from equation (9) and Ðnd the same lowest energy levelsE

J{{that we calculated using equation (8) and shown in Column
(2) of Table 4. So, we are self-consistent, but still within only
10% of given by Adam et al. (1995).E

J{{

TABLE 4

LOWEST ENERGY LEVELS

Our Calculation of E
J{{

Adam et al.Ïs Calculation of E
J{{

J@@ (cm~1) (cm~1)

0.5 . . . . . . 0.392 0.616
1.5 . . . . . . 1.960 2.113
2.5 . . . . . . 4.573 4.654
3.5 . . . . . . 8.231 8.196
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4. CONCLUSION

We have presented a concise summary for the calculation
of molecular oscillator strengths. The Franck-Condon
factors are the most straightforward terms to determine.
The factors can be determined empirically, asHo� nl-London
long as experimental data presenting the wavenumbers and
angular momenta are available. The sum of the components
of the electronic transition moment, is the most difficultR

e
2,

term to determine. In order to Ðnd we must know theR
e
2,

band oscillator strength, which is determined either empiri-
cally (as was the case in this paper) or theoretically.

We are in the process of incorporating the oscillator
strengths, lowest energy levels, and wavenumbers of all of
the VO transition bands given in Table 1 into the calcu-

lation of the synthetic spectra. In future computations, the
synthetic spectra with the VO molecule included in the data
set will be compared to our observed spectra of Mira vari-
able stars.
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