Calculus 1

Chapter 3. Derivatives
3.2. The Derivative as a Function—Examples and Proofs
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Exercise 3.2.10

Exercise 3.2.10

Exercise 3.2.10. Find the derivative % where v =t — +

T — Y



Exercise 3.2.10

Exercise 3.2.10

Exercise 3.2.10. Find the derivative d—‘; where v =1t — %
Solution. By the definition of derivative we have
dv . v(t+h)—v(t)

ao_ I (R0 Il )
d  n h = h

jim = (4 (=L 42 fim = (e —t _ tHh
= | —_ —_— _ = |1 —_
h—0 h t+h t h—0 h t(t+h) t(t+h)

= g@of,(hm(tih))=,Ligno,1,<h<1+t(t1+h)>>
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Example 3.2.3

Example 3.2.3. Consider the graphs of y = f(x) and y = f'(x):
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Example 3.2.3

Example 3.2.3
Example 3.2.3. Consider the graphs of y = f(x) and y = f'(x):
% Slope
Slope 0
e o
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1
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Slope 0/ 3 &
;4 x-units -ir B’ ¢
0 L ; ——>x —21 Vertical coordinate — 1
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At point A the slope of f is 0, so at point A’ (with the same x-value as
point A) the value of ' is 0. At point B the slope of f is —1, so at point
B’ the value of f' is —1. At point C the slope of f is —4/3, so at point C’
the value of ' is —4/3. At point D the slope of f is 0, so at point D’ the
value of ' is 0. At point E the slope of f is ~ 2, so at point E’ the value
of f/is ~ 2.
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Example 3.2.3

Example 3.2.3 (continued)

Slope
Slope 0

A 4-
10y 3
2 -
~8 1~

5 7 A |

Slope (/ \\‘<é///m 15
- S —1F .
| ~|4 x-units | Al LB .
0 5 10 15 “[" Vertical coordinate — 1
T

September 18, 2020

5/17



Example 3.2.3 (continued)

A Slope
Slope 0
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Notice that when f is decreasing (which happens between points A and

D) that f’ is negative. When f is increasing (which happens to the right
of point D) then f’ is positive. When the graph of f “levels off” (which
happens at points A and D) then f’ has an x-intercept. [
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Exercise 3.2.14

Exercise 3.2.14. Differentiate the function k(x) = 5 ! and find the

+ X
slope of the tangent line at the value x = 2.
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Exercise 3.2.14

Exercise 3.2.14

1
Exercise 3.2.14. Differentiate the function k(x) = > and find the
X
slope of the tangent line at the value x = 2.
Solution. We have
1 1
. k(x+h)—k(x) . 23 (x+h) T 24x
/ _ _
Kix) = illno h N flyino h
B “m1< 2+ x B 2+ x+h >
0 h \(2+x)2+x+h)  (2+x)(2+x+h)
1 —h : -1
= |im = = |lim
h—0h(2+x)2+x+h) hr-0(24+x)(2+x+ h)
B -1 B -1
4+ x)Q2+x+(0) | (2+x)? ]|
Calculus 1 September 18, 2020

6 /17



Exercise 3.2.14

Exercise 3.2.14

1
Exercise 3.2.14. Differentiate the function k(x) = > and find the
bs
slope of the tangent line at the value x = 2.
Solution. We have
1 1
. k(x+h)—k(x) . 23 (x+h) T 24x
/ _ _
Kix) = illno h N flyino h
B “m1< 2+ x B 2+x+h >
0 h \(2+x)2+x+h)  (2+x)(2+x+h)
1 —h : -1
= |im = = |lim
h—0h(2+x)2+x+h) hr-0(24+x)(2+x+ h)
B —1 B -1
O @+x)Q2+x+(0) | (2+x)?]
. / -1 -1
Now the slope of k(x) atx:2|sm:k(2):m: 6 | O
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Exercise 3.2.24

Exercise 3.2.24

Exercise 3.2.24. An alternative formula for the derivative of f at x is

f'(x) = lim fz) =) f(X).

zZ—X Z— X

Use this formula to find the derivative of f(x) = x? — 3x + 4.
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Exercise 3.2.24

Exercise 3.2.24

Exercise 3.2.24. An alternative formula for the derivative of f at x is

f'(x) = lim fz) =) f(X).

zZ—X Z— X

Use this formula to find the derivative of f(x) = x? — 3x + 4.

Solution. By the alternative formula we have

Flx) = lenx f(zz):)i(x) :Z”Lnx (22—3z+4;:ix2—3x+4)
— lim (22 — x%) = 3(z — x) — m (z—=x)(z4+x)—3(z—x)
= ZIiLnX(z—l—x)—3:((x)—i—x)—3:.
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Exercise 3.2.30

Exercise 3.2.30

Exercise 3.2.30. Match the given function with the derivative graphed in
figures (a)—(d).

<
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Exercise 3.2.30

Exercise 3.2.30

Exercise 3.2.30. Match the given function with the derivative graphed in
figures (a)—(d).

.
:,\

() (d)

Solution. Since y = f4(x) has horizontal tangents at three points, then
the graph of y = f/(x) must have three x-intercepts. So the derivative
must be graphed in (c).
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Exercise 3.2

.30

Exercise 3.2.30 (continued)
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Exercise 3.2.30

Exercise 3.2.30 (continued)

Solution (continued). Notice that y ¥
the graph of y = fa(x) is decreasing \ ’,\-w ‘
until it reaches a minimum (indicated /
by the left-most blue arrow) and that I
the graph of y’ is negative over ©

the corresponding x values (where the intercept indicated by the left-most
red arrow corresponds to this minimum of f;).
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Exercise 3.2.30

Exercise 3.2.30 (continued)

Solution (continued). Notice that y ¥
the graph of y = fa(x) is decreasing \ ’,\-w ‘
until it reaches a minimum (indicated /
by the left-most blue arrow) and that I
the graph of y’ is negative over ©

the corresponding x values (where the intercept indicated by the left-most
red arrow corresponds to this minimum of f3). The graph of y = fa(x) is
increasing until it reaches a maximum (indicated by the center blue arrow)
and that the graph of y’ is positive over the corresponding x values (where
the intercept indicated by the center red arrow corresponds to this
maximum of ).
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Exercise 3.2.30

Exercise 3.2.30 (continued)

Solution (continued). Notice that y ¥
the graph of y = fa(x) is decreasing \ ’,\-w ‘
until it reaches a minimum (indicated /
by the left-most blue arrow) and that I
the graph of y’ is negative over ©

the corresponding x values (where the intercept indicated by the left-most
red arrow corresponds to this minimum of f3). The graph of y = fa(x) is
increasing until it reaches a maximum (indicated by the center blue arrow)
and that the graph of y’ is positive over the corresponding x values (where
the intercept indicated by the center red arrow corresponds to this
maximum of f2). Next, the graph of y = f4(x) is decreasing between the
origin and the right-most blue arrow and the graph of y’ is negative over
the corresponding x values (between the origin and the right-most red
arrow).
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Exercise 3.2.30

Exercise 3.2.30 (continued)

Solution (continued). Notice that y ¥
the graph of y = fa(x) is decreasing \ ’,\-w ‘
until it reaches a minimum (indicated /
by the left-most blue arrow) and that I
the graph of y’ is negative over ©

the corresponding x values (where the intercept indicated by the left-most
red arrow corresponds to this minimum of f3). The graph of y = fa(x) is
increasing until it reaches a maximum (indicated by the center blue arrow)
and that the graph of y’ is positive over the corresponding x values (where
the intercept indicated by the center red arrow corresponds to this
maximum of f2). Next, the graph of y = f4(x) is decreasing between the
origin and the right-most blue arrow and the graph of y’ is negative over
the corresponding x values (between the origin and the right-most red
arrow). Finally, the graph of y = fa(x) is increasing to the right of the
right-most blue arrow and the graph of y’ is positive over the
corresponding x values (to the right of the right-most red arrow). O
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Exercise 3.2.44

Exercise 3.2.44. Determine if the piecewise defined function g is
differentiable at the origin:

2x—x3—-1, x>0
g(x) =

X — x <0

1
x+17
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Exercise 3.2.44

Exercise 3.2.44

Exercise 3.2.44. Determine if the piecewise defined function g is
differentiable at the origin:

(x) = 2x—x3—-1, x>0
EVI) = X—X%rl, x <0

Solution. Since g is piecewise defined, we consider left- and right-hand
derivatives at 0. First, the right-hand derivative at 0 is:

g(0+h) —g(0)

i
th3+ h
2 h) — h)3 —1) —(2(0) — (0)* -1
= lim (200+h) = (0+h) )~ (0= (0) ) since 04+ h > 0,
h—0+ h
we use the 2x — x3 — 1 part of g
. 2h—h—-1+1 . h(2—h?)
— lim = |lim ———~
h—0+ h h—0+ h
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Exercise 3.2.44

Exercise 3.2.44 (continued 1)

Solution (continued). ...

 2h—R3—-1+1 h(2 — h?)
= lim = |im
h—>0+ h h—>0+ h
= lim(2-hr)=2-(02=
Jim ( ) (0)
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Exercise 3.2.44

Exercise 3.2.44 (continued 1)

Solution (continued). ...

 2h—M 141 h(2 - h?)
= lim = |im
h—>0+ h h—>0+ h
_ . K2 — o 2 _
= lim 2—/)=2- (0 =2.

Next, the left-hand derivative at 0 is:

i €00+ )~ g(0)
h—0— h

(O o) - O - (07 -

since 0 + h < 0,
h—0— h

1
we use the x — ;15 part of g

- () s w) - 3 (D)
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Exercise 3.2.44

Exercise 3.2.44 (continued 2)

Solution (continued). ...

- (h(h+1)—1+(h+1)> :hi%‘i(

h—>th h+].

B 1h+2h 1h(h+2)
T - h h+1 om0 h h+1
h+2 (0)+2

= I|m + ()+ =2.

T

h2+h—1+h+1>

h+1
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Exercise 3.2.44

Exercise 3.2.44 (continued 2)

Solution (continued). ...

: h(h+1) -1+ (h+1) 1 (kR +h-1+h+1
= I|mf :hhmﬁ
—0

h—0— h h+1 h+1
B 1h+2h . 1h(h+2)
T -k h+1  hio-h A+l
_ g P2 (o)+2:2'

Since the left- and right-hand derivatives exist and are equal, then by
Theorem 2.6, “Relation Between One-Sided and Two-Sided Limits,” the
(two-sided) ’derivative exists and is 2 ‘ O
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Theorem 3.1

Theorem 3.1. Differentiability Implies Continuity
If f has a derivative at x = ¢, then f is continuous at x = c.
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Theorem 3.1

Theorem 3.1. Differentiability Implies Continuity
If f has a derivative at x = ¢, then f is continuous at x = c.

Proof. By the definition of continuity, we need to show that
lim f(x) = f(c), or equivalently (see Exercise 2.5.71) that
X—C

lim £(c + h) = £(c).
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Theorem 3.1. Differentiability Implies Continuity

Theorem 3.1

Theorem 3.1. Differentiability Implies Continuity
If f has a derivative at x = ¢, then f is continuous at x = c.

Proof. By the definition of continuity, we need to show that
lim f(x) = f(c), or equivalently (see Exercise 2.5.71) that
X—C

Il7im0 f(c+ h)=1f(c). Then

: . f(c+h)—1f(c)
lim f h) = | f h
PRl (c+h) hﬁno< () + h
h f
= lim f(¢) + lim (cth) = £ )Iimh
h—0 h—0 h—0
= f(c)+ f’(c)(O)
= f(o).
Therefore f is continuous at x = c. O
Calculus 1
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Exercise 3.2.50

Exercise 3.2.50

Exercise 3.2.50. Consider function f with domain D = [—3, 3] graphed
below. At what domain points does the function appear to be

(a) differentiable, (b) continuous but not differentiable, (c) neither
continuous nor differentiable?
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Exercise 3.2.50

Exercise 3.2.50

Exercise 3.2.50. Consider function f with domain D = [—3, 3] graphed
below. At what domain points does the function appear to be

(a) differentiable, (b) continuous but not differentiable, (c) neither

continuous nor differentiable?

|

o

EEE

1
10

Solution. (a) The graph indicates that f has a right-hand derivative at
—3 and a left-hand derivative at 3. The graph is “smooth” for all other

x € (—3,3), except for x = £2 where the graph has a corner. So f is

differentiable on ’ [-3,-2)U(—2,2) U (2,3] ‘ O
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Exercise 3.2.50

Exercise 3.2.50 (continued 1)

[39]
T

Solution. (b) The graph indicates that f is continuous on [—3, 3] (by Dr.
Bob's anthropomorphic idea of continuity, if you like). So f is
continuous but not differentiable at +2 | J
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Exercise 3.2.50

Exercise 3.2.50 (continued 1)

[39]
T

Solution. (b) The graph indicates that f is continuous on [—3, 3] (by Dr.
Bob's anthropomorphic idea of continuity, if you like). So f is
’continuous but not differentiable at £2 ‘ O

(c) There are ’ no points where f is neither continuous nor difFerentiabIe‘
since f is continuous on [—3,3]. O
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Exercise 3.2.56

Exercise 3.2.56

Exercise 3.2.56. Does any tangent line to the curve y = \/x cross the

x-axis at x = —17 If so, find an equation for the line and the point of
tangency. If not, why not?
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Exercise 3.2.56

Exercise 3.2.56. Does any tangent line to the curve y = \/x cross the

x-axis at x = —17 If so, find an equation for the line and the point of
tangency. If not, why not?

Solution. First, a line with slope m which has x intercept x; = —1 is of

the form y = m(x — x1) = m(x — (=1)) = m(x + 1) by the slope-intercept
form of a line.
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Exercise 3.2.56

Exercise 3.2.56

Exercise 3.2.56. Does any tangent line to the curve y = \/x cross the
x-axis at x = —17 If so, find an equation for the line and the point of
tangency. If not, why not?

Solution. First, a line with slope m which has x intercept x; = —1 is of
the form y = m(x — x1) = m(x — (=1)) = m(x + 1) by the slope-intercept
form of a line. Now the derivative of y = f(x) = /x is

f h)—f V
f/(X) — ||m (X + ) (X) H X + f

= lim
h—0 h h—0

e VXA f(x/xT+f> i (VX = (VR)
Mo b \Vxrhtyx)  mb ATt V)

) e . h
h—0 h(v/x + h+ /x) hﬁoh(\/ﬁ+\f)

1
lim .
=0 /X + b+ VX \/T )+ VX 2\/7<
Calculus 1 September 18, 2020 16 / 17




Exercise 3.2.56

Exercise 3.2.56 (continued)

Exercise 3.2.56. Does any tangent line to the curve y = /x cross the
x-axis at x = —17 If so, find an equation for the line and the point of
tangency. If not, why not?

Solution. So the slope of y = f(x) = /x at x = xg is f'(x0) =

2%
(x + 1) and we need this

W eed xg such that y = 1) =
e now need xg su y =m(x+1) 2%
line to contain the point (xo, /X0).
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Exercise 3.2.56

Exercise 3.2.56 (continued)

Exercise 3.2.56. Does any tangent line to the curve y = /x cross the
x-axis at x = —17 If so, find an equation for the line and the point of
tangency. If not, why not?

Solution. So the slope of y = f(x) = \/x at x = xg is f'(x0) = Nk
X0

(x + 1) and we need this

1
We now need xq such that y = m(x+1) = 2%
line to contain the point (xo, \/>) So we must have
(0 v58) = G0.00) = (305 7= 1)) or VB = 5=+ 1) o
2(\/XT))2 =xp+ 1 or2xg=x9+ 1 (where xop >0) or xg =1. When xo =1
then yo =1 and m = 1/(2V/1) = 1/2.
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Exercise 3.2.56

Exercise 3.2.56 (continued)

Exercise 3.2.56. Does any tangent line to the curve y = /x cross the
x-axis at x = —17 If so, find an equation for the line and the point of
tangency. If not, why not?

Solution. So the slope of y = f(x) = /x at x = xg is f'(x0) =

2%

(x + 1) and we need this

1
We now need xq such that y = m(x+1) = 2%
line to contain the point (xo, \/>) So we must have
(0 v58) = G0.00) = (305 7= 1)) or VB = 5=+ 1) o
2(\/XT))2 =xp+ 1 or2xg=x9+ 1 (where xop >0) or xg =1. When xo =1
then yo = 1 and m = 1/(2v/1) = 1/2. Therefore ’yes, there is such a line ‘

’it has equation y = (1/2)(x + 1) ‘ and the

point of tangency to y = /x is (xo, o) = (1,1) | O
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