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Chapter 3. Derivatives

3.6. The Chain Rule

Note. In this section we state our last rule of differentiation, the Chain Rule.
The Chain Rule allows us to differentiate Compositions of functions. We still
have some other functions we will differentiate (such as logarithms and inverse
trigonometric functions in Sections 3.8 and 3.9), but we will not have any more

rules of differentiation.

Note. Thomas’ Calculus offers an intuitive argument for the Chain Rule by con-

sidering the following system of gears:

’ ii
C:yturns B:uturns A:x turns

Figure 3.26

When gear A makes x turns, gear B makes u turns and gear C' makes y turns.
By comparing circumferences (or counting teeth), we see that y = u/2 (C turns
one-half turn for each complete turn of B) and u = 3x (B turns three times
for each one complete turn of A), so y = 3x/2. Thus, dy/dx = 3/2 = (1/2)(3) =
(dy/du)(du/dx). This relationship between the rates of rotation (the “derivatives”)
suggests a relationship between rates of change of functions when one function is

inside another. Here, we have that y (a function ultimately of x) can be written as
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the composition of y as a function of u, and u as a function of x; in the gear figure,
the intermediate function wu is represented by the center gear. So as “variable” x
varies (i.e., as the right gear rotates), the center “function” u reacts to this variation
of z (i.e., the center gear rotates in response to the rotation of the right gear), and
“function” y reacts to the variation of u (i.e., the left gear rotates in response to

the rotation of the center gear).

Note. We have already dealt with the composition of continuous functions in
Theorem 2.9 (see Section 2.5. Continuity and Figure 2.42 of that section). We now
consider a derivative (as a rate of change) of a composition (f o g)(z) = f(g(x)).
We claim, as with the gears above, that the rate of change of f o g with respect to
x is the rate of change of f with respect to u = g(z) times the rate of change of
u = g with respect to x. Consider the following figure:

Composition f = g

Rate of change at
xisf'(g(x)) - g'(x).

Sk f

8

Rate of change Rate of change Q
atxis g'(x). —F—— at g(x) is f'(g(x)). ———
b e u = gx) y = f(u) = f(g(x))

Figure 3.27
In this figure, think of x as the right gear, v = g(x) as the center gear, and

y = f(u) = f(g) = f og as the left gear in analogy with the gear idea of Figure
3.26 above.


https://faculty.etsu.edu/gardnerr/1910/Notes-14E/C2S5-14E.pdf
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Note. We are now ready to state the Chain Rule, which gives the derivative of the
composition (f o g)(x) = f(g(x)), where f and g are each differentiable. We give
a general proof of the Chain Rule in Section 3.11. Linearization and Differentials

(see also Theorem 5-4 of my online notes for Analysis 1 [MATH 4217/5217] on 5.1.

The Derivative of a Function).

Theorem 3.2. The Chain Rule.
If f(u) is differentiable at the point u = g(x) and g(z) is differentiable at =, then

the composite function (f o g)(x) = f(g(z)) is differentiable at x, and

(fog)(x)=f(g(x))d ()]

In Leibniz’s notation, if y = f(u) and u = g(z), then
dy _ dydu
dr  dudx’

where dy/du is evaluated at u = g(x).

Note. We give a general proof of the Chain Rule later. For now, we give a proof
under the special condition that there is some € > 0 such that Au = g(z + Az) —

g(x) # 0 for all z in the domain of ¢ and for all Az < ¢.

Note. The text book describes applying the Chain Rule as an “outside-inside”
rule. Instead, we modify the square bracket notation slightly and when we use the

Chain Rule, we will insert a little arrow indicating that the Chain Rule “spits out”


https://faculty.etsu.edu/gardnerr/1910/Notes-14E/C3S11-14E.pdf
https://faculty.etsu.edu/gardnerr/4217/notes/5-1.pdf
https://faculty.etsu.edu/gardnerr/4217/notes/5-1.pdf
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the derivative of the inner function in the composition:

(f 0.9) (@) = Jg)lg' @) and T = L

Note. If f(u) = u" where n is an integer, then

1 F(g)]) = ()] = ng(ae) g @)

The text calls this the Power Chain Rule.

Examples. Exercise 3.6.8, Exercise 3.6.48, Exercise 3.6.64, Exercise 3.6.88, and
Exercise 3.6.96.

Note. If f(u) = e" where u = g(x) is a function of z, then

d d ~

I = 1] = g (@)

Examples. Exercise 3.6.58 and Exercise 3.6.104.

Note. You now know a lot about differentiation since you know so many rules of
differentiation. Also, you have the square bracket notation which lets you stream-
line the differentiation process (though you may want to simplify derivatives, es-
pecially later when applying differentiation to specific problems). To illustrate a
combination of several differentiation rules at once, we consider the following dif-

ferentiation problem.
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