Precalculus 1 (Algebra)

Chapter 4. Polynomial and Rational Functions
4.5. The Real Zeros of a Polynomial Function—Exercises, Examples,

Proofs

SULEIVAN

Precalculus 1 (Algebra)

Cubic Formula Problem 1

Cubic Formula Problem 1 (continued)

September 26, 2021

Cubic Formula Problem 1. Show that the general cubic equation
y3 + by? + cy + d = 0 can be transformed into an equation of the form

x3 4+ px + g = 0 by using the substitution y = x — b/3.

Solution. ...

1/30

0=y3+ by’ +cy+d=x3+(—b*/3+c)x + (2b3/27 — bc/3 + d).

We then have x3 + px + g = 0 where p = ¢ — b?/3 and

q = 2b3/27 — bc/3 + d.
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Cubic Formula Problem 1

Cubic Formula Problem 1. Show that the general cubic equation
y3 4+ by? + cy + d = 0 can be transformed into an equation of the form
x3 + px + g = 0 by using the substitution y = x — b/3.

Solution. With y = x — b/3, we have
y? = (x — b/3)? = x* — 2bx/3 + b*/9 and
y3 = (x — b/3)(x? — 2bx/3 + b?/9) = x> — 2bx?/3 + b?x/9 — bx?/3
+2b%x/9 — b*/27 = x* — 3bx? /3 + 3b°x/9 — b3 /27
= x> — bx® + b*x/3 — b3/2T7.
We then have
0=y3+by’+cy+d = (x>—bx*+b*x/3— b3/27) + b(x*> — 2bx /3 + b /9)
tc(x —b/3) +d = x>+ (—b?/3 + c)x + (2b3/27 — bc/3 + d).
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Cubic Formula Problem 2

Cubic Formula Problem 2. In the equation x3 4+ px + g = 0, replace x
by H+ K. Let 3HK = —p, and show that H®> + K3 = —q.

Solution. With x = H + K we have
x}=(H+K)® = (H+ K)(H? + 2HK + K?) = H® + 2H?K + HK? + H*K

+2HK? + K3 = H® + 3H?K + 3HK? + K3,
With 3HK = —p, or p = —3HK we then have
0=x>+px+q=(H>+3H*K + 3HK? + K3) + (-3HK)(H + K) + g
= H® +3H?K + 3HK? + K3 —3H?’K —3HK? + q=H*+ K3 + ¢

or H® + K3 = —q, as claimed. O
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Cubic Formula Problem 3 Cubic Formula Problem 3

Cubic Formula Problem 3 Cubic Formula Problem 3 (continued)
Cubic Formula Problem 3. Based on Cubic Formula Problem 2, we have ] ]
two equations 3HK = —p and H3 + K3 = —q. Solve for K in 3HK = —p Solution (continued).

and substitute into H3 + K3 = —q. Then show that

— g3 —9E \/q +4p3/21 _ —q | \/q2+4p3/2
= \3/—7q +4/ q? + 12)—7 HINT: Look for an equation that is quadratic in 2

form. \/q +4p3/2 — /g2 +4p3/27
Solution. Since 3HK = —p, then K = —p/(3H). So H3 + K3 = —q 2

implies that —q = H3 + (—p/(3H))® = H® — p3/(27H3) or, multiplying —q
both sides of this last equation by H3, —qH3 = H® — p3/27 or =7 +
H® + qH3 — p3/27 = 0 or (H3)? + q(H3) — p3/27 = 0. So we have a

IR
+

NI

\l¢

quadratic equation in the unknown H3 and so we can solve for H3 using Hence,

: ) _ 2 3
the quadratic formula to get: H— \3/Tq I qf n 123_7

3 bt Vb2 —4dac  —(q) £+/(q)% — 4(1)(—p3/27)
- 2a - 2(1) T =
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Cubic Formula Problem 4 Cubic Formula Problem 5
Cubic Formula Problem 4. Use the solution for H from Cubic Formula Cubic Formula Problem 5. Use the results from Cubic Formula
Problem 3 and the equation H® + K3 = —q to show that Problems 2 to 4 to show that the solution of x3 4+ px + g =0 is

sl—q_ ¢ | p?
=" F/ N 2 3 L) 2 3
\/2 4 27 s BT (N —q9_ /T P
X \/2 Wt s Tor
Solution. With H = \/ \/ a ‘I'f we have Solution. First, we have x = H + K, so

3 3_ —49g 9  p 3 - 2 3 — 2 3
—gq=H}+K=—"+/-+=+K3or _ 9y e P Zd P
2 4 7 X > Natgt V2 TVs Ty

= + — .
2 4 27 2 4 —I—
So + \/ + 7 + \/ e
0 Now with x = H+ K, 3HK = —p (or p = —3HK), and H3 + K3 =
4 + _7 (or g = —H® — K3) from Cubic Formula Problem 2, we have ...
Precalculus 1 (Algebra) September 26, 2021 23 /30 Precalculus 1 (Algebra) September 26, 2021 24 /30



Cubic Formula Problem 5

Cubic Formula Problem 5 (continued)

Cubic Formula Problem 5. Use the results from Cubic Formula
Problems 2 to 4 to show that the solution of x3 + px+qg=0is

_i=q, |/¢* PP s-a ¢ P
X_\/z“L 4+27+\/2 s Tor

Solution (continued).

X3+ px+q=(H+K)+ (=3HK)(H + K)

= (H + K)(H?> + 2HK + K?) = 3H’K — 3HK? - H®* - K*
= (H3 4 2H?K + HK? + H?K + 2HK? + K3) —

+(—H® - K3)

3H?K — 3HK? — H® — K3

= (H® + 3H?K + 3HK? + K3) = 3H?K — 3HK? — H® — K3 =0,
as claimed. ]
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Cubic Formula Problem 7
Cubic Formula Problem 7. Use the result of Cubic Formula Problem 5
to solve x3 4+ 3x — 14 = 0. Use a calculator to give a decimal
approximation of the solution to the equation.
Solution. Here, we have p = 3 and g = —14. Since by Cubic Formula
Problem 5,
q9°
\/ 4t % +\/ \/
we have (simplifying a little up front and skipping steps)
_314+ 196+27+314 196+27
V2"V T 2 V4 o7
= \3/7+\/49—|—1—|—€/7—\/49+ = \3/7+\/50—|—\3/7—\/50
Precalculus 1 (Algebra) September 26, 2021 27 / 30

Cubic Formula Problem 6

Cubic Formula Problem 6

Cubic Formula Problem 6. Use the result of Cubic Formula Problem 5
to solve the equation x3 — 6x — 9 = 0.

Solution. Here, we have p = —6 and g = —9. Since by Cubic Problem 5,

2 3 2 3
_ =9 o P 3Z9_ /9 P
X_\/2+\/4+27+\/2 Vot o7

we have (simplifying a little up front and skipping steps)
/ —216 /81 —216
X = — — -
27 27
e -2 \/ 7 \s/_ 7
2 2

_f+f_2+1_ 0
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Cubic Formula Problem 7

Cubic Formula Problem 7 (continued)

Cubic Formula Problem 7. Use the result of Cubic Formula Problem 5
to solve x3 4+ 3x — 14 = 0. Use a calculator to give a decimal
approximation of the solution to the equation.

Solution (continued).

X = \3/7+5\/§+\3/7—5x/§,

since v/50 = /25 x 2 = 5v/2. If we plug x into a calculator, we find that

it simplifies to [x = 2] | O
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Cubic Formula Problem 8

Cubic Formula Problem 8. Use the methods of this section to solve the
equation x3 + 3x — 14 = 0.

Solution. We find the factors of the leading coefficient a3 = 1 and the
constant term ag = —14. The factors of a3 = 1 are £1; the factors of

ag = —14 are £1,4+2,4+7. By Theorem 4.5.F, Rational Zeros Theorem,
the possible rational zeros of f are p/q where p is a factor of a9 = —14
and g is a factor a3 = 1. So the possible rational zeros of f are
+1,4+2,4+7. We have f(1) = —10, f(—-1) = —18, f(2) =0, f(—2) = —28,
f(7) = 350, and f(—7) = —378. So x = 2 is a zero of x> + 3x — 14 and
by the Factor Theorem, Theorem 4.5.C, x — 2 is a factor of x3 4+ 3x — 14.
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Cubic Formula Problem 8

Cubic Formula Problem 8 (continued)

Solution (continued). So we divide x3 4 3x — 14 by x — 2:

x2 4+ 2x 4+ 7

x—2) x3 + 3x + 7
x3 — 2x?
2x* 4+ 3x
2x? — 4x
x — 14
x — 14
0

So we have that x3 4 3x — 14 = (x? + 2x + 7)(x — 2). Notice that for

x2 + 2x + 7 that the discriminant is b2 — 4ac = (2)? — 4(1)(7) = —24 < 0,
so there are no real zeros of x? + 2x + 7 and hence no other zeros of

x3 4 3x — 14. That is, the only solution to x3 +3x — 14 = 0is[x = 2| O
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