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Exercise 5.5.20

Calculus 1 ] Exercise 5.5.20. Evaluate: /3y\/7—3y2 dy.

Chapter 5. Integrals

H _ 7 _ 2 / _
5.5. Indefinite Integrals and the Substitution Method—Examples and Solution. We let f(y) =7 — 3y” so that f'(y) = —6y. We then have

Proofs 1 -1
/3y\/7 —3y2dy = _—2/—6y(7—3y2)1/2 dy = — /(f(y))1/2f’(y) dy
% ‘ 1 1 1
1’ = — (==(fF())¥?) + C=|==(7-3y?)%*? + C|
= o (5500072) + C=| S - 322 4
8 % Alternatively, let u =7 — 3y? so that du = —6y dy or _71 du =3y dy. We
= % then have
< -1 1 [ 1p ~1/2 5,
& /3y\/7—3y2dy:/\/ﬂ7du:7/u/du:7<§u/>+C
5 1
£ =5 (-3 +C O
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Theorem 5.6 Exercise 5.5.6

Theorem 5.6. The Substitution Rule. If v = g(x) is a differentiable
function whose range is an interval / and f is continuous on /, then

[ 7(etg o= [ r(u)d

Proof. By the Chain Rule (Theorem 3.2), F(g(x)) is an antiderivative of
f(g(x))g’(x) for F an antiderivative of f because

1/3
Exercise 5.5.6. Evaluate: /de.
VX

Solution. We let u be some function of x where we see a multiple of v’ as
part of the integrand. We choose u =1+ /x =1+ x1/2 so that

1 1 1
du=-x"Y2dx = ——dx or 2du = —— dx. Then
9 1F (b)) = F(e)lg ()] = Flebe () . - L

With u = u(x) = g(x), then I g)” Sax= [ v [wP2a
/f(g(x))g’(x) dx = /%[F(g(x))] dx = F(g(x)) + C by Theorem 4.8

=2/u1/3du=2<§u4/3)+cz g(1+\/>‘<)“/3+c. O

= Fu)+C= /F’(u) du by Theorem 4.8

= /f(u)du, as claimed. [
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Exercise 5.5.32

secztanz
\/secz

Solution. We let u be some function of z where we see a multiple of v’ as
part of the integrand. We choose u = secz so that du = sec ztan z dz.
Then

Exercise 5.5.32. Evaluate: dz.

secztanz

Y 4dz= —1 — —-1/2
o z = / (secz)1/2 secztanzdz = /(secz) sec ztan z dz

:/u_l/zdu:2u1/2+C:2\/E+C: 2¢/secz+ C| U

Exercise 5.5.60

1
Exercise 5.5.60. Evaluate: /—dﬂ.
Vel —1
Solution. We want to let u be some function of § where we see a multiple
of v/ as part of the integrand. There appears to be no obvious such choice
for u. Notice from Table 4.2 (or Table 4.2.A) from Section 4.8, the
integral most closely resembles entry #12 (from Table 4.2.A):

1
—— dx=sec !} (x)+ C. Sowe try u= ¢’ and du = e df. We
/X\/X2—1 (x) Y

then have d_;/ =df or % = df. Then
e u

do =

| == /ﬁda:/ﬁ%

u=sec H(u)+ C=|sec (/Y +C| O

_/ 1
uvu? —1
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Exercise 5.5.56

dt.

Exercise 5.5.56. Evaluate: /Int\/f

Solution. First we rewrite the integral as

In+/t In ¢1/2 1 [Int
/n;/—dt:/ nt dtzi/ant. We now let u be some function

of t where we see a multiple of v/ as part of the integrand. We choose

1
u=1Int so that du = n dt. Then

/'”ﬁdtzl/"‘—tdtzl/lntldt
t 2 t 2 t

1 _1/715 L
= /udu—2<2u>+C— 4(Int) +Cl O
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Example 5.5.7(c). Integral of tan x

Example 5.5.7(c)

Example 5.5.7(c). Evaluate: /tanxdx.

. . . . sin x
Solution. First we rewrite the integral as /tanxdx = / dx. We
CoS X
now let u be some function of x where we see a multiple of v’ as part of

the integrand. We choose u = cos x so that du = —sinx dx or
—du = sinxdx. Then

i 1
/tanxdx:/smxdx:/
Cos X COS X

= —Injul4+C = —In|cosx|+C = In|(cosx)"}|[+C =|In|secx| + C| O

sinde:/l(—du)
u
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Example 5.5.8(b). Integral of sec x

Example 5.5.8(b)

Example 5.5.8(b). Evaluate: /secx dx.

Solution. This one requires a trick. We rewrite the integral as

sec x + tan x sec? x + sec x tan x
secxdx = | secx————— dx = dx
sec x + tan x sec x + tan x

Now we let u = sec x + tan x so that du = (sec x tan x + sec® x) dx. Then

sec? x + secxtanx
secx dx = dx

secx + tanx

1
= /—(secxtanx + sec? x) dx
secx + tanx

/ du=Injul+ C=|In|secx+tanx|+ C| O
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Exercise 5.5.68

Exercise 5.5.68 (continued 1)

Exercise 5.5.68. Evaluate: [ 4/1 + sin?(x — 1)sin(x — 1) cos(x — 1) dx:

(b) by first letting u = sin(x — 1) followed by v =1+ u?, and (c) by
letting u = 1 +sin?(x — 1).

Solution. (b) Following the instructions, we let u = sin(x — 1) so that
du = cos(x — 1) dx. Then

[4/1+sin?(x — 1)sin(x — 1) cos(x — 1) dx = [ v/1 + v2u du. Next, we
let v =1+ u? so that dv = 2udu or dv/2 = udu. Then

/\/1+u2udu:/ﬁdv/2:%/vlpdv:%(§V3/2> L

= %(1 + )P4 C= %(1 +sin?(x—1))¥2+C.| O
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Exercise 5.5.68

Exercise 5.5.68

Exercise 5.5.68. Evaluate: [ /1 + sin?(x — 1)sin(x — 1) cos(x — 1) dx:

(a) by first letting u = x — 1, followed by v = sinu, and then w = 1 + v2,
(b) by first letting u = sin(x — 1) followed by v =1 + 2, and (c) by
letting u = 1 + sin?(x — 1).

Solution. (a) Following the instructions, we let u = x — 1 so that

du = dx. Then [ /1 +sin?(x — 1)sin(x — 1) cos(x — 1) dx =

[ 4/1 + sin?(u)sin(u) cos(u) du. Next, we let v = sin u so that

dv =cosudu. Then [1/1+sin?(u)sin(u)cos(u)du= [V1+ vZvdv.

Finally, we let w = 1 + v? so that dw = 2v dv or dw/2 = v dv. Then

/\/1—|—v2vdv:/\/WdW/Z:%/Wl/ZdW:%<§W3/2> +C

—1))¥2 4 ClO

:1))(1—|—v )324C = 3(1—|—(smu) 2)324C = %(1+sin2(x
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Exercise 5.5.68

Exercise 5.5.68 (continued 2)

Exercise 5.5.68. Evaluate: [ /1 + sin?(x — 1)sin(x — 1) cos(x — 1) dx:

(c) by letting u = 1 + sin?(x — 1).

Solution. (c) Following the instructions, we let u = 1 4 sin?(x — 1) so
m m

that du = 2sin(x — 1)[cos(x — 1)[1]] dx or
du/2 = sin(x — 1) cos(x — 1) dx. Then

/\/1—|—sin2(x—1)sin(x—1)cos(x—1)dx:/\/ﬂ%:%/ulpdu

= % (§u3/2> +C= %(l—i-sinz(x— )2 +cl O
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Exercise 5.5.70

d2
Exercise 5.5.70. Solve the initial value problem: ar _ 4 sec® 2x tan 2x,

Y(0) =4, y(0) = -1 >

. . dy d?y 5 .
Solution. First, — € | —= dx = [ 4sec” 2xtan2x dx. With u = sec2x
dx dx?

m

we have du = sec2xtan 2x[2] dx or du/2 = sec2x tan 2x dx. So

/4sec2 2xtan2x dx = 4/sec2xsec2xtan 2x dx

= /u%: /udu: (%u2>+C:u2+C:sec2(2x)+C.

So d_i =y’ = sec?(2x) + ki for some constant k;. Since y’(0) = 4 then
y'(0) = sec?(2(0)) + k1 = sec?(0) + ky = 1 + k1 =4, or ky = 3. Hence
dy/dx = sec?(2x) + 3.
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Exercise 5.5.70 (continued)

Solution (continued). Next, y € g
X

d
/ Y gy = / sec?(2x) + 3 dx. With
u = 2x we have du = 2dx or du/2 = dx. Then

du

/sec2(2x) +3dx = /(sec2(u) +3)% = %/(secz(u) +3)du

1 1 3
—E(tanu+3u)+C—§tanu+§u+C

1 1
= 5tan(2x) + §(2x) +C= 5tan(2x) +3x+ C.

So y = 1 tan(2x) + 3x + ko for some constant k,. Since y(0) = —1 then
y(0) %tan(2(0)) +3(0) + kp = —1, or ko = —1. Hence

1
y:Etan(2x)+3x—l. O
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