Calculus 1 J

Chapter 2. Limits and Continuity
2.6. Limits Involving Infinity; Asymptotes of Graphs—Examples and Proofs
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Example 2.6.1(a)

1
Example 2.6.1(a). Prove that lim — =0.

X—00 X
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Example 2.6.1(a)

1
Example 2.6.1(a). Prove that lim — =0.

X—00 X

Proof. First, notice that with P = 0 we have
that the domain of f contains the
interval (P, 00) = (0, 00).
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Example 2.6.1(a)

Example 2.6.1(a)

1
Example 2.6.1(a). Prove that lim — =0.

X—00 X

Proof. First, notice that with P = 0 we have
that the domain of f contains the
interval (P,00) = (0,00). Let € > 0 be given.
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Example 2.6.1(a)

Example 2.6.1(a)

1
Example 2.6.1(a). Prove that lim — =0.

X—00 X
Proof. First, notice that with P = 0 we have
that the domain of f contains the
interval (P,00) = (0,00). Let € > 0 be given.
[We must find a number M such that for all

1 1
x > M implies ‘—0 =|—|<e. The
X X

implication will hold if M =1/ or any larger
positive number (see Figure 2.50).]
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Example 2.6.1(a)

Example 2.6.1(a)

1
Example 2.6.1(a). Prove that lim — =0.

X—00 X

Proof. First, notice that with P = 0 we have

that the domain of f contains the

interval (P, 00) =

[We must find a number M such that for all
1

x > M implies ‘—0': < e. The
X

implication will hold if M =1/ or any larger
positive number (see Figure 2.50).]

Suppose x > M = 1/e (notice then that x is
positive). This implies 0 < 1/x < 1/M = ¢,
or0<i=|1-0=|f(x)-Ll<e.

lim — =0, as claimed.
X—00 X

Therefore

Calculus 1

(0,00). Let € > 0 be given.

No matter what
positive number ¢ is,
the graph enters

this band at x = g
and stays.

No matter what
positive number & is,
the graph enters
this band atx=—¢
and stays.

July 25, 2020

0J

3 /50



Example 2.6.1(a)

Example 2.6.1(a)

1
Example 2.6.1(a). Prove that lim — =0.

X—00 X

Proof. First, notice that with P = 0 we have

that the domain of f contains the

interval (P, 00) =

[We must find a number M such that for all
1

x > M implies ‘—0': < e. The
X

implication will hold if M =1/ or any larger
positive number (see Figure 2.50).]

Suppose x > M = 1/e (notice then that x is
positive). This implies 0 < 1/x < 1/M = ¢,
or0<i=|1-0=|f(x)-Ll<e.

lim — =0, as claimed.
X—00 X

Therefore
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(0,00). Let € > 0 be given.

No matter what
positive number ¢ is,
the graph enters

this band at x = g
and stays.

No matter what
positive number & is,
the graph enters
this band atx=—¢
and stays.

Figure 2.50
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Exercise 2.6.14

Exercise 2.6.14

: , : 2x3 4+ 7 ,

Exercise 2.6.14. For the rational function f(x) = ——— , find
X2 —=Xxc+x+7

the limit as (a) x — oo, and (b) x — —oc. Justify your computations with

Theorem 2.12.
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Exercise 2.6.14

Exercise 2.6.14

: , : 2x3 4+ 7 ,

Exercise 2.6.14. For the rational function f(x) = ——— , find
X2 —=Xxc+x+7

the limit as (a) x — oo, and (b) x — —oc. Justify your computations with

Theorem 2.12.

Solution. We can evaluate both limits by the same process. We have

, _ 23 +7
lim f(x) = lim
x—Fo0 x—Foo x3 — x2 4+ x+ 7

23 +7 1/x3
alinn (1§X3> dividing the numerator and
X

by the definition of f

= lim 3 5
x—too X° — xc +x+7

denominator by the highest power of x in the denominator

T
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Exercise 2.6.14

Exercise 2.6.14. For the rational function f(x) =

xX3=x24+x+7
the limit as (a) x — oo, and (b) x — —oc. Justify your computations with
Theorem 2.12.

Solution. We can evaluate both limits by the same process. We have

2x3 +7
lim f(x) = lim alihs by the definition of f
x—+oo x—oo X3 —X2+X+7
2x3 47 1/x3
= lim alinn /x dividing the numerator and
x—>:tooX3—X2+X‘|‘7 ]./X3

denominator by the highest power of x in the denominator
23 +7)/x3

x—too (x3 = x2 4+ x+7)/x3
— im 2x3/x3 +7/x3

x—to0 x3/x3 — x2/x3 + x/x3 +7/x3
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Exercise 2.6.14 (continued 1)

Solution (continued).

. : 2x3/x3 +7/x3
lim f(x) = lim
x—too x—+00 X3/X3—X2/X3—|—X/X3—|-7/X3

i 2+7/x3

= lim

x—to0l—1/x+1/x2+7/x3
can assume that x # 0

limy . 400(2 + 7/X3) .
- by th tient Rul
limy—100(l —1/x+1/x2+7/x3) y the Quotient Rule

(Theorem 2.12(5)), assuming the denominator is not 0

since x — oo then we
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Exercise 2.6.14 (continued 1)

Solution (continued).

. : 2x3/x3 +7/x3
lim f(x) = lim
x—too x—+00 X3/X3—X2/X3—|—X/X3—|-7/X3

i 2+7/x3

= lim

x—to0l—1/x+1/x2+7/x3
can assume that x # 0

limy . 400(2 + 7/X3) .
- by th tient Rul
limy—100(l —1/x+1/x2+7/x3) y the Quotient Rule

(Theorem 2.12(5)), assuming the denominator is not 0

since x — oo then we

- liMy—too 2 + limy—poo 7/x3 b
T limeotoo L — liMxotoo 1/x + limx—too 1/x2 + limy—zo0 7/X3) 7
the Sum and Difference Rules (Theorem 2.12(1 and 2))
limy b0 2 4 7limy L q00 1/x3

limy 4001 — limy_ 4o l/X + limy 400 ]./X2 + 7limy_ 400 1/X3)
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Exercise 2.6.14 (continued 2)

Solution (continued).

limy—to02 + 7limy_ 100 1/x3
limy—to0 1 — liMyt00 1/x + limy 100 1/x% + 7limy_ 100 1/x3
by the Constant Multiple Rule (Theorem 2.12(4))

limy o to0 2+ 7 (limy 100 1/x)3
limy oo 1 — limyioo 1/x + (liMytoo 1/x)2 4 7 (limy oo 1/x)*
by the Power Rule (Theorem 2.12(6))
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Exercise 2.6.14 (continued 2)

Solution (continued).

limy—to02 + 7limy_ 100 1/x3
limy—to0 1 — liMyt00 1/x + limy 100 1/x% + 7limy_ 100 1/x3
by the Constant Multiple Rule (Theorem 2.12(4))
limy o to0 2+ 7 (limy 100 1/x)3
limy oo 1 — limyioo 1/x + (liMytoo 1/x)2 4 7 (limy oo 1/x)*
by the Power Rule (Theorem 2.12(6))
(2) +7(0)°
(1) = (0) +(0)2 +7(0)

= %:. O

3 by Example 2.6.1

Calculus 1 July 25,2020 6 /50



Exercise 2.6.36

Exercise 2.6.36

Exercise 2.6.36. Evaluate I|lim
x——00 /x6 1 O

denominator by the (effective) highest power of x in the denominator.
Justify your computations with Theorem 2.12.

by dividing the numerator and
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Exercise 2.6.36

Exercise 2.6.36

Exercise 2.6.36. Evaluate I|lim
x——00 /x6 1 O

denominator by the (effective) highest power of x in the denominator.
Justify your computations with Theorem 2.12.

by dividing the numerator and

Solution. We have a square root of x° in the denominator, so the
“effective” highest power of x in the denominator is 3 (think what

happens when x is really large: x® + 9 is about the same size as x° and
V/x% + 9 is about the same size as x3).
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Exercise 2.6.36

Exercise 2.6.36

Exercise 2.6.36. Evaluate lim

x——00 1/ x0 +9
denominator by the (effective) highest power of x in the denominator.
Justify your computations with Theorem 2.12.

by dividing the numerator and

Solution. We have a square root of x° in the denominator, so the
“effective” highest power of x in the denominator is 3 (think what

happens when x is really large: x® + 9 is about the same size as x° and
V/x% + 9 is about the same size as x3). We have

i 4 —3x3 i 4—-3x3 [1/x3 dividine th . d
im — = im ividing the numerator an
x——00 4/x6 4+ 90 x——00 4/x6 4+ 9Q ]./X3 &

denominator by the effective highest power

of x in the denominator

— im (4 — 3X3)/X3
x—=00 (1/x6 4 9)/x3
Calculus 1

July 25, 2020 7 /50



Exercise 2.6.36 (continued 1)

Solution (continued).

— im (4—3x3)/x3 — lim (4—3X3)/x3
x==00 (/x6 +0)/x3  x==00 (\/x6 + 9)/(—V/x%)

since Vx® = |x3| = —x3 for x negative

T TR



Exercise 2.6.36 (continued 1)

Solution (continued).

— im (4 —3x3)/x3 — lim (4 —3x3)/x3
x—=00 (1/x0 +9)/x3  x—==00 (v/x6 +9)/(—V/xb)
since Vx® = |x3| = —x3 for x negative
— Im (4 —3x3)/x3 — lim 4/x3 —3x3/x3
I 00 e T 07
4/x3 -3

= lim since x — —oo then we

x——00 —, /1 4+ 9/X6
can assume that x # 0

limy__oo(4/x3 —
_ o fime o4/ — 3) by the Quotient Rule

limy—_oo(—1/1+ 9/x°)

(Theorem 2.12(5)), assuming the denominator is not 0

Caleulus 1 July 25,2020 8 /50



Exercise 2.6.36 (continued 2)

Solution (continued).

l X——00 4 3 —li X——00 .
— m (4/x) — lim 3 by the Difference Rule

—limyx—_oo(y/1 + 9/x5)
and the Constant Multiple Rule, Theorem 2.12(2 and 4)

|. X——00 4 3 - I X——00
_!m (4/x7) — lim 3 by the Root Rule, Theorem 2.12(7)

—/limy— (1 + 9/x0)

Caleulus 1 July 25,2020 9 /50



Exercise 2.6.36 (continued 2)

Solution (continued).

l X——00 4 3 —li X——00 .
— m (4/x) — lim 3 by the Difference Rule

—limyx—_oo(y/1 + 9/x5)
and the Constant Multiple Rule, Theorem 2.12(2 and 4)
li X——00 4 3 — li X——00
S _ (4/>°) — lim 3 by the Root Rule, Theorem 2.12(7)
—/limy— (1 + 9/x0)
Alimy s oo(1/x3) — limy s o
= .|m (1) _ m 3 by the Sum Rule and
— /im0 (1) + 9limy—— o (1/x°)
Constant Multiple Rule, Theorem 2.12(1 and 4)

4(h x—>—<x>1 3 —1i X——00
= (fim /X) m 3 by the Power Rule,

—\/an_oo(l) + 9 (limy——oo 1/x)°
Theorem 2.12(6)

Calculus 1 July 25,2020 9 /50



Exercise 2.6.36 (continued 3)

3

4 -3
Exercise 2.6.36. Evaluate lim T by dividing the numerator and
x——00 1/x6 49

denominator by the (effective) highest power of x in the denominator.
Justify your computations with Theorem 2.12.

Solution (continued).

lim 4-3¢ 4(limy oo 1/x)> —limy 003
X——00 \/m —\/limxﬁ_oo(]_) +9(“mx—>—oo 1/X)6
4(0)* - (3)

= ——————* by Example 2.6.1
—/(1) +9(0)°
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Exercise 2.6.68

Exercise 2.6.68. Find the horizontal asymptote(s) of the graph of
2
y = % Justify your computations with Theorem 2.12.
X
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Exercise 2.6.68

Exercise 2.6.68

Exercise 2.6.68. Find the horizontal asymptote(s) of the graph of

2
y = % Justify your computations with Theorem 2.12.
X

Solution. By definition of horizontal asymptote, we are led to consider

2
consider lim X . We have
x—doo x + 1
2 2 1
im 2 = him =2 (M%) gividing the numerator and
x—+oo x + 1 x—doo x + 1 1/X

denominator by the highest
power of x in the denominator
@) (%)
x—=o0o (X+1)(1/X) x—=+00 (X/X—l—l/X)
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Exercise 2.6.68

Exercise 2.6.68. Find the horizontal asymptote(s) of the graph of
2
y = % Justify your computations with Theorem 2.12.
X

Solution. By definition of horizontal asymptote, we are led to consider

2
consider lim X . We have
x—doo x + 1
2 2 1
im 2 = him =2 (M%) gividing the numerator and
x—+oo x + 1 x—doo x + 1 1/X

denominator by the highest
power of x in the denominator
@) (%)
x—=o0o (X+1)(1/X) x—=+00 (X/X—l—l/X)

lim ——— since x — $o00 then we
x—oo 14 1/x
can assume that x # 0

Caleulus 1 July 25,2020 11 / 50



Exercise 2.6.68 (continued)

Solution (continued).

. 2x ) 2
lim = [im
x—doo x + 1 x~>ioo]_—|—1/X
|imxﬂioo2

= by th tient Rul
iy e (11 1/5) y the Quotient Rule

(Theorem 2.12(5)), assuming the denominator is not 0

limy 4o 2
= - - by the Sum Rule,
liMy—to00(1) + limyx—100(1/x) Y

Theorem 2.12(1)

= & = 2 by Example 2.6.1.

(1) +(0)

Caleulus 1 July 25,2020 12 / 50



Exercise 2.6.68 (continued)

Solution (continued).

2x . 2
im = [im
x—doo x + 1 x~>ioo]_—|—1/X
|imxﬂioo2

= by th tient Rul
iy e (11 1/5) y the Quotient Rule

(Theorem 2.12(5)), assuming the denominator is not 0
limy 4o 2
= - : by the Sum Rule,
liMy—to00(1) + limyx—100(1/x) Y
Theorem 2.12(1)

(2)
= ———= =2 by Example 2.6.1.
1)+ (0)
Since lim X _ 2, then ’y = 2 is a horizontal asymptote | of the
x—doo x + 1
2x
hofy= O

graph oty x+1

Calculus 1 July 25,2020 12 / 50



Example 2.6.4

Example 2.6.4. Find the horizontal asymptote(s) of the graph of
x3 -2

= ————. Justify your computations with Theorem 2.12.
x> +1

y
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Example 2.6.4

Example 2.6.4. Find the horizontal asymptote(s) of the graph of

x3-2

y = —=——. Justify your computations with Theorem 2.12.
X +1

Solution. A rational function can have only one horizontal asymptote.
Since we are not given a rational function (because of the presence of the
absolute value), then we consider x — co and x — —oo separately. We

divide the numerator and denominator by the highest (effective) power of
x in the denominator.

Caleulus 1 July 25,2020 13 / 50



Example 2.6.4

Example 2.6.4. Find the horizontal asymptote(s) of the graph of

x3-2

y = —=——. Justify your computations with Theorem 2.12.
X +1

Solution. A rational function can have only one horizontal asymptote.
Since we are not given a rational function (because of the presence of the
absolute value), then we consider x — co and x — —oo separately. We
divide the numerator and denominator by the highest (effective) power of
x in the denominator. We have

.o x3=2 X3 =2 [1/x8
im —— = |lm —— | ——
—00 | X X—0 | X X
x 341 34+1\1/x3
3 3 3/.3 3
. x> —2)(1/x Lo X7 Ix?=2/x°
= |lim ( )(1/x7) = lim ¥smce
x=oo ([x[3+1)(1/x3)  x—oox3/x3 41/x3

Xx — 00 then we can assume that x is positive
3

so that |x|3 = x

Caleulus 1 July 25,2020 13 / 50



Example 2.6.4 (continued 1)

Solution (continued).

X3 =2 X33 =2/x3
m —— = I|lim -t ———-"*—
x—oo |x[3+1 x—oo x3/x3 +1/x3
. 1-2/x3 .
= |lim since x — oo then we

x—oo 1+ 1/x3
can assume that x # 0

Caleulus 1 July 25, 2020
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Example 2.6.4 (continued 1)

Solution (continued).

x3 -2 X33 =2/x3
im —— = |lim —w———->"—
—o0 |Xx x—00 X3 /x X
x 3_|_]_ 3 3+1 3
. 1-2/x3 .
= |lim ——— since x — oo then we
x—oo 1+ 1/x3

can assume that x # 0

; 3
= :::iizg J_r 3;; by the Quotient Rule
(Theorem 2.12(5)), assuming the denominator is not 0
limx—oo(1) — limy_o0(2/x3)
limy—o00(1) + limy—oo(1/x3)
and the Difference Rule, Theorem 2.12(1 and 2)

by the Sum Rule

Caleulus 1 July 25,2020 14 / 50



Example 2.6.4 (continued 2)

Solution (continued).

P2 limy—o0(1) = 2 (limx-o0(1/X))°
lim X37 = “Tn (1) (_Im ( /X)l by the Constant Mult.
x—oo |x|3 +1 limy—00(1) + (limx—oo(1/x))
Rule and the Power Rule, Theorem 2.12(4 and 6)
(1) —2(0)°
= S +—— 2 =1byE le 2.6.1(a).
1)+ (0)? y Example 2.6.1(a)

Caleulus 1 July 25,2020 15 / 50



Example 2.6.4 (continued 2)

Solution (continued).

P2 limy—o0(1) = 2 (limx-o0(1/X))°

lim X37 = “Tn (1) (_Im ( /X)l by the Constant Mult.
x—oo |x|3 41 limy—00(1) + (limx—oo(1/x))

Rule and the Power Rule, Theorem 2.12(4 and 6)

(1) — 2(0)°

= S +—— 2 =1byE le 2.6.1(a).
1)+ (0)? y Example 2.6.1(a)
3

So the graph of y = X has a

Ix]3+1
horizontal asymptote of y =1 as x — oo |.

Calculus 1 July 25,2020 15 / 50



Example 2.6.4 (continued 3)

Solution (continued). The computation is similar for x — —oo, except

that for x negative we have |x|3 = —x3. We have
_ x3 -2 _ x3 -2 (1/x3
im ——— = lim ——— | —=
X——00 |X‘3 +1 X——00 |X|3 +1 ]./X3
3 _ 2)(1 3 3/,3 _ 2 3
= lim (x )(/X): lim X/x /x since

x——co (|x[3+1)(1/x3) x—-00 —x3/x3 +1/x3
x — —oo then we can assume that x is negative
so that |x|3 = —x3
x—-o0 —1 4 1/x3
can assume that x # 0

since x — —oo then we

Caleulus 1 July 25,2020 16 / 50



Example 2.6.4 (continued 3)

Solution (continued). The computation is similar for x — —oo, except

that for x negative we have |x|3 = —x3. We have
_ x3 -2 _ x3 -2 (1/x3
im ———— = Ilm ——— | ==
X——00 |X‘3 +1 X——00 |X|3 +1 ]./X3
(x3 —2)(1/x3) x3/x3 —2/x3

since

= i = lim —f
oo (P HD(A) — x=To0 /3 + 13

x — —oo then we can assume that x is negative

so that |x|3 = —x3

, 1-2/x3
= |lim —m—
x——o0 —14+1/x3
can assume that x # 0
limy . oo(1 —2/x3) .
= by th tient Rul
ime——oo(—1 1 1/x3) Y ¢ Quotient Rule
(Theorem 2.12(5)), assuming the denominator is not 0

Calculus 1 July 25,2020 16 / 50
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Example 2.6.4 (continued 4)

Solution (continued).

i X3=2limeoo(1) = lime—oo(2/X3)
x——o0 |x[34+1  limy__oo(—1) + limy_ oo (1/x3)
and the Difference Rule, Theorem 2.12(1 and 2)

. oy 3

= I.|mx_>_oo(1) 2(I|.mx_>_oo(1/x))3 by Const. Mult.
limy——oo(—1) 4 (limy——oo(1/x))
Rule and the Power Rule, Theorem 2.12(4 and 6)
(1) —2(0)°

v+ O

by the Sum Rule

= —1 by Example 2.6.1(b).

Caleulus 1 July 25,2020 17 / 50



Example 2.6.4 (continued 4)

Solution (continued).

i X3=2limeoo(1) = lime—oo(2/X3)
x——o0 |x[34+1  limy__oo(—1) + limy_ oo (1/x3)
and the Difference Rule, Theorem 2.12(1 and 2)
limy——o0(1) = 2 (limx— —oo(1/x))*
_ i (1) = 20me (1)
limy——oo(—1) 4 (limy——oo(1/x))
Rule and the Power Rule, Theorem 2.12(4 and 6)

by the Sum Rule

(1) —2(0)°
————= = —1 by Example 2.6.1(b).
x3 —

So the graph of y = m has a

horizontal asymptote of y = —1 as x — —oco|. O

Caleulus 1 July 25,2020 17 / 50



Example 2.6.5

Example 2.6.5. Use the formal definition to prove lim €* = 0. Notice

X——00

that this implies that y = 0 is a horizontal asymptote of y = e*.

Calculus 1 July 25,2020 18 / 50



Example 2.6.5

Example 2.6.5. Use the formal definition to prove lim €* = 0. Notice
X——00

that this implies that y = 0 is a horizontal asymptote of y = e*.

Proof. First, the domain of f(x) = e* is all of the real numbers R, so it is
defined on an interval of the form (—oo, P) (for any P). Next, let ¢ > 0.
Choose N = Ine.

Calculus 1 July 25,2020 18 / 50



Example 2.6.5

Example 2.6.5. Use the formal definition to prove lim €* = 0. Notice

X——00

that this implies that y = 0 is a horizontal asymptote of y = e*.

Proof. First, the domain of f(x) = e* is all of the real numbers R, so it is
defined on an interval of the form (—oo, P) (for any P). Next, let ¢ > 0.
Choose N = Ine. If x < N = Ine then e < e/ = ¢ since e~ is an
increasing function on the real numbers.

That is, if x < N then

|f(x)—0|=|e*—0]|=e"<e.

Therefore, by definition,

liMmy— oo F(x) = limy—_oo € =0,

as claimed. O

Calculus 1 July 25,2020 18 / 50



Example 2.6.5

Example 2.6.5. Use the formal definition to prove lim €* = 0. Notice

X——00

that this implies that y = 0 is a horizontal asymptote of y = e*.

Proof. First, the domain of f(x) = e* is all of the real numbers R, so it is
defined on an interval of the form (—oo, P) (for any P). Next, let ¢ > 0.
Choose N = Ine. If x < N = Ine then e < e/ = ¢ since e~ is an
increasing function on the real numbers.

That is, if x < N then y
|f(x)—0|=|e*—0]|=e"<e.
Therefore, by definition, b
liMmy— oo F(x) = limy—_oo € =0, '

as claimed. O y
Note. The choice of N = Ine makes

sense if we consider the graph of y = e*:

N=Ine

Calculus 1 July 25,2020 18 / 50



Example 2.6.5

Example 2.6.5. Use the formal definition to prove lim €* = 0. Notice

X——00

that this implies that y = 0 is a horizontal asymptote of y = e*.

Proof. First, the domain of f(x) = e* is all of the real numbers R, so it is
defined on an interval of the form (—oo, P) (for any P). Next, let ¢ > 0.
Choose N = Ine. If x < N = Ine then e < e/ = ¢ since e~ is an
increasing function on the real numbers.

That is, if x < N then y
|f(x)—0|=|e*—0]|=e"<e.
Therefore, by definition, b
liMmy— oo F(x) = limy—_oo € =0, '

as claimed. O y
Note. The choice of N = Ine makes

sense if we consider the graph of y = e*:

N=Ine
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Example 2.6.A

Example 2.6.A. Evaluate limy,_ o cos(1/x).
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Example 2.6.A

Example 2.6.A. Evaluate limy,_ o cos(1/x).

Solution. By Example 2.6.1(a) we have limy_,o, 1/x = 0, and by Exercise
2.5.72 we have that cos x is continuous at all points (in particular, it is
continuous at 0). So by Theorem 2.6.A,

lim cos(1/x) = cos ( lim 1/x> = cos0 =1]
X—00

X—00
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Example 2.6.8

Example 2.6.8. Use the Sandwich Theorem to find the horizontal
asymptote of the curve y =2 + smx.
X
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Example 2.6.8

Example 2.6.8. Use the Sandwich Theorem to find the horizontal
sin x

asymptote of the curve y =2 +

Solution. First, —1 <sinx <1 for all real numbers. Let g(x) =2 —1/x,

Fx) = 2+ 5" and h(x) = 2+ 1/x. Then g(x) < f(x) < h(x ) for all
real numbers, except 0, and so these inequalities hold on
(=00, P) = (—00,0) and (P, o0) = (0,0).
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Example 2.6.8

Example 2.6.8. Use the Sandwich Theorem to find the horizontal
sin x

asymptote of the curve y =2 +

Solution. First, —1 <sinx <1 for all real numbers. Let g(x) =2 —1/x,

Fx) = 2+ 5" and h(x) = 2+ 1/x. Then g(x) < f(x) < h(x ) for all
real numbers, except 0, and so these inequalities hold on

(=00, P) = (—00,0) and (P, o0) = (0,00). Now

limy—+o0 (X)) = limy—400(2—1/x)=2—-(0)=2= L and

limy— 100 A(x) = limy— £00(2 +1/x) =2+ (0) = 2 = L, by Example 2.6.1.
So by Theorem 2.6.B, Xﬂrgm f(x)= lim 24 —~ = 2.

x—+o00
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Example 2.6.8

Example 2.6.8. Use the Sandwich Theorem to find the horizontal
asymptote of the curve y =2 + smx.
X

Solution. First, —1 <sinx <1 for all real numbers. Let g(x) =2 —1/x,

F(x) = 2+ 3™ and h(x) = 2+ 1/x. Then g(x) < F(x) < h(x ) for all
real numbers, except 0, and so these inequalities hold on

(=00, P) = (—00,0) and (P, o0) = (0,00). Now

limy—+o0 (X)) = limy—400(2—1/x)=2—-(0)=2= L and

liMmy— 100 h(x) = limy—100(2+1/x) =24 (0) =2 = L, by Example 2.6.1.

So by Theorem 2.6.B, Iim f(x)= I|m 2+ w = 2. Therefore,

sin x

.0

= 2 is a horizontal asymptote‘ of the graph of y =2 +

Calculus 1 July 25, 2020 20 / 50



Exercise 2.6.92

Exercise 2.6.92. Evaluate (carefully!) I|m (\/x2 + x — \/x2 - x)
Justify your computations.

Calculus 1 July 25,2020 21 /50



Exercise 2.6.92

Exercise 2.6.92. Evaluate (carefully!) I|m (\/x2 + x — \/x2 - x)
Justify your computations.

Solution. We multiply by the conjugate of the given expression divided by
itself (which is defined for x “sufficiently large,” namely x > 1) in order to

produce a quotient and try to use some of the techniques already
introduced.
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Exercise 2.6.92

Exercise 2.6.92. Evaluate (carefully!) I|m (\/x2 + x — \/x2 - x)
Justify your computations.

Solution. We multiply by the conjugate of the given expression divided by
itself (which is defined for x “sufficiently large,” namely x > 1) in order to

produce a quotient and try to use some of the techniques already
introduced. We have

X—00

_ X|i_>moo<\/x2+x—\/x2—x) (\/x2+X+\/x2_X>

VX2 + x4+ Vx2 —x

lim (\/X2—|—X— \/X2—X)

_ i VAP (VL (P x) - (68— x)
x=0 /X2 4 x+ VX2 —x XHOO\/X2—|-X+\/X2—X
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Exercise 2.6.92 (continued 1)

Solution (continued).

i 2x
= m
x—00 /x2 + x + v/x% — x
2 1
—  lim X (/X> dividing the numerator and
x>0 \/x2 + x +v/x2—x \1/x

denominator by the effective highest power

of x in the denominator
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Exercise 2.6.92 (continued 1)

Solution (continued).

i 2x
= m
x—00 /x2 + x + v/x% — x
2 1
—  lim X (/X> dividing the numerator and
x>0 \/x2 + x +v/x2—x \1/x

denominator by the effective highest power
of x in the denominator
—  m (2x)/x — lim (2x)/x
x=0 (VX2 + x +Vx2 = x)/x  x=2 (Vx2 4 x + VX2 = x)/Vx2
since x — oo then we can assume that x is positive
so that V/x2 = |x| = x
= lim (2x)/
=00 /X2 + x/VX2 + VX2 = x/VX2

Calculus 1 July 25,2020 22 / 50



Exercise 2.6.92 (continued 2)

Solution (continued).

—  lim (2x)/x
Y Py P/ oy
= lim (2x)/
x—=00 \/x2[x2 + x/x2 + \/x2/x2 — x/x2
2

since x — oo then we

lim
x=00 \/1+1/x+4/1—1/x
can assume that x # 0

Caleulus 1 July 25, 2020
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Exercise 2.6.92 (continued 2)

Solution (continued).

lim (2x)/x

Y Py P/ oy
lim (2x)/x

x—=00 \/x2[x2 + x/x2 + \/x2/x2 — x/x2

) 2
A, V1+1/x+4/1-1/x
can assume that x # 0
liMmy—oo 2
limy—oo(v/1 4+ 1/x 4+ /1 —1/x)
(Theorem 2.12(5)), assuming the denominator is not 0
liMy_—oo 2

liMmy—oo v/1 4+ 1/x+ limy_0o /1 —1/x)

Theorem 2.12(1)

since x — oo then we

by the Quotient Rule

Caleulus 1 July 25, 2020

by the Sum Rule,
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Exercise 2.6.92 (continued 3)

Solution (continued).

B liMy_—oo 2
limy—oo /1+1/x+ limy_ 0o /1 —1/x)
liMy_—oo 2

= by the Root Rule,
VIime oo (1 +1/x) 4+ /limy—oo(1 — 1/x))
Theorem 2.12(7) (notice that both 1+ 1/x and 1 — 1/x are

nonnegative for x > 1)
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Exercise 2.6.92 (continued 3)

Solution (continued).

B liMy_—oo 2
limy—oo /1+1/x+ limy_ 0o /1 —1/x)
liMy_—oo 2

= by the Root Rule,
VIime oo (1 +1/x) 4+ /limy—oo(1 — 1/x))
Theorem 2.12(7) (notice that both 1+ 1/x and 1 — 1/x are
nonnegative for x > 1)
liMy— 00 2
VIiMy oo T4 limeoo(1/x) + /limesoo 1T — limy—oo(1/x))
by the Sum and Difference Rules, Theorem 2.12(1 and 2)

(2) 2 _
V) +(0) + /(1) 1+1_' H
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Exercise 2.6.108

2

Exercise 2.6.108. Consider the rational function y = X Find the

2x +4°

oblique asymptote.

Caleulus 1 July 25, 2020 25 / 50



Exercise 2.6.108

2

Exercise 2.6.108. Consider the rational function y = X

. Find the
2x + 4

oblique asymptote.

Solution. First, we perform long division to get:

x/2 — 1

2x+4) x2 - 1
x2 +  2x

—s Do = ]

— 2x — 4

3
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Exercise 2.6.108

2

Exercise 2.6.108. Consider the rational function y = ; e Find the
X
oblique asymptote.

Solution. First, we perform long division to get:

x/2 — 1

2x +4 ) e -1

x= 4 2x

> G |

— 2x — 4

3

2
-1 3

Soy = ;x+4 = g -1+ XA where x/2 — 1 is a linear term. If we

show that limy_ 1 3/(2x+4) = 0 then we can conclude that y = x/2—1
is the oblique asymptote for the graph of y = (x? — 1)/(2x + 4).
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Exercise 2.6.108 (continued 1)

Solution (continued). Next,

3_.3<1§

xﬂr:Eoo 2x +4 de:oo 2x + 4
denominator by the highest power

> dividing the numerator and

of x in the denominator
@k 3
x—too (2x + 4)(1/x)  x—Ho0 2x/x + 4/x
= lim 3/x since x — +00 then we
x—+oo 2 +4/x
can assume that x # 0
3limy— 100 1/x
= by th tant
ez 2 + Alimy o 1/x 2 the Sum. Constant,
Multiple and Quotient Rules, Theorem 2.12(1, 4, & 5)
3(0)
————=0byE le 2.6.1.
(2) + 4(0) 0 by Example 2.6

Caleulus 1 July 25, 2020 26 / 50




Exercise 2.6.108

Exercise 2.6.108 (continued 2)

21
Exercise 2.6.108. Consider the rational function y = ; v Find the
X
oblique asymptote.
2
x*—-1 x 3
Soluti tinued). Si = =—— d
olution (continued). Since y 4= 2 5 "
Xﬂrioo X1 d 0, then |y = % — 1 is an oblique asymptote | of the graph
of v — x?—1
Y=ok +4
Calculus 1

July 25, 2020 27 / 50



Exercise 2.6.108 (continued 2)

2

1
Exercise 2.6.108. Consider the rational function y = x . Find the
2x + 4

oblique asymptote.

x2—1 X 3

x+4 2 ' oxia4?

Xﬂrioo x4 =0, then|y = % — 1 is an oblique asymptote | of the graph
2 2
-1 -1 .
x . Notice that the function f(x) = x is not defined at
4 2x 4+ 4

nd

Solution (continued). Since y =

of y =

2. With o1 x 1+ the te
x =—2. Wi = = - — rm
YT oxva T 2 T T x4 2x + 4
for x large and positive, and is negative for x large and negative. So the
2

is positive

X
hofy=

graph oty =5, +4

large and positive, and lies below the oblique asymptote for x large and

negative.

Caleulus 1 July 25,2020 27 / 50
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Exercise 2.6.108

Exercise 2.6.108 (continued 3)

Solution (continued). A crude graph of y = ; —

2

X +

L which reflects the

oblique asymptote (but does not reflect other subtle details of the graph)
is as follows (we'll explore the graph in more detail later):

Calculus 1

July 25, 2020
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Exercise 2.6.108

Exercise 2.6.108 (continued 3)

Solution (continued). A crude graph of y = ; —

2

X +

L which reflects the

oblique asymptote (but does not reflect other subtle details of the graph)
is as follows (we'll explore the graph in more detail later):

x% -1
Y=t 4
1+ =
: \/ 4///
-2 -1 o7 2
_l_,/’ X
- ===1
= y=3
O
Calculus 1

July 25, 2020

28 / 50



Example 2.6.B

.\ . .1
Example 2.6.B. For n a positive even integer, prove that I|m0 — = 00.
x—0 X
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Example 2.6.B

.\ . .1
Example 2.6.B. For n a positive even integer, prove that I|m0 — = o0.
x—0 X

Solution. First, f(x) = 1/x" is defined for all
x except 0, so there is an open interval
containing ¢ = 0 on which f is defined,

except at ¢ = 0 itself (say the interval (—1,1)).
Let B be a positive real number.

Choose § = 1/BY/".
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Example 2.6.B

.\ . .1
Example 2.6.B. For n a positive even integer, prove that I|m0 — = 00.
x—0 X

Solution. First, f(x) = 1/x" is defined for all
x except 0, so there is an open interval
containing ¢ = 0 on which f is defined,

except at ¢ = 0 itself (say the interval (—1,1)).
Let B be a positive real number.

Choose § = 1/B/". Then for
0<|x—cl=|x—0|=|x| <d=1/BY",

we have 1/|x| > B/" (since the function 1/x
is decreasing for x > 0) and so 1/|x|" > B
(since the function x” is increasing for x > 0). Since n is even, then
|x|" = x" and so we have f(x) = 1/x" = 1/|x|" > B. So, by definition,

lim — = o0, as claimed. O
x—0 x1
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Example 2.6.B

.\ . .1
Example 2.6.B. For n a positive even integer, prove that I|m0 — = 00.
x—0 X

Solution. First, f(x) = 1/x" is defined for all
x except 0, so there is an open interval
containing ¢ = 0 on which f is defined,

except at ¢ = 0 itself (say the interval (—1,1)).
Let B be a positive real number.

Choose § = 1/B/". Then for
0<|x—cl=|x—0|=|x| <d=1/BY",

we have 1/|x| > B/" (since the function 1/x
is decreasing for x > 0) and so 1/|x|" > B
(since the function x” is increasing for x > 0). Since n is even, then
|x|" = x" and so we have f(x) = 1/x" = 1/|x|" > B. So, by definition,

lim — = o0, as claimed. O
x—0 x1

Caleulus 1 July 25, 2020 29 / 50



Exercise 2.6.54

Exercise 2.6.54. Consider f(x) = 2X I Find (a) lim,_ 1+ f(x),
X2 —
(b) lim, - f(x), (c) limy_,_1+ f(x), and (d) lim,_, ;- f(x).
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Exercise 2.6.54

Exercise 2.6.54

Exercise 2.6.54. Consider f(x) = 2X . Find (a) limy,_1+ f(x),
X2 _
(b) lim, - f(x), (c) limy_,_1+ f(x), and (d) lim,_, ;- f(x).

. . X . . .
Solution. First, f(x) = — s rational function of the form
X J—

f(x) = p(x)/q(x) where p(x) = x and g(x) = x> — 1.

Calculus 1 July 25, 2020
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Exercise 2.6.54

Exercise 2.6.54. Consider f(x) = 2X I Find (a) lim,_ 1+ f(x),
X2 —
(b) lim, - f(x), (c) limy_,_1+ f(x), and (d) lim,_, ;- f(x).

Solution. First, f(x) =

X . . :
is a rational function of the form
x2—1

f(x) = p(x)/q(x) where p(x) = x and g(x) = x> — 1.

(a) We have lim,_ 1+ p(x) = lim,_ 1+ x=1%# 0 and

limy_1+ g(x) = lim,_1+ (x> — 1) = (1)> = 1 = 0, by Theorem 2.2 for
one-sided limits. So by Dr. Bob's Infinite Limits Theorem,

p(x)

[im —< = lim 5 = #+00; we just need to determine if the limit is
x—1+ q(x) x—1t x4 —1

+00 or —o0.

Calculus 1 July 25,2020 30 / 50



Exercise 2.6.54

Exercise 2.6.54. Consider f(x) = 2X I Find (a) lim,_ 1+ f(x),
X2 —
(b) lim, - f(x), (c) limy_,_1+ f(x), and (d) lim,_, ;- f(x).

Solution. First, f(x) =

X . . :
is a rational function of the form
x2—1

f(x) = p(x)/q(x) where p(x) = x and g(x) = x> — 1.

(a) We have lim,_ 1+ p(x) = lim,_ 1+ x=1%# 0 and

limy_1+ g(x) = lim,_1+ (x> — 1) = (1)> = 1 = 0, by Theorem 2.2 for
one-sided limits. So by Dr. Bob's Infinite Limits Theorem,

p(x)

[im —< = lim 5 = #+00; we just need to determine if the limit is
x—1+ q(x) x—1t x4 —1

400 or —o0o. We do so by analyzing the sign of X2X_ 1= (x— 1)X(X 1)

for “appropriate” x (since x — 1%, then appropriate x are close to 1 and
slightly greater than 1). For such x, we have x is positive (in fact, x is
“close to” 1), x — 1 is positive (since x is greater than 1; so x — 1 is
positive and “close to” 0), and x + 1 is positive (in fact, x is “close to" 2).
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Exercise 2.6.54

Exercise 2.6.54 (continued 1)

Solution (continued). Combining the factors we can conclude the
following little sign diagram (not an actual equation):
X - ) __ s K
21 x—1)x+1) = EIE) = —+. dince we know
X

im — = +00 and we know for x close to 1 and slightly greater than
x—1t x¢ —1

1 that X

is positive, then we conclude that | lim — =ool| O
1 x—1+t x —1

X2 —

T R
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Exercise 2.6.54 (continued 1)

Solution (continued). Combining the factors we can conclude the
following little sign diagram (not an actual equation):
X X (+)

1 j CEES) = D = +. Since we know

im — = +00 and we know for x close to 1 and slightly greater than
x—1t x¢ —1

1 that X

X
is positive, then we conclude that| lim =0l O
x2 -1 P x—1t x2 —1

(b) We have lim,_,;- p(x) =lim,_,;- x=1%# 0 and
limy_1- q(x) = lim_;- (x> = 1) = (1)2 -1 = 0, by Theorem 2.2 for
one-sided limits. So by Dr. Bob's Infinite Limits Theorem,

lim M = |im
x—1- Q(X) x—1- x2 -1

400 or —00.

= “+00; we just need to determine if the limit is
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Exercise 2.6.54 (continued 1)

Solution (continued). Combining the factors we can conclude the
following little sign diagram (not an actual equation):
X X (+)

1 j CEES) = D = +. Since we know

im — = +00 and we know for x close to 1 and slightly greater than
x—1t x¢ —1

1 that X

X
is positive, then we conclude that| lim =0l O
x2 -1 P x—1t x2 —1

(b) We have lim,_,;- p(x) =lim,_,;- x=1%# 0 and
limy_1- q(x) = lim_;- (x> = 1) = (1)2 -1 = 0, by Theorem 2.2 for
one-sided limits. So by Dr. Bob's Infinite Limits Theorem,

op(x)
lim —= = lim
x—1- Q(X) x—1- x2 -1
400 or —oco. We do so, again, by analyzing the sign of
X X

x2—1 (x—1)(x+1)

appropriate x are close to 1 and slightly less than 1).
Calculus 1 July 25, 2020 31 /50

= “+00; we just need to determine if the limit is

for “appropriate” x (since x — 17, then



Exercise 2.6.54

Exercise 2.6.54 (continued 2)

Solution (continued). For such x, we have x is positive (in fact, x is
“close to” 1), x — 1 is negative (since x is less than 1; so x — 1 is negative
and “close to” 0), and x + 1 is positive (in fact, x is “close to" 2).
Combining the factors we can again conclude the following little sign

_ X X (+) .

diagram: = = = —. Since we know

g T T - Dx+1) . ()
lim — 1= 400 and we know for x close to 1 and slightly less than 1
x—1— X° —
that is negative, then we conclude that | lim N
x2 —1 x—1- x2 —1

Calculus 1

July 25, 2020 32 /50



Exercise 2.6.54 (continued 2)

Solution (continued). For such x, we have x is positive (in fact, x is
“close to” 1), x — 1 is negative (since x is less than 1; so x — 1 is negative
and “close to” 0), and x + 1 is positive (in fact, x is “close to" 2).

Combining the factors we can again conclude the following little sign

i : o X (+) = —. Since we know
diagram: 21 — D+ D) = O - .S k

lim — = 00 and we know for x close to 1 and slightly less than 1
x—1— X° —
X . . . X
that — is negative, then we conclude that | lim — =—o0| O
x4 —1 x—1= x* —1

(c) We have lim,_,_1+ p(x) =lim,_,_1+ x =—17# 0 and
limy__1+ q(x) = lim,_,_1+ (x> = 1) = (=1)> —= 1 = 0, by Theorem 2.2 for
one-sided limits. So by Dr. Bob's Infinite Limits Theorem,

X X
lim M = lim ——— = $00; we just need to determine if the limit
x——1*% q(x) x——1+t x4 —1

is +00 or —o0.
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Exercise 2.6.54 (continued 3)

x X

x2—1 (x—=1)(x+1)
for “appropriate” x (since x — —17T, then appropriate x are close to —1
and slightly greater than —1). For such x, we have x is negative (in fact,
x is “close to" —1), x — 1 is negative (in fact, x — 1 is “close to" —2), and
x + 1 is positive (since x is greater than —1; so x + 1 is positive and “close
to” 0).

Solution (continued). We analyze the sign of
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Exercise 2.6.54 (continued 3)

x X
x2—1 (x—=1)(x+1)
for “appropriate” x (since x — —17T, then appropriate x are close to —1
and slightly greater than —1). For such x, we have x is negative (in fact,
x is “close to" —1), x — 1 is negative (in fact, x — 1 is “close to" —2), and
x + 1 is positive (since x is greater than —1; so x + 1 is positive and “close
to” 0). Combining the factors we get the sign diagram:

X X (-)

5 = =
x2—=1 (x=1)(x+1) (=)(+)
X — 460 and we know for x close to —1 and slightly greater

Solution (continued). We analyze the sign of

= +. Since we know

lim

x—1- X2 -1
b S .
than —1 that — 1 is positive, then we conclude that
X2 _
} X
lim —— =00 O

x——17 X2 -1

Calculus 1 July 25,2020 33 / 50



Exercise 2.6.54 (continued 4)

Solution (continued).

T R



Exercise 2.6.54

Exercise 2.6.54 (continued 4)

Solution (continued). (d) We have

lim,__1- p(x) =lim,_,_;-x=—-1+#0 and
lim,_,_1- q(x) = limy_,_;-(x? = 1) = (-=1)2> = 1 = 0, by Theorem 2.2 for
one-sided limits. So by Dr. Bob's Infinite Limits Theorem,

. X _ X _ .
lim & = lim ——— = +00; we just need to determine if the
x—-1- q(x) x—-1-x2—1

limit is +00 or —oo0.

T TR



Exercise 2.6.54 (continued 4)

Solution (continued). (d) We have

lim,__1- p(x) =lim,_,_;-x=—-1+#0 and
lim,_,_1- q(x) = limy_,_;-(x? = 1) = (-=1)2> = 1 = 0, by Theorem 2.2 for
one-sided limits. So by Dr. Bob's Infinite Limits Theorem,
lim @ = lim % = +00; we just need to determine if the
x—-1- q(x) x—-1-x2—1
x X
x2—1 (x—=1)(x+1)
“appropriate” x (since x — —17, then appropriate x are close to —1 and
slightly less than —1). For such x, we have x is negative (in fact, x is
“close to”" —1), x — 1 is negative (in fact, x — 1 is “close to” —2), and
x + 1 is negative (since x is less than —1; so x + 1 is positive and “close
to” 0). Combining the factors we get the sign diagram:
X b (-)
= = =
=1 (x=Dkx+1)  (=))

Caleulus 1 July 25, 2020 34 / 50
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Exercise 2.6.54

Exercise 2.6.54 (continued 5)

Solution (continued). Since we know lim
x—1- x2 —1

for x close to —1 and slightly less than —1 that

= 00 and we know

X . .
5 is negative, then
xs—1

. X
we conclude that| |Im —— = —o0| O

x——1- X2 -1 -

T Ty, G 5 6



Exercise 2.6.54 (continued 5)

Solution (continued). Since we know lim = 400 and we know

x—1— X2 —
for x close to —1 and slightly less than —1 that

X . .
5 is negative, then
xs—1

. X
we conclude that| |im ——— = —00|. OJ
x——1— X< — ].

Note. We know a lot about

f(x)= 21 and can get

a reasonable graph of y = f(x)

by graphing its vertical asymptotes 9

(notice also that f(0) = 0; we did ) -1

not explore what happens
for |x| “large"):
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Exercise 2.6.54 (continued 5)

Solution (continued). Since we know lim = 400 and we know

x—1— X2 —
for x close to —1 and slightly less than —1 that

X . .
5 is negative, then
xs—1

. X
we conclude that| |im ——— = —00|. OJ
x——1— X< — ].

Note. We know a lot about

f(x)= 21 and can get

a reasonable graph of y = f(x)

by graphing its vertical asymptotes 9

(notice also that f(0) = 0; we did ) -1

not explore what happens
for |x| “large"):
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Exercise 2.6.70

2
Exercise 2.6.70. Consider y = f(x) = xziil Find the domain,

horizontal asymptote(s), vertical asymptotes, graph y = f(x) in such a
way as to reflect the asymptotic behavior, and find the range of f.

Calculus 1 July 25, 2020 36 / 50



Exercise 2.6.70

2
Exercise 2.6.70. Consider y = f(x) = xziil Find the domain,

horizontal asymptote(s), vertical asymptotes, graph y = f(x) in such a
way as to reflect the asymptotic behavior, and find the range of f.
2x 2x
x2—1 (x+1)(x—1)
real x except for —1 and 1; the ’domain is (—oo,—1)U(=1,1) U(1,00) ‘

Solution. First, the domain of y = f(x) =

is all
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Exercise 2.6.70

2
Exercise 2.6.70. Consider y = f(x) = xziil Find the domain,

horizontal asymptote(s), vertical asymptotes, graph y = f(x) in such a
way as to reflect the asymptotic behavior, and find the range of f.
2x 2x
x2—1 (x+1)(x—1)
real x except for —1 and 1; the ’domain is (—oo,—1)U(=1,1) U(1,00) ‘
For the horizontal asymptote(s), we consider limy_, 1 f(x). We have

Solution. First, the domain of y = f(x) =

is all

lim f(x) = lim

x—=+o00 x—+o0 X2 —1

L (1/x

x—too x2 — 1 \ 1/x2 > dividing the numerator and

denominator by the highest power

of x in the denominator
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Exercise 2.6.70 (continued 1)

Solution (continued).

_ L (2x)/x* 2/x
L NS o y B N g

then we can assume that x #£ 0
IimXHiOO 2/X .
= by th tient Rul
iy (1 — 1/52) y the Quotient Rule
(Theorem 2.12(5)), assuming the denominator is not 0

2limy— 400 1/x _
- by the Diff ,
limy— 100 1 — (limx— 100 1/x)? y the Ditference

Constant Mult., and Power Rules, Theorem 2.12(2, 4, 6)

since X — oo

2(0) 0
= 1= (0)2 =1= 0 by Example 2.6.1.
- - 2x
So |y = 0 is a horizontal asymptote | of y = 21
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Exercise 2.6.70 (continued 2)

2 2
Solution (continued). Now f(x) = 2 i 1= T 1))(()( ) is a
rational function with lim,_,_12x = =2 £ 0, limy_,_4 x2—-1=0, and

limy—1 x2 — 1 =0 (each by Theorem 2.2), so by Dr. Bob's Infinite Limits
Theorem (applied to rational functions)
’ f has vertical asymptotes at x = —1 and x =1 ‘ We explore the vertical

asymptotes by taking one-sided limits to determine if the limit is +o00 or

2x 2x

—00. We analyze the sign of 2_1 (x —1)(x+1) fo

r “appropriate” x

in each case.
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Exercise 2.6.70 (continued 2)

2 2
Solution (continued). Now f(x) = 2 i 1= T 1))(()( ) is a
rational function with lim,_,_12x = =2 £ 0, limy_,_4 x2—-1=0, and

limy—1 x2 — 1 =0 (each by Theorem 2.2), so by Dr. Bob's Infinite Limits
Theorem (applied to rational functions)

’ f has vertical asymptotes at x = —1 and x =1 ‘ We explore the vertical

asymptotes by taking one-sided limits to determine if the limit is +o00 or
2x 2x

-1 - D D ©
in each case. For x — —17T, the appropriate x are close to —1 and slightly
greater than —1. For such x, we have 2x is negative (in fact, 2x is “close
to” —2), x — 1 is negative (in fact, x — 1 is “close to” —2), and x + 1 is
positive (since x is greater than —1; so x + 1 is positive and “close to” 0).
Combining the factors we get the sign diagram:

2x 2x (-)
217 DD ()

Caleulus 1 July 25,2020 38 / 50
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Exercise 2.6.70 (continued 3)

Solution (continued). For x — —17, the appropriate x are close to —1

and slightly less than —1. For such x, we have 2x is negative (2x is “close
to" —2), x — 1 is negative (x — 1 is “close to” —2), and x + 1 is negative
(since x is less than —1; so x + 1 is negative and “close to" 0). Combining

the factors we get the sign diagram:

2 2 ) = —. So |lim _f(x) = -
1 o) () el TR = e
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Exercise 2.6.70 (continued 3)

Solution (continued). For x — —17, the appropriate x are close to —1
and slightly less than —1. For such x, we have 2x is negative (2x is “close
to" —2), x — 1 is negative (x — 1 is “close to” —2), and x + 1 is negative
(since x is less than —1; so x + 1 is negative and “close to" 0). Combining
the factors we get the sign diagram:

2x 2x (—)

5 = =
1 x—Dx+D) ()
For x — 17, the appropriate x are close to 1 and slightly greater than 1.
For such x, we have 2x is positive (2x is “close to” 2), x — 1 is positive
(since x is greater than 1; so x — 1 is positive and “close to” 0), and x + 1
is positive (x + 1 is “close to" 2). Combining the factors we get the sign
di o 2x 2x (+) 4 So

PR T T o+ D) ()

’Iimx_>14r f(x) =00 ‘

= —.So |lim_,_;- f(x) = —o0|.
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Exercise 2.6.70 (continued 4)

Solution (continued). For x — 17, the appropriate x are close to 1 and
slightly less than 1. For such x, we have 2x is positive (2x is “close to" 2),
x — 1 is negative (since x is less than 1; so x — 1 is negative and “close to”
0), and x + 1 is positive (x + 1 is “close to” 2). Combining the factors we
2x 2x (+)

et the sign diagram: = = =—.So
g BN Clagram: e 1 T = D(x+1) (4
’Iimx_df f(x) = —o0 ‘
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Exercise 2.6.70 (continued 4)

Solution (continued). For x — 17, the appropriate x are close to 1 and
slightly less than 1. For such x, we have 2x is positive (2x is “close to" 2),
x — 1 is negative (since x is less than 1; so x — 1 is negative and “close to”

0), and x + 1 is positive (x + 1 is “close to” 2). Combining the factors we

. . 2x 2x (+)
get the sign diagram: = = =—.So
=1 (x=Dkx+1)  (=)H)

+
|

’Iimx_df f(x) = —o0 ‘

We have the graph (notice the
’range is all real numbers ‘)

& |
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Exercise 2.6.70 (continued 4)

Solution (continued). For x — 17, the appropriate x are close to 1 and
slightly less than 1. For such x, we have 2x is positive (2x is “close to" 2),
x — 1 is negative (since x is less than 1; so x — 1 is negative and “close to”

0), and x + 1 is positive (x + 1 is “close to” 2). Combining the factors we

. . 2x 2x (+)
get the sign diagram: = = =—.So
=1 (x=Dkx+1)  (=)H)

+
|

’Iimx_df f(x) = —o0 ‘

We have the graph (notice the
’range is all real numbers ‘)

& |
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Example 2.6.20

Example 2.6.20. Let f(x) = 3x* — 2x3 + 3x2 — 5x + 6 and g(x) = 3x*.

Show that g is a dominant term of f.

T
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Example 2.6.20

Example 2.6.20. Let f(x) = 3x* — 2x3 + 3x2 — 5x + 6 and g(x) = 3x*.

Show that g is a dominant term of f.

f(x)

Solution. We need to show that Iim LASA 1. We have
x—+o00 (X)

. f(x) . 3x* —2x343x%2 —5x + 6
lim —~% = lim
x—+00 g(x) x—to00 3X4

3¢ 20 3¢ 5x 6
34 3x%  3x*  3x*  3x4

)

) 2 3 5 6 )
= lim l1-—+———+ — | since x —
3x4

then we can assume that x # 0

T

July 25, 2020

41 / 50



Example 2.6.20 (continued)

Solution (continued).

li M — li 1_3+i_i+i
oo g(x) oo 3x  3x2 3x3  3x*

. 2 1 1\ 5/ . 1)\?
= |lm 1—= Ilim —+{( Im -] —=1{ lim —
x—Fo00 3 x—4o00 X x—+o00 X 3 \x—+c0 x

1\
—|—2< lim ) by the Sum, Difference,

x—+o0 X
Constant Multiple, and Power Rules,
Theorem 2.12(1, 2, 4, 6)

2 5
_ 1 5(0) +(0)2 — 5(0)3 +2(0)* = 1 by Example 2.6.1.

Since the limit is 1, then g is a dominant term of f, as claimed. [J
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Exercise 2.6.108 (again)

Exercise 2.6.108 (again)

2
-1
Exercise 2.6.108 (again). Consider the rational function y = x

2x + 4

Find all asymptotes and graph in a way that reflects the asymptotic
behavior.

Calculus 1 July 25, 2020
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Exercise 2.6.108 (again)

2

-1

Exercise 2.6.108 (again). Consider the rational function y = ; v
X

Find all asymptotes and graph in a way that reflects the asymptotic
behavior.

x2 -1 X 3

>+4 2 " Toxia
X .
has y = — — 1 as an oblique asymptote as x — £o00. We now explore

Solution. We saw above that the graph of y =

vertical asymptotes.
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Exercise 2.6.108 (again)

x2 -1

2x +4°
Find all asymptotes and graph in a way that reflects the asymptotic

behavior.

Exercise 2.6.108 (again). Consider the rational function y =

x2 -1 X 3

>+4 2 " Toxia
X .
has y = 5~ 1 as an oblique asymptote as x — d+0o. We now explore

Solution. We saw above that the graph of y =

vertical asymptotes. By the Quotient Rule, Theorem 2.1(5),

x2—-1 -1 :
)!il)‘nc f(x) = llnc 14 2cia for ¢ # —2. So by definition, f is
continuous on its domain (—oo, —2) U (—2,00). By Dr. Bob's Infinite

Limits Theorem (applied to rational function f), since
limy—,_2x?—1=(-2)2-1=3#0and limy__22x+4=x(-2)+4=0
(by Theorem 2.2), we see that lim,_,_,+ f(x) = oo and so the graph has
a ’vertical asymptote of x = —2 ‘ We explore one-sided limits to see if the
limits are oo or —o0.
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Exercise 2.6.108 (again)

Exercise 2.6.108 (again, continued 1)

2
-1
Solution (continued). For lim,_, 5+ f(x), we analyze the sign of x

2x+ 4
for “appropriate” x (since x — —27, then appropriate x are close to —2

and slightly greater than —2). For such x, we have x2 — 1 is positive (in
fact, x> — 1 is “close to" 3) and 2x + 4 is positive (since x is greater than
—2; 50 2x + 4 is positive and “close to” 0). Combining the factors we get

2
} . x> —1 (+)

the sign diagram: = —~=4.So
gn deram: v a T (1)

2
xc—1
li f(x) = =
XJT2+ (x) XJT2+ 2x + 4 o
Calculus 1
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Exercise 2.6.108 (again, continued 1)

x? -1
2x + 4
for “appropriate” x (since x — —27, then appropriate x are close to —2
and slightly greater than —2). For such x, we have x2 — 1 is positive (in
fact, x> — 1 is “close to" 3) and 2x + 4 is positive (since x is greater than
—2; 50 2x + 4 is positive and “close to” 0). Combining the factors we get

Solution (continued). For lim,_, 5+ f(x), we analyze the sign of

2

o x*=1 (4)
the sign diagram: = - —=+.50

gn deram: v a T (1)

2
xc—1
lim f(x)= i =
Ay Fe) = o, 5ra
x? —

For lim,_,_»— f(x), we analyze the sign of > 14 for “appropriate” x

(since x — —27, then appropriate x are close to —2 and slightly less than
—2). For such x, we have x? — 1 is positive (in fact, x> — 1 is “close to”
3) and 2x + 4 is negative (since x is less than —2; so 2x + 4 is negative

and “close to” 0).
Calculus 1 July 25,2020 44 / 50



Exercise 2.6.108 (again)

Exercise 2.6.108 (again, continued 2)

Solution (continued). Combining the factors we get the sign diagram:

x> -1 (+) x> -1
= —=-.5 lim f(x)= i -
2x+4  (-) oM () T 2x 1 4

Calculus 1

July 25, 2020
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Exercise 2.6.108 (again)

Exercise 2.6.108 (again, continued 2)

Solution (continued). Combining the factors we get the sign diagram:

oo |. So the

2
. . xc—1
lim f(x)= Ilim
xX——2- xX——2- 2X+4
_xz—l
Y=o +a
14

-1
x @ =—.So
2x+4  (-)
graph is:

i =

—1- x "
22| gi=g
Calculus 1

July 25, 2020
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Exercise 2.6.108 (again)

Exercise 2.6.108 (again, continued 2)

Solution (continued). Combining the factors we get the sign diagram:

2 2
x=—1 + . . x-—1
(+) =—.So| lim f(x)= Ilim = —oo|. So the
2x+4 (=) x——2- x2- 2x + 4
graph is:
1
| x2 -1
1 =
! Y=+ 4
1 1+ =
1 P
H joae
T -1
D) i Y
| -7 x
Pt | e
> I
= 1
P>~ 1
/’/ !
1
1
1
O
Calculus 1 July 25, 2020
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Exercise 2.6.80

Exercise 2.6.80

Exercise 2.6.80. Find a function g that satisfies the conditions

limy— 400 &(x) =0, lim,_3- g(x) = —o0, and lim,_.3+ g(x) = co. Graph
y = g(x) in a way that reflects the asymptotic behavior.

Calculus 1 July 25, 2020 46 / 50



Exercise 2.6.80

Exercise 2.6.80

Exercise 2.6.80. Find a function g that satisfies the conditions
limy— 400 &(x) =0, lim,_3- g(x) = —o0, and lim,_.3+ g(x) = co. Graph
y = g(x) in a way that reflects the asymptotic behavior.

Solution. Since we want limy_, 1o g(x) = 0, then the graph of y = g(x)
will have y = 0 as a horizontal asymptote. Since we want

lim,_3- g(x) = —o0 and lim,_,3+ g(x) = oo, then the graph of y = g(x)
has a vertical asymptote of x = 3.
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Exercise 2.6.80

Exercise 2.6.80. Find a function g that satisfies the conditions
limy— 400 &(x) =0, lim,_3- g(x) = —o0, and lim,_.3+ g(x) = co. Graph
y = g(x) in a way that reflects the asymptotic behavior.

Solution. Since we want limy_, 1o g(x) = 0, then the graph of y = g(x)
will have y = 0 as a horizontal asymptote. Since we want

lim,_3- g(x) = —o0 and lim,_,3+ g(x) = oo, then the graph of y = g(x)
has a vertical asymptote of x = 3. We try to find a rational function,

g(x) = p(x)/q(x), satisfying these conditions. If we make polynomial p of
degree less than that of polynomial g, then this will give (as we will check)
the horizontal asymptote y = 0.

T Y



Exercise 2.6.80

Exercise 2.6.80. Find a function g that satisfies the conditions
limy— 400 &(x) =0, lim,_3- g(x) = —o0, and lim,_.3+ g(x) = co. Graph
y = g(x) in a way that reflects the asymptotic behavior.

Solution. Since we want limy_, 1o g(x) = 0, then the graph of y = g(x)
will have y = 0 as a horizontal asymptote. Since we want

lim,_3- g(x) = —o0 and lim,_,3+ g(x) = oo, then the graph of y = g(x)
has a vertical asymptote of x = 3. We try to find a rational function,

g(x) = p(x)/q(x), satisfying these conditions. If we make polynomial p of
degree less than that of polynomial g, then this will give (as we will check)
the horizontal asymptote y = 0. If we have x — 3 in the denominator then
we should get a vertical asymptote of x = 3 (unless we also have a factor
of x — 3 in the numerator, which we will avoid). So we try p(x) =1 (a
polynomial of degree 0), g(x) = x — 3 (a polynomial of degree 1), and
g(x) = 1/(x — 3) (we may have to adjust the sign of g to get the proper
one sided limits at 3).
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Exercise 2.6.80 (continued 1)

Solution (continued). We have

lim g(x) = lim L li L <1/X> dividing the

im ——
X—F00 x—doo x — 3 x—doo X — 3 1/X
numerator and denominator by the effective highest

power of x in the denominator
1/x

li li 1/x since +
= mm —— = m n X — (0.}
x—too (x — 3)/x  x—tool—3/x

then we can assume that x # 0

limy—+o0 1/x ‘
- by the Diff ,
limy oo 1 — 3limy oo 1/x y the Ditference

Constant Mult., and Quotient Rules, Theorem 2.12(2,4,5)
(0) 0

=_-=0byE le 2.6.1.
1-30) " 1 y Example
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Exercise 2.6.80 (continued 1)

Solution (continued). We have

lim g(x) = lim L li L <1/X> dividing the

im ——
X—F00 x—doo x — 3 x—doo X — 3 1/X
numerator and denominator by the effective highest

power of x in the denominator
1/x

li li 1/x since +
= mm —— = m n X — (0.}
x—too (x — 3)/x  x—tool—3/x

then we can assume that x # 0

limy—+o0 1/x ‘
- by the Diff ,
limy oo 1 — 3limy oo 1/x y the Ditference

Constant Mult., and Quotient Rules, Theorem 2.12(2,4,5)
(0) 0

= —~7 _—~—Q0byE le 2.6.1.
1-30) 1 y Example

So y = 0 and a horizontal asymptote of the graph of y = g(x), as desired.
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Exercise 2.6.80

Exercise 2.6.80 (continued 2)

Solution (continued). Since limy_31 =170 and limy_3x—3=0
(both by Theorem 2.2, say), then by Dr. Bob's Infinite Limits Theorem

(applied to rational functions) lim,_ 3+ g(x) = £oo. We consider
one-sided limits (as required by the question).

Calculus 1 July 25, 2020 48 / 50



Exercise 2.6.80 (continued 2)

Solution (continued). Since limy_31 =170 and limy_3x—3=0
(both by Theorem 2.2, say), then by Dr. Bob's Infinite Limits Theorem
(applied to rational functions) lim,_ 3+ g(x) = £oo. We consider
one-sided limits (as required by the question).

1
For lim,_.3+ g(x), we analyze the sign of 3 for “appropriate” x (since
X J—

x — 3%, then appropriate x are close to 3 and slightly greater than 3). For
such x, we have 1 is positive and x — 3 is positive (since x is greater than
3; so x — 3 is positive and “close to" 0). Combining the factors we get the

1
sign diagram: Y3 = E:::; =+. So Xliﬂrg+ g(x) = XIer31+ <3

= 00| as

desired.
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Exercise 2.6.80 (continued 2)

Solution (continued). Since limy_31 =170 and limy_3x—3=0
(both by Theorem 2.2, say), then by Dr. Bob's Infinite Limits Theorem
(applied to rational functions) lim,_ 3+ g(x) = £oo. We consider
one-sided limits (as required by the question).

1
For lim,_.3+ g(x), we analyze the sign of 3 for “appropriate” x (since
X J—

x — 3%, then appropriate x are close to 3 and slightly greater than 3). For
such x, we have 1 is positive and x — 3 is positive (since x is greater than
3; so x — 3 is positive and “close to" 0). Combining the factors we get the

1
sign diagram: Y3 = E:::; =+. So Xliﬂrg+ g(x) = XIer31+ <3

= 00| as

desired.

For lim,_,3- g(x), we analyze the sign of 3 for “appropriate” x (since

X —_
x — 37, then appropriate x are close to 3 and slightly less than 3). For
such x, we have 1 is positive and x — 3 is negative (since x is less than 3;
so x — 3 is negative and “close to” 0).
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Exercise 2.6.80 (continued 3)

Exercise 2.6.80. Find a function g that satisfies the conditions
limy— 400 &(x) =0, lim,_3- g(x) = —o0, and lim,_.3+ g(x) = co. Graph
y = g(x) in a way that reflects the asymptotic behavior.

Solution (continued). Combining the factors we get the sign diagram:

! = =) =—.So
x—3 (-)

i ) 1
e S St
as desired.
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Exercise 2.6.80 (continued 3)

Exercise 2.6.80. Find a function g that satisfies the conditions
limy— 400 &(x) =0, lim,_3- g(x) = —o0, and lim,_.3+ g(x) = co. Graph
y = g(x) in a way that reflects the asymptotic behavior.

Solution (continued). Combining the factors we get the sign diagram:
1 (+)

<3 = o~ So

i . 1
e S St
as desired.

We then have the graph:

Calculus 1 July 25, 2020 49 / 50



Exercise 2.6.80 (continued 3)

Exercise 2.6.80. Find a function g that satisfies the conditions
limy— 400 &(x) =0, lim,_3- g(x) = —o0, and lim,_.3+ g(x) = co. Graph
y = g(x) in a way that reflects the asymptotic behavior.

Solution (continued). Combining the factors we get the sign diagram:
1 (+)

<3 = o~ So

i . 1
e S St
as desired.

We then have the graph:
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Exercise 2.6.102

Exercise 2.6.102. Use the formal definition of an infinite one-sided limit

to prove that lim

= —00.
x—2— X — 2
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Exercise 2.6.102

Exercise 2.6.102

Exercise 2.6.102. Use the formal definition of an infinite one-sided limit

to prove that lim
x—2— X — 2

= —0OQ.

Proof. Let f be a function defined on an interval (a, c), where a < c. We
say that f(x) approaches negative infinity as x approaches c from the left,
and we write lim,_, .- f(x) = —o0, if for every negative real number —B
there exists a corresponding ¢ > 0 such that for all x

c— 9 < x < cimplies f(x) < —B.
(This is the solution to Exercise 2.6.99(c).)

Calculus 1 July 25, 2020 50 / 50



Exercise 2.6.102

Exercise 2.6.102

Exercise 2.6.102. Use the formal definition of an infinite one-sided limit

to prove that lim
x—2— X — 2

Proof. Let f be a function defined on an interval (a, c), where a < c. We
say that f(x) approaches negative infinity as x approaches c from the left,

and we write lim,_, .- f(x) = —o0, if for every negative real number —B
there exists a corresponding ¢ > 0 such that for all x

= —0OQ.

c— 9 < x < cimplies f(x) < —B.

(This is the solution to Exercise 2.6.99(c).) Notice that f(x) =1/(x — 2)
is defined on the interval (—o0,2) (here, ¢ = 2). Let —B be any negative
real number. Choose § =1/B > 0.
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Exercise 2.6.102

Exercise 2.6.102. Use the formal definition of an infinite one-sided limit

to prove that lim
x—2— X — 2

Proof. Let f be a function defined on an interval (a, c), where a < c. We
say that f(x) approaches negative infinity as x approaches c from the left,
and we write lim,_, .- f(x) = —o0, if for every negative real number —B
there exists a corresponding ¢ > 0 such that for all x

= —0OQ.

c— 9 < x < cimplies f(x) < —B.

(This is the solution to Exercise 2.6.99(c).) Notice that f(x) =1/(x — 2)
is defined on the interval (—o0,2) (here, ¢ = 2). Let —B be any negative
real number. Choose 6 =1/B > 0. If 2—§ < x <2then -0 <x—2<0
and —1/§ > 1/(x — 2), since 1/x is a decreasing function for negative
input values. Now § =1/Bso1/6 = B and —1/6 = —B. So

2—0 < x < 2implies f(x) = 1/(x —2) < —B. Therefore, by the
definition above, Iinzw 1/(x —2) = —oc. O

Caleulus 1 July 25, 2020 50 / 50



	Example 2.6.1(a)
	Exercise 2.6.14
	Exercise 2.6.36
	Exercise 2.6.68
	Example 2.6.4
	Example 2.6.5
	Example 2.6.A
	Example 2.6.8
	Exercise 2.6.92
	Exercise 2.6.108
	Example 2.6.B
	Exercise 2.6.54
	Exercise 2.6.70
	Example 2.6.20
	Exercise 2.6.108 (again)
	Exercise 2.6.80
	Exercise 2.6.102

