Calculus 1

Chapter 2. Limits and Continuity

2.6. Limits Involving Infinity; Asymptotes of Graphs—Examples and Proofs

Example 2.6.1(a)

Example 2.6.1(a)

1
Example 2.6.1(a). Prove that lim — =0.

X—00 X

Proof. First, notice that with P = 0 we have
that the domain of f contains the e I | e
interval (P, 00) = (0,00). Let € > 0 be given.
[We must find a number M such that for all

1 1 o]
0= <e. The e
X X | [

implication will hold if M = 1/e or any larger
positive number (see Figure 2.50).] Ma
Suppose x > M = 1/e (notice then that x is ™
positive). This implies 0 < 1/x < 1/M = ¢,
or0<>—1<:|§—0|:|f(x)—L|<€.

i | this baomd af x

x > M implies ‘

1l sla=

D [EREr Wil

¥
positive nsmber & 5

Figure 2.50
Therefore lim — =0, as claimed. O
X—00 X
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Exercise 2.6.14 Exercise 2.6.14 (continued 1)
23+ 7 : : :
Exercise 2.6.14. For the rational function f(x) = — X2 1— el find Solution (continued).
X7 — X X 3/.3 3
the limit as (a) x — oo, and (b) x — —oo. Justify your computations with lim f(x) = lim 2x° x>+ 7/x
Theorem 2.12. x—v+00 x—oo x3/x3 — X2 [x3 + x/x3 +7/x3
Solution. We can evaluate both limits by the same process. We have ) 247/x3 )
= lim > 3 since x — £00 then we
. _ 2X3+7 o x—»:l:oo]_—]./X-l—]./X +7/X
Xﬂrinoo f(x) = xl@oo R by the definition of f can assume that x % 0
limy . 100(2 +7/x3) .
2x3 +7 1/x3 = - by the Quotient Rule
= |ir£ 3 X2 + - (1/X3> dividing the numerator and limx—too(1 = 1/x 4+ 1/x% 4+ 7/x3)
XTEee Xm X X +_ /x _ _ (Theorem 2.12(5)), assuming the denominator is not 0
denominator by the highest power of x in the denominator . . 3
3 3 limy s t002 + limy 100 7/x
: (2x° +7)/x = = . . BT 3y by
= ||r£ 3 X T limy—to0l = limy—io0 1/x + limy— 00 1/x% + limy— 100 7/X3)
X—00 —
XXX the Sum and Difference Rules (Theorem 2.12(1 and 2))
_ 2x3/x3 +7/x3 - : 3
= ||r£ 3/ 253 4 x /X3 £ T3 My t002+ 7limy 100 1/x
X—O0 — —
XX T XX XX x liMy— o0 1 — liMy—to0 L/X + liMy—to0 1/x2 + 7 limMy—t00 1/x3)
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Exercise 2.6.14 Exercise 2.6.36

Exercise 2.6.14 (continued 2) Exercise 2.6.36
: _ 4-33° .
Exercise 2.6.36. Evaluate |lim ——— by dividing the numerator and
Solution (continued). x—~—00 1/x0 49
denominator by the (effective) highest power of x in the denominator.
limy oo 2 + 7 limy o0 1/x3 Justify your computations with Theorem 2.12.

My oo 1 — liMy o0 1/X + limy 100 1/x2 4+ 7 limy 100 1/x3

Solution. We have a square root of x° in the denominator, so the
by the Constant Multiple Rule (Theorem 2.12(4))

“effective” highest power of x in the denominator is 3 (think what

B limy 1002+ 7 (limy— 100 1/x)3 happens when x is really large: x® + 9 is about the same size as x° and
limy o0 1 — liMy—ioo 1/% + (liMy—too 1/x)2 + 7 (limy—oo 1/x)3 V/x® 4+ 9 is about the same size as x3). We have
by the Power Rule (Theorem 2.12(6)) 4 — 353 4-3x3 [1/x3
2) 1 7(0)3 im ——— = Iim < > dividing the numerator and
3 (2) 5 by Example 2.6.1 x==%0 /X0 +9 x—==00 /x84 9 \1/x°
(1) = (0) + (0)> + 7(0) denominator by the effective highest power
_ 2 - n of x in the denominator
1 i (A=3)/x
= | -
x—=00 (1/x6 4+ 9)/x3
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Exercise 2.6.36 (continued 1) Exercise 2.6.36 (continued 2)
Solution (continued). Solution (continued).
i (B30 (4-3x%)/x° ims oo (4/5%) —lime 3 o 2
x—==00 (v/x0 +9)/x3  x=—% (y/x6 +9)/(—/xb) = limy . o(v/T £ 9/x8) y the Difference Rule
since Vx6 = [x3| = —x3 for x negative and the Constant Multiple Rule, Theorem 2.12(2 and 4)
B (4 —3x3)/x3 — lim 4/x3 —3x3/x3 limy s oo(4/x3) — limy 03

= lim = = by the Root Rule, Theorem 2.12(7
X——00 _ , /(X6—|—9)/X6 X——00 __ /X6/X6—|—9/X6 _\/Iimx—>—oo(1+9/x6) y ( )

4 3 _ . 3y 1
= lim A3 since x — —oo then we = Alimy . —oo(1/x7) — lim oo 3 by the Sum Rule and
x—==00 — /14 9/xO —/limy (1) + 9limy—, oo (1/x°)
can assume that x # 0 Constant Multiple Rule, Theorem 2.12(1 and 4)
limy— —oo(4 3 _ . . 3
= 'm o(4/x7 ~ 3) by the Quotient Rule A (limx——00 1/x)” — limx— o0 3

= by the Power Rule,
_\/nmxﬁ_oo(l) 49 (limyo—oo 1/x)°
Theorem 2.12(6)

limy——oo(—1/1 + 9/x5)

(Theorem 2.12(5)), assuming the denominator is not 0
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Exercise 2.6.36

Exercise 2.6.36 (continued 3)

4 — 3
Exercise 2.6.36. Evaluate Iim 3x
x—=00 4/x6 49

denominator by the (effective) highest power of x in the denominator.
Justify your computations with Theorem 2.12.

by dividing the numerator and

Solution (continued).

i 4-33  A(lime oo 1/x)° —lime o3
Xm0 VX0 49 —\/umxé_oo(l) + 9 (limy 0o 1/x)°
= _4((()5 —_l- g():()’()))ﬁ by Example 2.6.1
— :—i =3 O
Caleulus 1 July 25, 2020

Exercise 2.6.68 (continued)

Solution (continued).

. 2x : 2
lim = lim —F
x—doo x + 1 x—>:|:oo]_+1/X
|imX_,:|:OO 2 .
= by th tient Rul
iy zoo(1+ 1)) O the Quotient Rule
(Theorem 2.12(5)), assuming the denominator is not 0
liMy— 4002
= = = by the Sum Rule,
My too(1) + liMy—1o0(1/x)
Theorem 2.12(1)
(2)
—————— = 2 by Example 2.6.1.
(1) +(0)
. : 2x . .
Since lim = 2, then | y = 2 is a horizontal asymptote | of the
x—doo x + 1
2x
hof y = :
graph ot y X1
Caleulus 1 July 25, 2020
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Example 2.6.4
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Exercise 2.6.68

Exercise 2.6.68. Find the horizontal asymptote(s) of the graph of
2
y = % Justify your computations with Theorem 2.12.
X

Solution. By definition of horizontal asymptote, we are led to consider

2
consider lim X . We have
x—doo x + 1
2 2 1
im X im 2 ﬁ dividing the numerator and
x—4oo x + 1 x—Foo x + 1 1/X

denominator by the highest
power of x in the denominator
@) (2x)
x—too (x +1)(1/x)  x—=Foo (x/x + 1/x)

lim since x — oo then we
x—zoo 1+ 1/x

can assume that x # 0
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Example 2.6.4

Example 2.6.4. Find the horizontal asymptote(s) of the graph of

x3 -2

y = —=——. Justify your computations with Theorem 2.12.
Ix|3+1

Solution. A rational function can have only one horizontal asymptote.
Since we are not given a rational function (because of the presence of the
absolute value), then we consider x — oo and x — —oo separately. We

divide the numerator and denominator by the highest (effective) power of
x in the denominator. We have

. x3=2 ox3=2 [1/x8
lim ——— = lim
X—00 |X|3-|—]_ X—00 |X|3-|-]. ]./X3
! (x3—2)(1/x3) o x3/x3—2/x3
im = lim —w——————
x—oo (|x]|3 +1)(1/x3)  x—oo x3/x3 +1/x3

x — 00 then we can assume that x is positive
3

since

so that |x|® = x
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Example 2.6.4 (continued 1) Example 2.6.4 (continued 2)

Solution (continued).

Solution (continued).

ox3=2 X3 /X3 = 2/x3
Xll—>moo |X|3—|-]_ - XII—>moo X?’/X?’-l-]./X3 3_9 li 1 2(h 1 3
1-2/x3 im X3—_ = ”:nx—>oo( )~ (_Imx_m( /X)l by the Constant Mult.
= lim ———= since x — oo then we oo |xP +1 limy—00(1) + (limx—oo(1/x))
x=oo 1+ 1/x Rule and the Power Rule, Theorem 2.12(4 and 6)
can assume that x # 0 ( 3
1) —2(0)
limy_oo(l — 2/x3 = ~————= =1 by Example 2.6.1(a).
_ meooo(1 25 | e Quotient Rule (1) +(0)?
limy—oo(1 4+ 1/x3)
. . . 3_9
(Theorem 2.12-(5)), assuming the denominator is not 0 So the graph of y — X ! has 2
limy—o00(1) — limy—so(2/X3) x]® +1

- th Rul
iy o (1) T iy (1/3) 2 the Sum Rule

and the Difference Rule, Theorem 2.12(1 and 2)

horizontal asymptote of y =1 as x — oo |.
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Example 2.6.4 (continued 3) Example 2.6.4 (continued 4)

Solution (continued). The computation is similar for x — —o0, except Solution (continued).

that for x negative we have |x|> = —x3. We have
3 3 _ 3 32 limy— oo (1) — limye_oo(2/x3
im =2 = g X2 (L jim 202 = TMaol) WMo oe27) e gy Rule
x—=o0 x> +1 x——oo x>+ 1 \1/x3 x—=o0 x> +1 limy oo (—1) + limy— oo (1/X%)
(x3 —2)(1/x3) X3/x3—2/x3 and the Difference Rule, Theorem 2.12(1 and 2)
= lim = lim since . . 3
X——00 (|X|3 + 1)(1/X3) X——00 —X?’/X3 + ]./X3 — IlmX—>—OO(1) —2 (IImX—>—OO(1/X)) by Const. Mult
x — —oo then we can assume that x is negative limy oo (—1) + (limy—_0o(1/x))> ' '
so that |x|® = —x3 Rule and the Power Rule, Theorem 2.12(4 and 6)
1-2/x3 (1) —2(0)° _

= xﬂToo T]./X?’ since x — —oo then we = m

can assume that x # 0

= —1 by Example 2.6.1(b).

3
|' X—— ]- - 2 3 . = —X _
_ |-Im oo(( - 1/;< g) by the Quotient Rule So the graph of y e has a
IMy——o0o(— X
X horizontal asymptote of y = —1 as x — —oo | [J

(Theorem 2.12(5)), assuming the denominator is not 0
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Example 2.6.5 Example 2.6.A

Example 2.6.5. Use the formal definition to prove lim e* = 0. Notice

X——00

that this implies that y = 0 is a horizontal asymptote of y = e*.

Proof. First, the domain of f(x) = e* is all of the real numbers R, so it is Example 2.6.A. Evaluate lim, .o cos(1/x).

defined on an interval of the form (—oo, P) (for any P). Next, let € > 0.
Choose N =Ine. If x < N = Ine then X < €l"¢ = ¢ since € is an
increasing function on the real numbers.

That is, if x < N then

Solution. By Example 2.6.1(a) we have limy_, 1/x = 0, and by Exercise
2.5.72 we have that cos x is continuous at all points (in particular, it is
continuous at 0). So by Theorem 2.6.A,

|f(x)—0|=|e*—0]|=¢e"<e. _ _
Therefore, by definition, i Xll—>moo cos(1/x) = cos (Xl'_[T;O 1/X) =cos0 = '
limy— 0o F(X) = limy—, 0o € =0, |
as claimed. UJ u
Note. The choice of N = Ine makes k
sense if we consider the graph of y = e*: :
Calculus 1 July 25,2020 18 / 50 Calculus 1 July 25,2020 19 / 50
Example 2.6.8 Exercise 2.6.92

Exercise 2.6.92. Evaluate (carefully!) lim (\/x2 +x—V/x2— x).
Example 2.6.8. Use the Sandwich Theorem to find the horizontal Justify your computations. el
sin x

asymptote of the curve y =2+ x Solution. We multiply by the conjugate of the given expression divided by

itself (which is defined for x “sufficiently large,” namely x > 1) in order to

Solution. First, —1 <sinx <1 for all real numbers. Let g(x) =2 —1/x, produce a quotient and try to use some of the techniques already
F(x) =2+ 2% and h(x) = 2 + 1/x. Then g(x) < f(x) < h(x) for all introduced. We have
X
real numbers, except 0, and so these inequalities hold on lim (\/ X2+ x—\V/x2— x)
(—o00, P) = (—00,0) and (P, ) = (0,00). Now e 2 >
My o0 8(x) = liMyioo(2 — 1/x) =2 — (0) = 2 = L and = lim (V4 x—Vx2—x) VX + X+ VXT
e e x—00 VX2 4+ x4+ vx2 —x

liMmy— 400 h(x) = limy—100(24+1/x) =24 (0) =2 = L, by Example 2.6.1.

sin x (VX2 +x)? — (Vx2 — x)? (x2 +x) — (x* — x)

= lim

So by Theorem 2.6.B, Iim f(x)= Im 2+ —— = 2. Therefore, = l|im
Y x—4o00 ( ) x—+oo X ) X—00 \/X2-|—X-|-\/X2—X X_’OO\/Xz-I—X-I—\/XZ—X
sin x
y = 2 is a horizontal asymptote‘ of the graph of y =2+ —. [J —  Iim 2x
X X_>oo\/X2+X—|—\/X2—X
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Exercise 2.6.92 (continued 1)

Solution (continued).

. 2x
= lim
x—=00 \/x2 4 x +/x2 — x
2 1
= lim x ( /X> dividing the numerator and
x—=00 \/x2 + x +/x2 —x \1/x

denominator by the effective highest power

of x in the denominator
= |im (2X)/X = |lim (2X)/X
x=00 (VX2 4+ x + VX2 = x)/x  x2%0 (VX2 + x4+ VX2 — x)/V/x2

since x — oo then we can assume that x is positive
so that Vx2 = |x| = x

Exercise 2.6.92 (continued 2)

Solution (continued).

= lim (2x)/x
200 /(52 4 %) /X2 4 /(32 = x) /x?
= lim (2)/x
x=00  [x2 [x2 4 x [x2 + \/x2/x? — x/x?
2

since x — oo then we

lim
x=o0 /14 1/x++/1—1/x
can assume that x # 0

limy_ o0 2 .
— IMx—oo by the Quotient Rule

limy—oo(y/1+1/x+ /1 —1/x)

(Theorem 2.12(5)), assuming the denominator is not 0

. (2x)/x B liMy_oo 2 b
— = = - y the Sum Rule,
XII—>moo Vo2 F x/Vx2+ VX2 = x/Vx2 limyx—oo v/1+ 1/x 4+ limy_o0 /1 — 1/x)
Theorem 2.12(1)
Calculus 1 July 25, 2020 22 / 50 Calculus 1 July 25, 2020 23 / 50
Exercise 2.6.92 (continued 3) Exercise 2.6.108
- - 2 -
Solution (continued). Exercise 2.6.108. Consider the rational function y = > a Find the
X

limy_ oo 2
C imysoe /1 + 1/x + limy—oe /1 — 1/X)
lIMy_—oo 2

= by the Root Rule,
VIimeoo(1+ 1/x) + /limy—oo (1 — 1/x))
Theorem 2.12(7) (notice that both 1 +1/x and 1 —1/x are
nonnegative for x > 1)
iMoo 2
VIime—oo 1+ limyeoo(1/x) 4+ /limyx—o 1 — limy_o0(1/x))
by the Sum and Difference Rules, Theorem 2.12(1 and 2)

(2) _ 2
\/(1)+(0)+\/(1)—(0))_1+1_' -

Calculus 1 July 25, 2020
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oblique asymptote.

Solution. First, we perform long division to get:

xf2 — 1

2x + 4 ) x? =1
x* + 2x

— 2 -1

- 2x - 4

3

x2 -1 X
S = =—-1
oy > 2 +

3
where x/2 — 1 is a linear term. If we
X 2 2x + 4
show that limy_. 1 3/(2x+4) = 0 then we can conclude that y = x/2—1
is the oblique asymptote for the graph of y = (x — 1)/(2x + 4).
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Exercise 2.6.108 Exercise 2.6.108

Exercise 2.6.108 (continued 1) Exercise 2.6.108 (continued 2)
Solution (continued). Next, . . i _ x? — )
3 3 1 Exercise 2.6.108. Consider the rational function y = x4 Find the
. . X C
thgoo 1 = thgoo x4 (1/_x> dividing the numerator and oblique asymptote.
. . 2 1 3
denominator by the highest power Solution (continued). Since y = X S and
of x in the denominator 3 = 2x+4 2 2x + 4
_ . ()a/x . 3/x lim =0, then |y = — — 1 is an oblique asymptote | of the graph
T e x (/0 T 2/ + A e 24 2
% oo(X-I— )(/X) X ooX/X-I— /X X2—]_ 7
: of y = . Notice that the function f(x) = is not defined at
= Xﬂriqoo2+4/xsmcex—>:|:oothenwe 2x + 4 - , 2x + 4
: x© — X : .
can assuTne that x # 0 x =—=2. Withy = x+4 2 1+ COEWY the term x4 is positive
3limy— 400 1/x by the Sum, Constant for x large and positive, and is negative for x large and negative. So the
= - - ) , 2 1
liMy—too 24 4limy o0 1/x graph of y = X lies above the oblique asymptote y = X 1 for x
Multiple and Quotient Rules, Theorem 2.12(1, 4, & 5) 2x+4 . 2
3(0) ' t large and positive, and lies below the oblique asymptote for x large and
= m =0 by Example 2.6.1. negative'
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Exercise 2.6.108 (continued 3) Example 2.6.B
Solution (continued). A crude graph of 1 hich reflects the 1
. u r = whi
grap Y 2x + 4 Example 2.6.B. For n a positive even integer, prove that lim — = oo.
oblique asymptote (but does not reflect other subtle details of the graph) x—0 X
is as follows (we'll explore the graph in more detail later): Solution. First, f(x) = 1/x™ is defined for all
x except 0, so there is an open interval
fm\%, 21 containing ¢ = 0 on which f is defined,
( ‘? 'Lj i e except at ¢ = 0 itself (say the interval (—1,1)).
t\-‘\ 1+ - Let B be a positive real number.
: -{L(a.r 5 e Choose 6 = 1/BY/". Then for
oI M g 0<|x—c|=|x—-0]=|x|<d§=1/BY",
gy we have 1/|x| > BY" (since the function 1/x
- ;. is decreasing for x > 0) and so 1/|x|" > B
T (since the function x" is increasing for x > 0). Since n is even, then
" E ’_?) |x|" = x" and so we have f(x) =1/x" = 1/|x|" > B. So, by definition,
ki lim — = 0o, as claimed. ]
x—0 xN
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Exercise 2.6.54
X

Exercise 2.6.54. Consider f(x) = 21 Find (a) limy_1+ f(x),
(b) lim, 1~ f(x), (c) lim,—, 1+ f(x), and (d) lim,_,_;- f(x).

X
Solution. First, f(x) = 1 is a rational function of the form

2
f(x) = p(x)/q(x) where p(x) = x and g(x) = x> — 1.

(a) We have lim,_,1+ p(x) = limy_,;+ x =1 # 0 and

limy_1+ q(x) = lim_1+(x®> = 1) = (1)> — 1 = 0, by Theorem 2.2 for
one-sid?d)limits. So by Dr. Bob's Infinite Limits Theorem,

im 25

= lim ——— = 400; we just need to determine if the limit is
x—1*+ g(x)  x—1t x2 -1

+00 or —oo. We do so by analyzing the sign of x2X— 1 (x — 1)X(X +1)

for “appropriate” x (since x — 1T, then appropriate x are close to 1 and
slightly greater than 1). For such x, we have x is positive (in fact, x is
“close to” 1), x — 1 is positive (since x is greater than 1; so x — 1 is
positive and “close to” 0), and x + 1 is positive (in fact, x is “close to" 2).

Exercise 2.6.54 (continued 2)

Calculus 1

Solution (continued). For such x, we have x is positive (in fact, x is
“close to" 1), x — 1 is negative (since x is less than 1; so x — 1 is negative
and “close to” 0), and x + 1 is positive (in fact, x is “close to" 2).

Combining the factors we can again conclude the following little sign
X (++)

diagra X Since we k
lagram: = =—.Si we know
B e 1 T - 1(x+ ) (D))
lim = +00 and we know for x close to 1 and slightly less than 1
x—1- X2 -1
that 5 is negative, then we conclude that| lim 2X =—o00| O
X4 — x—1- x—1

(c) We have lim,_, 1+ p(x) = lim,_,_1+x=—1# 0 and
limy—_1+ q(x) = lim,_ _1+ (x> = 1) = (=1)2 = 1 = 0, by Theorem 2.2 for
one-sided limits. So by Dr. Bob's Infinite Limits Theorem,

i 20

x——1* g(x)  x—-1+ x2 — 1
is +00 or —00.

= +00; we just need to determine if the limit

Calculus 1 July 25, 2020
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Exercise 2.6.54

Exercise 2.6.54 (continued 1)

Solution (continued). Combining the factors we can conclude the
following little sign diagram (not an actual equation):

x X N (+)
x2—1 ; (x=1)(x+1) " (+)(+)

= +. Since we know

Iim+ 7 1= +00 and we know for x close to 1 and slightly greater than
x—1t X< —
X . . . X
1 that 5 is positive, then we conclude that | lim 5 =oo| O
xc—1 x—1t x= — 1

(b) We have lim,_,;- p(x) = lim,_ ;- x =1% 0 and
limy,_1- q(x) = lim,_,;— (x> —1) = (1)> — 1 = 0, by Theorem 2.2 for
one-sided limits. So by Dr. Bob’s Infinite Limits Theorem,

jim PX) _

x—1- q(x)  x—1- x2—1

400 or —oo. We do so, again, by analyzing the sign of
X X

x2—1 (x—1)(x+1)

= 100; we just need to determine if the limit is

for “appropriate” x (since x — 17, then

appropriate x are close to 1 and slightly less than 1).
July 25, 2020 30 / 50 Calculus 1 July 25, 2020 31 / 50

Exercise 2.6.54

Exercise 2.6.54 (continued 3)

X X
x2—1 (x—1)(x+1)
for “appropriate” x (since x — —17, then appropriate x are close to —1
and slightly greater than —1). For such x, we have x is negative (in fact,
x is “close to” —1), x — 1 is negative (in fact, x — 1 is “close to” —2), and
x + 1 is positive (since x is greater than —1; so x + 1 is positive and “close
to” 0). Combining the factors we get the sign diagram:

X X (—)

5 = =

=1 (=D+1) ()

Solution (continued). We analyze the sign of

= +. Since we know

lim
x—1— X2 —
than —1 that

1= 400 and we know for x close to —1 and slightly greater

5 is positive, then we conclude that
X —

=o0ol O

Calculus 1 July 25, 2020 33 /50




Exercise 2.6.54 (continued 4) Exercise 2.6.54 (continued 5)

Solution (continued). (d) We have Solution (continued). Since we know lim

x—1— X2 —
for x close to —1 and slightly less than —1 that

= +00 and we know
lim,_,_1- p(x) =lim,_,_;-x=—-1#0 and

X .
1 is negative, then

limy_,_1- q(x) =lim_,_;- (x> —1) = (=1)2 — 1 = 0, by Theorem 2.2 for x2
one-sided limits. So by Dr. Bob's Infinite Limits Theorem, we conclude that| lim X sl O
P(X) . X . . . x——=1- x2 -1
| — = | 71 = +00; we just need to determine if the
X__’__l__ q(x)  x—-1m X2 — _ X X Note. We know a lot about i | o«
limit is +00 or —oo. We analyze the sign of 21 D+ D) for f(x) = o and can get i', _II'.J xf — 1
“appropriate” x (since x — —17, then appropriate x are close to —1 and a reasonable graph of y = f(x) re ' " %
slightly less than —1). For such x, we have x is negative (in fact, x is by graphing its vertical asymptotes qm\jl i %, ' “‘*»?fmim
“close to" —1), x — 1 is negative (in fact, x — 1 is “close to" —2), and (notice also that f(0) = 0; we did Yo -1 ™ol EE ),/
x + 1 is negative (since x is less than —1; so x + 1 is positive and “close not explore what happens - ~ E ".I R
to” 0). Combining the factors we get the sign diagram: for |x| “large"): \ i \
X X (-) | |
x*=1 (x=1kx+1)  (=)-)
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Exercise 2.6.70 Exercise 2.6.70 (continued 1)
2 . .
Exercise 2.6.70. Consider y = f(x) = — x 7~ Find the domain, Solution (continued).
X —
horizontal asymptote(s), vertical asymptotes, graph y = f(x) in such a _ _ (2x)/x? _ 2/x .
way as to reflect the asymptotic behavior, and find the range of f. im f(x) = Jim (2-1)/x2 Jim 1—1/x2 since x = oo
. . 2 2 _ th that 0
Solution. First, the domain of y = f(x) = X = x is all €N we can assume that x 7
x2—-1 (x+1)(x—-1) limx— 400 2/X _
. = = 5>+ by the Quotient Rule
real x except for —1 and 1; the |domain is (—oo, —1) U (—1,1) U (1, 00)|. limy—100(1 — 1/x2)
For the horizontal asymptote(s), we consider limy_, 1 f(x). We have (Theorem 2.12(5)), assuming the denominator is not 0
2limy—1001 )
. ) 2x = — Mx j.too /X 3 by the Difference,
lim f(x) = lim —— limy—so0 1 — (liMy—too 1/x)
X— X— —
oo X 9 Constant Mult., and Power Rules, Theorem 2.12(2, 4, 6)
lim 2 L/x dividing the numerator and 2(0) 0
= i ——— | dividi umerator
A 2 -1\ 1/ & = 1oy ~ 1~ 0P Bample 261
denominator by the highest power
of x in the denominator So |y = 0'is a horizontal asymptote | of y = — X T
X p—
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Exercise 2.6.70

Exercise 2.6.70 (continued 2)

2 2
Solution (continued). Now f(x) = 2 i = + 1))(; gy is a
rational function with lim,_,_12x = —2 # 0, limy_,_1 x> —1 =0, and

limy_1 x> —1 =0 (each by Theorem 2.2), so by Dr. Bob's Infinite Limits
Theorem (applied to rational functions)

‘ f has vertical asymptotes at x = —1 and x =1 ‘ We explore the vertical
asymptotes by taking one-sided limits to determine if the limit is +o00 or
2x 2x

—o00. We analyze the sign of

e CEE RS for “appropriate” x

in each case. For x — —17T, the appropriate x are close to —1 and slightly
greater than —1. For such x, we have 2x is negative (in fact, 2x is “close
to" —2), x — 1 is negative (in fact, x — 1 is “close to” —2), and x + 1 is

Exercise 2.6.70

Exercise 2.6.70 (continued 3)

Solution (continued). For x — —17, the appropriate x are close to —1
and slightly less than —1. For such x, we have 2x is negative (2x is “close
to” —2), x — 1 is negative (x — 1 is “close to" —2), and x + 1 is negative
(since x is less than —1; so x + 1 is negative and “close to” 0). Combining
the factors we get the sign diagram:
2x 2x (-)
x2=1 (x=1(x+1) " (=)(-)
For x — 17, the appropriate x are close to 1 and slightly greater than 1.
For such x, we have 2x is positive (2x is “close to” 2), x — 1 is positive
(since x is greater than 1; so x — 1 is positive and “close to” 0), and x + 1
is positive (x + 1 is “close to" 2). Combining the factors we get the sign

= —. So|lim,_,_;- f(x) = —o0|.

positive (since x is greater than —1; so x 4+ 1 is positive and “close to” 0). diagram: 2x _ 2x o (+) — 1. So
Combining the factors we get the sign diagram: x*=1 (x=1)(Kx+1) " (+)(+)
2x 2x — : limy_ 1+ f(x) = oo|.
= =+. So [lim__1+ f(x) = 00| x—1
21 DD () o limaer ) =0
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Exercise 2.6.70 (continued 4)

Example 2.6.20 (continued)

Solution (continued). For x — 17, the appropriate x are close to 1 and
slightly less than 1. For such x, we have 2x is positive (2x is “close to" 2),
x — 1 is negative (since x is less than 1; so x — 1 is negative and “close to"

Solution (continued).

. - o ; o . f(x) : 2 3 5 6
0), and x + 1 is positive (x + 1 is “close to" 2). Combining the factors we lim —= = lim (1-—+4+ -5 —-5235+53
x 2% (+) x—+o0 g(x) x—=00 3x  3x 3x 3x
get the sign diagram: = = = —. So 2 3
=1 (x=1kx+1) (=) — im 1=2 dim 24 dim 2) =2 im 2
Iimx—>l— f(X) = —OQ | il II X—00 3 x—oo X x—+00 X 3 \x—Foo x
o 1\* .
We have the graph (notice the i I'. y=— +2 (Xﬂrgoo ;) by the Sum, Difference,
range is all real numbers D II\"& Constant Multiple, and Power Rules,
-
——— =t == Theorem 2.12(1, 2, 4, 6)
e 2 5
\ = 1- §(o) +(0)% - 5(0)3 +2(0)* = 1 by Example 2.6.1.
I' I", Since the limit is 1, then g is a dominant term of f, as claimed. [
I. \ -
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Exercise 2.6.108 (again)

Exercise 2.6.108 (again)

x2—1

2x +4°
Find all asymptotes and graph in a way that reflects the asymptotic

behavior.

Exercise 2.6.108 (again). Consider the rational function y =

x2—1_x 3
2x +4 2 2x + 4

X
has y = 5 1 as an oblique asymptote as x — +0c0. We now explore

Solution. We saw above that the graph of y =

vertical asymptotes. By the Quotient Rule, Theorem 2.1(5),

_ . o x*-1 -1 _— .
linc f(x) = linc x4 2c14 for ¢ # —2. So by definition, f is
continuous on its domain (—oo, —2) U (—2,00). By Dr. Bob's Infinite
Limits Theorem (applied to rational function f), since
limy—_2x2—1=(-2)2-1=3#0and limy__22x+4=x(-2)+4=0
(by Theorem 2.2), we see that lim,_,_»+ f(x) = 200 and so the graph has
a ‘vertical asymptote of x = —2 ‘ We explore one-sided limits to see if the
limits are oo or —o0.
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Exercise 2.6.108 (again)

Exercise 2.6.108 (again, continued 2)

Solution (continued). Combining the factors we get the sign diagram:

2 2
x*=1 (4) _ .o x =1
= =—.So| lim f(x)= Im = —o0o|. So the
2x+4  (-) X2~ () x——2- 2x + 4
graph is: |
| Y.
\ = bR A
\ T
i ey POl I
T g s
—~ =1 I =" 2
i &
e ::-:-:; 3
i |II
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Exercise 2.6.108 (again)
Exercise 2.6.108 (again, continued 1)

x> -1
2x + 4
for “appropriate” x (since x — —27, then appropriate x are close to —2
and slightly greater than —2). For such x, we have x? — 1 is positive (in
fact, x> — 1 is “close to" 3) and 2x + 4 is positive (since x is greater than
—2; s0 2x + 4 is positive and “close to” 0). Combining the factors we get

Solution (continued). For lim,_,_,+ f(x), we analyze the sign of

2
) . xc—1 (+)
the sign diagram: = = +. So
gn clag 2x+4 " (+)
2

x<—1
I. f p— I. pr— X

x—lr—n2+ (X) x—!r—n2+ 2x +4

x2 -1

For lim,_,_»— f(x), we analyze the sign of Sx o a for “appropriate” x
X

(since x — —27, then appropriate x are close to —2 and slightly less than
—2). For such x, we have x2 — 1 is positive (in fact, x2 —1is “close to”
3) and 2x + 4 is negative (since x is less than —2; so 2x + 4 is negative
and “close to” 0).
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Exercise 2.6.80

Exercise 2.6.80. Find a function g that satisfies the conditions
limy_ 400 g(x) =0, lim,_3- g(x) = —o0, and lim,_3+ g(x) = co. Graph
y = g(x) in a way that reflects the asymptotic behavior.

Solution. Since we want limy_ 1, g(x) = 0, then the graph of y = g(x)
will have y = 0 as a horizontal asymptote. Since we want

lim,_3- g(x) = —o0 and lim,_ 3+ g(x) = oo, then the graph of y = g(x)
has a vertical asymptote of x = 3. We try to find a rational function,
g(x) = p(x)/q(x), satisfying these conditions. If we make polynomial p of
degree less than that of polynomial g, then this will give (as we will check)
the horizontal asymptote y = 0. If we have x — 3 in the denominator then
we should get a vertical asymptote of x = 3 (unless we also have a factor
of x — 3 in the numerator, which we will avoid). So we try p(x) =1 (a
polynomial of degree 0), g(x) = x — 3 (a polynomial of degree 1), and
g(x) =1/(x — 3) (we may have to adjust the sign of g to get the proper
one sided limits at 3).
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Exercise 2.6.80 (continued 1)

Solution (continued). We have

) ) 1 ) 1 1/x -

numerator and denominator by the effective highest

power of x in the denominator
. 1/x . 1/x
= lim —F—— = I|im
x—+oo (x —3)/x  x—+*oo1l—3/x
then we can assume that x # 0
|imX_,:|:oo 1/X

- by the Difference,
My o0 L — Blime_ oo L/x 7 1 C oerence

since x — 00

Constant Mult., and Quotient Rules, Theorem 2.12(2,4,5)

(0) 0
= ——=_= E le 2.6.1.
1-30) 1 0 by Example 2.6

So y = 0 and a horizontal asymptote of the graph of y = g(x), as desired.

Exercise 2.6.80 (continued 3)
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Exercise 2.6.80. Find a function g that satisfies the conditions
limy— 400 g(x) =0, lim,_3- g(x) = —o0, and lim,_ 3+ g(x) = co. Graph
y = g(x) in a way that reflects the asymptotic behavior.

Solution (continued). Combining the factors we get the sign diagram:

1
= @ =—.5So0 ;
<=3~ () .
I' ( ) I ]. |I " 1
im g(x)= lim — —00), | y=—
x—3— £ x—3— X — 3 ' I',I 1
as desired. \
We then have the graph: = - a T
~ |2
"'II
I|:
i
y O
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Exercise 2.6.102
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Exercise 2.6.80

Exercise 2.6.80 (continued 2)

Solution (continued). Since limy_31=1%#0and limy_3x—3=0
(both by Theorem 2.2, say), then by Dr. Bob's Infinite Limits Theorem
(applied to rational functions) lim,_ 3+ g(x) = £o0. We consider
one-sided limits (as required by the question).

For lim,_ 3+ g(x), we analyze the sign of 3 for “appropriate” x (since
X _

x — 3%, then appropriate x are close to 3 and slightly greater than 3). For
such x, we have 1 is positive and x — 3 is positive (since x is greater than
3; so x — 3 is positive and “close to” 0). Combining the factors we get the

1 1
sign diagram: Y3 = % = +. So Xin;+ g(x) = X|i>n31+ ~—3

= O |, as

desired.
For lim,_,3- g(x), we analyze the sign of

3 for “appropriate” x (since

x — 37, then appropriate x are close to 3 and slightly less than 3). For
such x, we have 1 is positive and x — 3 is negative (since x is less than 3;
so x — 3 is negative and “close to" 0).
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Exercise 2.6.102

Exercise 2.6.102. Use the formal definition of an infinite one-sided limit

to prove that Ilim = —00.

x—2— X — 2
Proof. Let f be a function defined on an interval (a, c), where a < c. We
say that f(x) approaches negative infinity as x approaches c from the left,
and we write lim,_, .- f(x) = —o0, if for every negative real number —B
there exists a corresponding § > 0 such that for all x

c— 9 < x < cimplies f(x) < —B.

(This is the solution to Exercise 2.6.99(c).) Notice that f(x) =1/(x — 2)
is defined on the interval (—oc,2) (here, ¢ = 2). Let —B be any negative
real number. Choose § =1/B > 0. If 2—6§ <x <2then - <x—2<0
and —1/5 > 1/(x — 2), since 1/x is a decreasing function for negative
input values. Now 6 =1/Bso1/§ =B and —1/§ = —B. So

2 —0 < x < 2implies f(x) =1/(x —2) < —B. Therefore, by the
definition above, lim 1/(x —2) = —oc. O

x—2~
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