Precalculus 1 (Algebra)

Appendix A. Review
A.7. Complex Numbers; Quadratic Equations in the Complex Number
System—Exercises, Examples, Proofs
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Page A60 Numbers 12, 14 and 22

Page A60 Numbers 12, 14 and 22

Page A60 Numbers 12, 14 and 22. Perform the indicated operation,
and write each expression in the standard form a + bi.

(12) (4 +5i)+ (—8+2i), (14) (3 —4i) — (-3 —4i), and (22)
(5+3i)(2-1).
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Page A60 Numbers 12, 14 and 22

Page A60 Numbers 12, 14 and 22. Perform the indicated operation,
and write each expression in the standard form a + bi.

(12) (4 +5i)+ (—8+2i), (14) (3 —4i) — (-3 —4i), and (22)
(5+3i)(2-1).

Solution. (12) By definition of complex number addition,

(4+50)+ (—8+2i) = (4+(~8)) + (5 +2)i = -4+ 7i] O
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Page A60 Numbers 12, 14 and 22

Page A60 Numbers 12, 14 and 22. Perform the indicated operation,
and write each expression in the standard form a + bi.

(12) (4 +5i)+ (—8+2i), (14) (3 —4i) — (-3 —4i), and (22)
(5+3i)(2-1).

Solution. (12) By definition of complex number addition,
(4+50)+ (—8+2i) = (4+(~8)) + (5 +2)i = -4+ 7i] O
(14) By definition of complex number subtraction,

(3—4i) = (=3 4i) = (3 (-3)) +((-4) ~ (-4))i =[6]

O

Precalculus 1 (Algebra) September 15, 2021 3/11



Page A60 Numbers 12, 14 and 22

Page A60 Numbers 12, 14 and 22. Perform the indicated operation,
and write each expression in the standard form a + bi.

(12) (4 +5i)+ (—8+2i), (14) (3 —4i) — (-3 —4i), and (22)
(5+3i)(2-1).

Solution. (12) By definition of complex number addition,
(4+50)+ (—8+2i) = (4+(~8)) + (5 +2)i = -4+ 7i] O

(14) By definition of complex number subtraction,

(3—4i) — (-3 —41)= (3~ (-3)) +((-4) — (-4))i =[6] 0
(22) By definition of complex number product,

(5+30)(2 —1) = (5)(2) + (5)(—1) + (31)(2) + i3iii—i) =

10 — 5/ + 6/ — 3i% = 10 — 5i + 6/ — 3(—1) =[13 + i . O
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Page A61 number 92

Page A61 number 92

Page A61 number 92. Prove Theorem A.7.A(d): The conjugate of the

product of two complex numbers equals the product of their conjugates:
Zw =ZW.
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Page A61 number 92

Page A61 number 92. Prove Theorem A.7.A(d): The conjugate of the
product of two complex numbers equals the product of their conjugates:
Zw =ZW.

Proof. Let z=a+ bi and w = ¢ + di in standard form. Then by the
definition of multiplication of complex numbers, Zw = (a + bi)(c + di) =
(a)(c) + (a)(di) + (bi)(c) + (bi)(di) = (ac + adi + bci + bdi?) =

(ac — bd) + (ad + bc)i = (ac — bd) — (ad + bc)i.
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Page A61 number 92

Page A61 number 92. Prove Theorem A.7.A(d): The conjugate of the
product of two complex numbers equals the product of their conjugates:
Zw =ZW.

Proof. Let z=a+ bi and w = ¢ + di in standard form. Then by the
definition of multiplication of complex numbers, Zw = (a + bi)(c + di) =
(a)(c) + (a)(di) + (bi)(c) + (bi)(di) = (ac + adi + bci + bdi?) =

(ac — bd) + (ad + bc)i = (ac — bd) — (ad + bc)i.

Similarly, Zw = a+ bi c + di = (a — bi)(c — di) = (a)(c) + (a)(—di) +
(=bi)(c) + (= bi)(—di) = ac — adi — bci + bdi? = (ac — bd) — (ad + bc)i.
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Page A61 number 92

Page A61 number 92. Prove Theorem A.7.A(d): The conjugate of the
product of two complex numbers equals the product of their conjugates:
Zw =ZW.

Proof. Let z=a+ bi and w = ¢ + di in standard form. Then by the
definition of multiplication of complex numbers, Zw = (a + bi)(c + di) =
(a)(c) + (a)(di) + (bi)(c) + (bi)(di) = (ac + adi + bci + bdi?) =

(ac — bd) + (ad + bc)i = (ac — bd) — (ad + bc)i.

Similarly, Zw = a+ bi c + di = (a — bi)(c — di) = (a)(c) + (a)(—di) +
(=bi)(c) + (= bi)(—di) = ac — adi — bci + bdi? = (ac — bd) — (ad + bc)i.

Hence zZw = Zw, since both equal (ac — bd) — (ad + bc)i. O
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Page A60 Number 26

Page A60 Number 26. Perform the indicated operation, and write each
13

5—12i°

expression in the standard form a + bi. (26)
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Page A60 Number 26

Page A60 Number 26. Perform the indicated operation, and write each
13

5—12i°

Solution. (26) We make the denominator real by multiplying by a version
of 1 that involves the conjugate of the denominator:

13 _ 18 138 (54127 13(5 + 121)
5-12i 5-12i"7 5-12i \5+12i)  (5—12i)(5 + 12/

expression in the standard form a + bi. (26)

_1B3(G+12) _13(5+12) _5+12i _[5 12,

5241122 169 13 13 13’
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Page A60 Number 30

Page A60 Number 30. Perform the indicated operation, and write each
2+3i

1—i°

expression in the standard form a + bi. (30)
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Page A60 Number 30

Page A60 Number 30. Perform the indicated operation, and write each
2+3i

1—i°

Solution. (30) We make the denominator real by multiplying by a version
of 1 that involves the conjugate of the denominator:

expression in the standard form a + bi. (30)

243 2+3i, . 2+3i (1+i\  (243i)(1+1)
1—i 1—i(1)_ 1—i (1+i>_ (1—i)(1+)
_@43)(A+) (24301 +1) _ (2)(1) + (2)() + (3)(1) + (31)()
12 412 2 2
 242i+3i+3(-1) -1+5/ |-1 5,
- 2 =T T2t

O
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Page A61 Numbers 36, 38, and 48

Page A61 Numbers 36, 38, and 48

Page A61 Numbers 36, 38, and 48. Perform the indicated operation,

and write each expression in the standard form a + bi. (36) i'%,
(38) i=23, and (48) i" + %+ i3 +i.
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Page A61 Numbers 36, 38, and 48

Page A61 Numbers 36, 38, and 48

Page A61 Numbers 36, 38, and 48. Perform the indicated operation,

and write each expression in the standard form a + bi. (36) i'%,
(38) i=23, and (48) i" + %+ i3 +i.

Solution. (36) Since i* = 1, we have

M = () = W))(-1) =[-1]
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Page A61 Numbers 36, 38, and 48

Page A61 Numbers 36, 38, and 48. Perform the indicated operation,

and write each expression in the standard form a + bi. (36) i'%,
(38) i=23, and (48) i" + %+ i3 +i.

Solution. (36) Since i* = 1, we have

M = () = W))(-1) =[-1]

L]
(38) Since i* =1 then i?® = (i*)® = 15 = 1, then
i = (i) (i®) = (1)(—i) = —i. So
1 1 1 /i i i
-23 _
bT —/_—/<i>_—/2 1_
L]
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Page A61 Numbers 36, 38, and 48

Page A61 Numbers 36, 38, and 48 (continued)

Page A61 Numbers 36, 38, and 48. Perform the indicated operation,

and write each expression in the standard form a + bi. (36) i'4,
(38) i=23, and (48) i + %+ %+ i.
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Page A61 Numbers 36, 38, and 48 (continued)

Page A61 Numbers 36, 38, and 48. Perform the indicated operation,
and write each expression in the standard form a + bi. (36) i'4,
(38) i=23, and (48) i + %+ %+ i.

Solution (continued. (48) Since i* = 1 then we can reduce the
exponents of i/ by multiples of 4 to get

i ® B i = ()(P) + () P

=B it +i=2P8+2i=2(—i)+2i=[0]
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Page A61 Number 60

Page A61 Number 60. Solve in the complex number system
x2+4x+8=0.
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Page A61 Number 60

Page A61 Number 60. Solve in the complex number system
x2+4x+8=0.

Solution. We use the quadratic formula (which involves the principal

—b+Vb%2 -4
square root), x = 5 % Where a=1, b=4, and c = 8. So we
a
have
—(4) £ /(4)?—-4(1)(8) —4++16—32
X = g
2(1) 2
44— - '
_ 16: 4i4,:—2:|:2i.
2 2
So the solutions are ’x = —2—2jand x = —2 + 2/}, or the solution set is
{—2-2i,—2+2i}| O
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Page A61 Number 70

Page A61 Number 70. Solve in the complex number system x3 +27 = 0.
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http://faculty.etsu.edu/gardnerr/1710/notes-Precalculus-10/Sullivan10-A-3.pdf

Page A61 Number 70

Page A61 Number 70

Page A61 Number 70. Solve in the complex number system x3 +27 = 0.

Solution. The expression x3 4+ 27 = x3 + 33 is a “Sum of Two Cubes,” so
from the formula (x + a)(x? — ax + a?) = x3 + a° (see A.3. Polynomials)

we have x3 + 27 = (x + 3)(x® — 3x +9). So we see that x = —3 is a
solution.
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Page A61 Number 70

Page A61 Number 70. Solve in the complex number system x3 +27 = 0.

Solution. The expression x3 4+ 27 = x3 + 33 is a “Sum of Two Cubes,” so
from the formula (x + a)(x? — ax + a?) = x3 + a° (see A.3. Polynomials)
we have x3 + 27 = (x + 3)(x® — 3x +9). So we see that x = —3 is a
solution. But we also have solutions when x2 — 3x + 9 = 0, so we solve
this with the quadratic formula to also get

—b+ Vb —4ac  —(-3)+/(-3)2—-4(1)(9) 3+/9-36

x= 2a - 2(1) - 2
3+y/-27 3+4/9(-3) 3+3y/-3 3+3V3i 3 N 3\/§i
-2 2 S22 27 27

So the solutions are
x = -3, x =3/2+(3v/3/2)i, and x = 3/2 — (31/3/2)i | and the solution

set is | {—3,3/2 + (3v/3/2)i,3/2 — (3v/3/2)i}|. O
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Page A61 Number 78

Page A61 Number 78. Without solving, determine the character of the
solutions of x? + 6 = 2x in the complex number system.
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Page A61 Number 78

Page A61 Number 78. Without solving, determine the character of the
solutions of x? + 6 = 2x in the complex number system.

Solution. We rewrite the equation as x> — 2x + 6 = 0 and consider the
discriminant b> — 4ac where a=1, b= —2, and ¢ = 6. We have

b? — 4ac = (—2)? — 4(1)(6) = 4 — 24 = —20. Since b> —4ac = —20< 0
then the equation has ’two complex solutions | that are not real (and are

conjugates of each other). O
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